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Definition
Boolean function f : {0,1}" — {0, 1}
Monotone: v < w — f(v) < f(w)




Definition
Boolean function f : {0,1}" — {0, 1}
Monotone: v < w — f(v) < f(w)

Conjunctive normal form (CNF) Prime CNF
p = (x1Vx2)(z2V3)(T3VT]1)
Disjuncti&normal form (DNF)

Y = x125 V o3 V 311 V @}9@

Prime DNF



Monotone Dualization

Input: A CNF ¢ of (a monotone function) f .
Output: Prime DNF 2 of f.

Ex.¥ = (z1Vz2)(22 V x3)(T3 V 24)

@T@\/ﬂ’?lwzam\/ \/>< \/ - - -

= 2123V Tox3V Toxgs = Y



Applications

Artificial Intelligence, Database theory,
Distributed System, Mathematical Programming,
Game theory, Computational Learning,

Formal Concept Analysis, ............

Many (Quasi-)Poly equivalent problems

Eiter, Gottlob 91], [Bioch, Ibaraki 93],
'Domingo, Mishara, Pitt 99], [Eiter, Makino, 2003] ,
Boros, Gurvich, Khachiyan, Makino 2000,2002 2004],

'Khachiyan, Boros, Elbassioni, Gurvich, Makino, 2001, 2003],
'Khachiyan, Boros, Elbassioni, Gurvich, 2003],

1. Coterie in distributed system
2. Relational database




Database

Problem : fault-tolerance



Problem: fault-tolerance






Coterie
C:{Q17°°°7Qm} gQV
ViZj QiNQ; =0

Qi € Q;

ND:

AQCV :CU{QI\{QieC|QiDQ}
IS coterie

Deciding if coterie is ND:
poly. equivalent to monotone dualization



Functional dependency in relational database

EX.

Teacher Hour Room FD
Ullman Mon 10:30--12:00 120 {TH} = R
Fagin Mon 10:30--12:00 110
Fagin Wed 13:30--15:00 120 tHR}=T

Ullman Wed 13:30--15:00 110
Ullman Mon 10:30--12:00 100

Maier Wed 13:30--15:00 120




Database Design

Design by examples Poly. equivalent to
monotone dualization

Input: Aset F of FDs

Output: Relation R that satisfies F only
(Armstrong Relation)

Input: Arelation R
Output: A set of FDs that holds in R,



Monotone Dualization
Input: A CNF ¢ of (a monotone function) f.
Output: Prime DNF 2) of f.

Hl:p = (x1Vx2)(z2V 23)(T3V T4)
= 1123V 23V Toxgs = Y

Complexity ?



Output size: Large
Input ¢ = (21 Vy1)(@2Vy2) - (Tk V Yr)
k=3

p = (z1Vy1)(z2Vy2)(z3V y3)

VY = 1203 V T122Y3 V T1Y223 V T1Y2Y3
VYyi1x2x3 V y1x2yY3 V Y1y2x3 V Yy1yY2y3

Output: ¢ = \/Zie{%yi}(/\lezi) | = 2K

Monotone Dualization: Generation problem !!



Complexity of generation problem

start ‘1 x2 ... Qp—1 Qp ... Agg halt
N I
tp
ttotal Slow
Output P: t;,,,; = poly(input 4output) '
p—1
Incremental P: t, = poly(input —I—Z\ai\)
i=1
Pdelay: t, = poly(Input)




Monotone Duality

Input: monotone CNF % & monotone DNF .
Question: @ = ?

[Bioch, Ibaraki 93]
Monotone Dualization: Output P

ik

Monotone Dualization: Incremental P

I
Monotone Duality: P



Polynomial ? OPEN

Bioch, Boros, Crama, Domingo, Eiter,
Elbassioni, Fredman, Gaur, Gogic,Gottlob,
Gunopulos, Gurvich, Hammer, Ibaraki,
Johnson, Kameda, Kavvadias, Khachiyan,
Khardon, Kogan, Krishnamurti,

Lawler, Lensftra, Lovasz, Mannila, Mishra,
Papadimitriou, Pitt, Rinnoy Kan, Sideri,
Stavropoulos, Tamaki, Toinonen, Uno,
Yannakakis, ... (until 2002), Kuznetsoy, ........



Polynomial ? OPEN

ZAESE. BRmERRORERBREEZTDERMS,
REREE LT IILTUX L I, EH—1# (R EHAEZH,
pp. 1--33, 1994. Toshihide Ibaraki

Johnson. Open and closed problems in NP-completeness.
Lecture given at the International School of Mathematics
" G. Stampacchia": Summer School "NP-Completeness:
The First 20 Years", Erice, Italy, June 20-27, 1991.

