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Çàäà÷à îáó÷åíèÿ ïî ïðåöåäåíòàì (ÎÏ)

Ïîñòàíîâêà çàäà÷è

Äàíî: Ìíîæåñòâî îáúåêòîâ X
Ìíîæåñòâî ìåòîê êëàññîâ (îòâåòîâ) Y
Öåëåâàÿ ôóíêöèÿ y : X → Y , çàäàííàÿ ëèøü â êîíå÷íîì
ìíîæåñòâå òî÷åê (îáó÷àþùåé âûáîðêå)

Çàäà÷à: Ïîñòðîèòü (îáó÷èòü) àëãîðèòì a : X → Y , ýêñòðàïîëèðóþùèé
öåëåâóþ ôóíêöèþ y(x) (ò.å. âîññòàíàâëèâàþùèé ôóíêöèþ íå
òîëüêî íà îáó÷àþùåì ìíîæåñòâå, íî è íà âñåì ).

Êëàññèôèêàöèÿ

Åñëè Y = {1, 2, . . . , l}, òî çàäà÷ó ÎÏ íàçûâàþò çàäà÷åé êëàññèôèêàöèè íà l
íåïåðåñåêàþùèõñÿ êëàññîâ.
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Ïðèìåðû çàäà÷

Êëàññèôèêàöèÿ äîêóìåíòîâ

Àíàëèç òîíàëüíîñòè òåêñòà (Opinion Mining, Sentiment Analysis)

Çàäà÷à âûÿâëåíèÿ ñïàìà (Spam/Ham)

Ìåäèöèíñêàÿ äèàãíîñòèêà: îïðåäåëåíèå çàáîëåâàíèÿ, âûáîð ëå÷åíèÿ,
äëèòåëüíîñòü è èñõîä çàáîëåâàíèÿ, è ò.ä.

Ñèíòåç ëåêàðñòâ è ïðåäñêàçàíèå òîêñè÷íîñòè ñîåäèíåíèé

Ïðåäñêàçàíèå óõîäà (îòòîêà) êëèåíòîâ

Ïîèñê ìåñòîðîæäåíèé â ãåîëîãèè

. . .
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Ôóíêöèÿ ïîòåðü

Ôóíêöèÿ ïîòåðü (loss function)

Ôóíêöèÿ L(a(x), y(x)) õàðàêòåðèçóåò âåëè÷èíó îøèáêè àëãîðèòìà a íà
îáúåêòå x .
Â çàäà÷å êëàññèôèêàöèè îáû÷íî

L(a(x), y(x)) =

{
1, a(x) 6= y(x);
0, a(x) = y(x).

Ýìïèðè÷åñêèé ðèñê

Çàäà÷à êëàññèôèêàöèè (îáó÷åíèÿ ïî ïðåöåäåíòàì) êàê çàäà÷à îïòèìèçàöèè
èìååò âèä

1

n

n∑
t=1

L(a(xt), y(xt)) −→
a

min

Â ñëó÷àå èçâåñòíîé ïëîòíîñòè ðàñïðåäåëåíèÿ p(x , y) âîçìîæíà
ôîðìóëèðîâêà ∫∫

X×Y

L(a(x), y(x))p(x , y)dxdy −→
a

min
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Îáó÷åíèå, ïîäáîð ïàðàìåòðîâ, îöåíêà êà÷åñòâà
Ñêîëüçÿùèé êîíòðîëü (cross-validation)

Âñå ìíîæåñòâî ïðåöåäåíòîâ îáû÷íî ðàçäåëÿþò íà 2 (èëè 3)
íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâà:

X train Ìíîæåñòâî äëÿ îáó÷åíèÿ (Training Set)
I Íåïîñðåäñòâåííîå îáó÷åíèå àëãîðèòìà
I Îöåíêà íåêîòîðûõ ïàðàìåòðîâ

X test Êîíòðîëüíîå ìíîæåñòâî (Test Set)
I Îöåíêà êà÷åñòâà

X valid Ìíîæåñòâî ïðîâåðêè (Validation Set)*
I Îöåíêà ãèïåðïàðàìåòðîâ àëãîðèòìà

Çàìå÷àíèå: Ïðè ðàçáèåíèè âûáîðêè íà ïîäìíîæåñòâà âàæíî ñîõðàíèòü
¾ïðîïîðöèè êëàññîâ¿.
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Ìåòîä 1-Rule
[Witten et al., Data Mining, 2011]

Àëãîðèòì

For each attribute,
For each value of that attribute, make a rule as follows:
count how often each class appears
�nd the most frequent class
make the rule assign that class to this attribute value.