Lovasz. Combinatorial optimization: Some problems
and trends, DIMACS Technical Report 92-53, 1992.



Papadimitriou. NP-completeness: A retrospective,
In: Proc. 24th International Colloguium on Automata,
Languages and Programming (ICALP), pp.2--6,
Springer LNCS 1256, 1997.

Mannila. Local and Global Methods in Data Mining:
Basic Techniques and Open Problems In: Proc. 29th
ICALP, pp.57--68, Springer LNCS 2380, 2002.

Eiter, Gottlob. Hypergraph Transversal Computation
and Related Problems in Logic and Al, In: Proc. European
Conference on Logics in Artificial Intelligence (JELIA),

pp. 549-564, Springer LNCS 2224, 2002



Best known
[Fredman, Khachiyan, 96]

Quasi-Polynomial
NO(Iog N/loglog N) time,

where N = || + |¢)|

‘Gaur, Krishnamurti, 99], [Tamaki, 00],
Elbassioni 06], [Boros, Makino 09]




Monotone Duality

Input: monotone CNF % & monotone DNF .
Question: @ = ?

[Bioch, Ibaraki 93]

Monotone Dualization: Output I:)Output Quasi-P

I Incremental Quasi-P
Monotone Dualization: Incremental P
1T

Monotone Duality: P Quasi-P



Non-Monotone Duality

Input: monotone CNF % & monotone DNF .
Question: © Z Y 7

Non-Monotone Duality in NP

Evidence v : ©(v) 7= ¢ (v)
NP ¢ DTIME(N'°9Y) is believed

Non-Monotone Duality = NP-complete



Guessed Bits

[Eiter, Gottlob, Makino, 02]
o(log? N) guessed bits

Non-Monotone Duality C GoP

NP Z B2P is believed
Non-Monotone Duality = NP-complete




Probabilistically 7

[Shmulevich, Korshunov, Astola, 01]
Almost all monotone CNFs is dualizable
in polynomial delay.

M (n): Class of monotne CNFs of n, variables
Ma(n): Class of 4-tight CNFs of n variables

- Ma(n)|
e M)

[Makino, Ibaraki, 97] k-tight CNF: P delay




Current Research

1. Polynomially solvable subclasses

2. Generalization of quasi-polynomial time
algorithm



Limited CNF

1. k-clause CNF  (#clauses = k)
@0 = (x1V x2)xa(x3 V x1) 3-clause CNF
2. k-CNF (Each clause contains = k literals)

Y — (551 V 5172)334(5173 V :L’l) 2_-CNF
2 1 2

3. Read-k£ CNF (Each variable appears = k times)

@0 = (x1Vx2)xa(xr3zV 1) Read-2 CNF
r1 2 x> 1 x3 1 24 1



1. k-clause CNF (#clauses = k)

© = (21 V x2)xa(x3 V 1) 3-clause CNF

k : constant
Expanded DNF has = nk terms (Input) P
k= logn

[Makino 03] Incremental P



2. k-CNF (Each clause contains = k literals)
¢ = (x1Vx2)xa(z3V x1) 2-CNF
2 1 2
k = 2 <> Generating maximal cliques in graph

‘Tsukiyama et al. 77], [Chiba, Nishizeki, 895],
'Johnson, Yannakakis, Papadimitriou, 80],
‘Makino, Uno, 04]

O(M(n)) =0(n?37°) Delay
k :constant(> 3) P delay ?

[Boros et al., 98], [Eiter, Gottlob, 95],
[Eiter, Gottlob, Makino, 03] Incremental P

k = logn ??7?




3. Read-k CNF (Each variable appears = k times)

@ = (x1V z2)za(23V 1) Read-2 CNF
r1 2 x> 1 x3 1 124 1

k :constant
[Domingo, Mishra, Pitt, 99] P delay

k= logn
[Eiter, Gottlob, Makino, 03] Incremental P

P delay ?



Decomposition Schemes



C1 C?2 C3
0= (r1Vx)(xoVar3zVes)(rrVers)

($4\/$5)
Cm

. CNF having the first 2 clauses in

EX. o1 = (21 V x2)
0> = (x1 Vx2)(x2V 23V 24)
03 = (x1 Va2)(x2 Va3V axs)(xrV xs)

;. Prime DNF(= ;) Objective 1y,
.

p
Y1 = p1
\ Vi = Y1 Ne, 1=2,---,Mm

_J




C1 Co C3
0= (r1Vx)(xoVar3zVes)(rrVers)
« .. ($4 \C/ 335)

- ~
Y1 = p1
\%‘E Vici Nci, 1 =2,---,m

_/

V1 = p1 = x1 V T2
IDQ(E (acl \V :132)(%2 V3V $4))
= 2123 VX124 V T>

W3(= (123 V 2124 V 22) (21 V 23))
= 2123V X124 V 12 V I2I3



Efficient algorithm 7

P = /\i,je{l,...,n}(wi vV y;)

YV =x1T2...Tn VY1Y2...Yn

on = (1 Vy)(@2Vy2) - (TnV yYn)

No ! [Takata 02]



o= (r1 Vo)1V as)(@>V x3Vxy 1V x4
— /\ C
cep: cC{x1,...,x;}
po =1 =1
p2 = (z1V x2)
w3 = (1 V x2)(x1V 23)
P4 — @
;. Prime DNF(= ;) Objective 1y,

o =1 Ai=pi\pi-1 :
. Vi = Y1 N, 1=1,---.n

A3z = (x1V x3)

)




o= (r1 Vo)1 V3@V r3Vry(®iV x4
— A %

[\
cep:cC{xrq,....,x; }

1);:Prime DNF(= ;) Objective Vm

~

o = 1 Ai=pi\pi-1
@DiE wi—l/\Ai, 1 =1,---.n
\

)




Decomposition Scheme Il

[Lawler, Lenstra, Rinnoy Kan, 80]

[Eiter, Gottlob, Makino, 03]
/

N

Decomposition Scheme |1

_|_
[Johnson, Yannakakis, Papadimitriou, 88]

- /

2 - CNF (maximal cliques in graph)




[Eiter, Gottlob, Makino, 03]

degenerate CNF, read-k£ CNF, acyclic CNF,
CNF with bounded treewidth, k-CNF, ...

unified, Efficient, Widely applicable



Current Research

1. Polynomially solvable subclasses

2. Generalization of quasi-polynomial time
algorithm



Monotone Dualization

1

Ax > 1, > O where A € {0,1}m™*"

Computing the Hilbert basis for the ideal
(Generating all minimal integral solutions)

Ex.o = (z1 Vx2)(z2 V 23) (23 V T4)
= 2113 V ITox3 V ToXg =

1 0 O b1 1
1 1 O 21> 1
0 1 L3 _ 1
\ hd 4 / \ + /

OO+



Ex. 0 = (z1V x2) (22 V 23) (23 V z4)
=x123V Tox3V Toxgs = Y

1100 il 1
0110 33'2 Z 1 733173327333733420
0011 3 1

(1001)

(1100)

(0011)

(0000)



Generalization

Monotone Dualization

I

Ax > 1, £ > 0 where A€ {0,1}m™*"

Computing the Hilbert basis for the ideal
(Generating all minimal integral solutions)

Axr > b, 0 <z <wu Where
Ae R beR™, ue (RU{+oc})"
Generating all minimal integral solutions



Conjecture [Lawler, Lenstra, Rinnoy Kan, 80]

All minimal integral solutions of monotone linear system
cannot be generated in Output-P, unless P=NP

The corresponding decision problem is NP-complete

Th [Boros, Elbassioni, Gurvich, Khachiyan, Makino, 01]

All minimal integral solutions of monotone linear system
cannot be generated in incremental Quasi-P.

Polylog N
Th [Makino, Ibaraki, 94] [N olylog }

All maximal integral infeasible solutions of monotone

linear system cannot be generated in Output-P,
unless P=NP




Monotone separable inequalities
n
1=1

where, f;; : R — R monotone & P-computable

fij(z) > fij(y) if © > y}

Th [Boros, Elbassioni, Gurvich, Khachiyan, Makino, 03]

All minimal integral solutions of monotone separable
inequalities can be generated in incremental Quasi-P.



Efficient points in discrete probabilistic distribution

¢ : random variable with finite support S C Z"
ZPr[gzq]zl, Pri¢ =¢q] >0 for qe S

qES

p-efficient
¢ o @) © E S

A A 3

2 LR p = 0.45

1 o .1

p € (0,1)ITRLT
p-efficientx € Z'™: minimal point s.t. Pr[¢ < z] > p
p-inefficient x € Z™: maximal point s.t. Pr[¢§ < z] <p



Generating efficient and inefficient points

Th [Boros, Elbassioni, Gurvich, Khachiyan, Makino, 03]

All inefficient points can be generated in incremental
Quasi-P time.

Th [Boros, Elbassioni, Gurvich, Khachiyan, Makino, 03]

All efficient points cannot be generated in Output P
time, unless P=NP.



maximal k-box (k-hyperrectangle)

S : Set of point in R™
B3 k(< |S))

! € S

k-box
" [l;,u;] € R™: Interior contains at mot % point
Hz—l



Generalization of maximal k-box

SCR", C:S§—{1,...,r}, w:S— R4,
teRL, 020

L% . . c€ 5

S o . w=1

R e () =2
t(e)=1
t(e)=1

diameter(zn_ \ayi|p) VP <5



Generating maximal k-boxes

Th [Boros, Elbassioni, Gurvich, Khachiyan, Makino, 03]

All maximal k-boxes can be generated in incremental
Quasi-P time.



Dual-bounded generation problems
Boros, Elbassioni, Gurvich, Khachiyan, Makino, 01,02,03,04

1. Reduce to generating minimal feasible points in
good monotone system in good partial ordered set

[{CBEZ” Ega:‘gu}J

2. Generate both minimal feasible and maximal
infeasible points

Extend Fredman-Khachiyan Quasi-P algorithm



Dual-bounded generation problems

Qeeded 1 &needed}

2. Generate both minimal feasible and maximal
infeasible points

Extend Fredman-Khachiyan Quasi-P algorithm

J - set of minimal feasible points
F4: set of maximal infeasible points

In general |F%| > |F]



Fi > |F]

In general,

Dual-bounded | F¢| < quasi-poly(input, | F|)
Dual-bounded ——> Output Qusai-P

Uniform dual-bounded VH C F
|F4NHY < quasi-poly(input, |H|)

Uniform dual-bounded =——> Incremental Quasi-P



Intersection Inequality
X,Y C R™: Finite set

(P1) Jw(x) (:Z?zlwia},;) = 1.
w(z) >t>w(ly) (Vee X, Vyec)).
(P2) Ve (F)2' e X, Aye Y: y>xAx.

CVED = X<l




Generalization of intersection inequalities

P, (i=1,...,n):poset s.t. Ve,y € P;, Ix Ay € P;
- ={yePi|y =z}
(P1) Jw 1 UL P;i— Ry, t € Ry:

Zw(m;) >t > Zw(y;) Ve e X,y € ).
i=1 i=1

P2)Va 2" e X, AyeY: y=a2' N2,
gi(x)=|{z €P;: 2z Az,z has a child 2/ < x}|

[3773@ —> |X| < Zyeyzf,;q@'(yi)}




Conclusion

1. Monotone dualization (def. & applications)

2. Complexity of monotone dualization
(time, guessed bits, probabilistically)

3. P-solvable classes

4. Generalization of montone dualization
(Quasi-P solvable)






Fredman-Khachiyan 7JL31) X L
p=1 7
£, LYES% (L,

Bl: o= (x1Vz2)(22V23)(T3V T4)
=123V T2x3 V ToTg = Y

F=1{11,2},{2,3},13,4}}

g = {{133}7{273}7{274}}
81 VF e FVYGeG: FNG %



L —

FNG #

VG € G

)

i

5|

2

(1 V x2) (22 Va3)(x3V T4)

. @

HL o = Y
HLLEE1VF € F



RKDLND

'ts

A ]

f

I8

‘\

p(v) # P(v)b

o= (x1Vx)(rsVx3)(x3V Ta)

NOZ 5
U .



o= (x1Vx)(rsVx3)(x3V Ta)

-

.

YESHDIE, > 20194 ) on > on,

o

=

FeF

i

i

&> (|G| + | F]) > 2f

.

.

e

.

Geg

¢=min{|H| | Hc GUF} &F3E
(g1 +[Fp2n=t = 2

> €< log(|g] + [F])



o= (x1Vx)(rsVx3)(x3V Ta)

|

e

|

.

i

.

v

=
o

i

7

=

.

YESHSIE, Z on—lGl Z on—|F| > on

-

FeF

Geg
min{|H| | H € GU F} < log(|g|

F1)
FNG#0&Y

(€ G)

&1 VF e F,VG € g
Ji € H*

c I} 2 |71/ 1og(|9] + | F])

{F e F |



(¢, )

ZT; ZNZ 0

(W', ¢") (@, ¢")

Y| < |

o' < (1 —=1/1og(|] + |¢|))]e
P < || -1

0" < o

NOUoT'N) B FFEL, N =[] + ]
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