Calculate the error rate of the rules.
Choose the rules with the smallest error rate.
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Ìåòîä k áëèæàéøèõ ñîñåäåé
Ïóñòü îáúåêòû xi ∈ X çàäàþòñÿ íåêîòîðûì ïðèçíàêîâûì îïèñàíèåì ñ

ïîìîùüþ ìàòðèöû Fn×m = [fj(xi )] =

 f1(x1) · fm(x1)
· · ·

f1(xn) · fm(xn)


k-Nearest Neighbors

Ïóñòü íà ìíîæåñòâå X çàäàíà ôóíêöèÿ ðàññòîÿíèÿ d : X × X → [0,∞).
Íà îáó÷àþùåì ìíîæåñòâå èçâåñòíà çàâèñèìîñòü y : X train → Y
Èäåÿ: Ñõîæèå îáúåêòû ïðèíàäëåæàò îäíîìó è òîìó æå êëàññó.

Äëÿ ïðîèçâîëüíîãî îáúåêòà v ∈ X ïðîðàíæèðóåì îáúåêòû èç X train â ïîðÿäêå
âîçðàñòàíèÿ ðàññòîÿíèÿ äî v :

d d(v , x (1)) ≤ d(v , x (2)) ≤ . . . ≤ d(v , x (k)) ≤ . . .
y(x) 1 2 . . . 2 . . .

Îáúåêò v áóäåò îòíåñåí ê òîìó êëàññó, ýëåìåíòîâ êîòîðîãî îêàæåòñÿ áîëüøå
ñðåäè k áëèæàéøèõ ñîñåäåé
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Ïðèìåð
Ìåòîä áëèæàéøåãî ñîñåäà k = 3
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Ìåòîä k áëèæàéøèõ ñîñåäåé

Âàðèàöèè àëãîðèòìà

Àëãîðèòì áëèæàéøåãî ñîñåäà (k = 1)

Àëãîðèòì k âçâåøåííûõ áëèæàéøèõ ñîñåäåé
I Íàïðèìåð ëèíåéíî óáûâàþùèå âåñà wi =

k+1−i
k

Çà è ïðîòèâ

+ Ïðîñòîòà ðåàëèçàöèè

� Òðåáóåò õðàíåíèÿ âñåãî ìíîæåñòâà íàáëþäåíèé

� Áîëüøàÿ âû÷èñëèòåëüíàÿ ñëîæíîñòü

� Íåóñòîé÷èâ ê ïîãðåøíîñòÿì è âûáðîñàì â äàííûõ →
ýòàëîííûå îáúåêòû
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Ôîðìóëà Áàéåñà, ôîðìóëà ïîëíîé âåðîÿòíîñòè

Ôîðìóëà Áàéåñà

P(A|B) = P(B|A) P(A)
P(B)

Ôîðìóëà ïîëíîé âåðîÿòíîñòè

P(B) =
∑
i

P(Ai ) P(B|Ai )

Çàäà÷à 1

Ïî ñòàòèñòèêå, â ïîëîâèíå ñëó÷àåâ ìåíèíãèò ïðîâîöèðóåò áîëè â øåå. Ïðè
ýòîì äîëÿ ïàöèåíòîâ ñ ìåíèíãèòîì ñîñòàâëÿåò 1/50000, à íà ñêîâàííîñòü
ìûøö øåè æàëóåòñÿ 1/20 âñåõ ïàöèåíòîâ. ßâëÿåòñÿ ëè áîëü â øåå çíà÷èìûì
ñèìïòîìîì ìåíèíãèòà?
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Ôîðìóëà Áàéåñà, ôîðìóëà ïîëíîé âåðîÿòíîñòè

Çàäà÷à 2 (Ïàðàäîêñ Ìîíòè-Õîëëà)

Ïðåäñòàâüòå, ÷òî âû ó÷àñòâóåòå â øîó. Ïåðåä âàìè 3 äâåðè. Çà îäíîé èç íèõ
êðîåòñÿ íàâîðî÷åííûé ìîòîöèêë, à çà äâóìÿ îñòàëüíûìè� êîçû. Íåîáõîäèìî
âûáðàòü îäíó èç äâåðåé. Ïîñëå íåäîëãèõ ðàçìûøëåíèé, âû âûáðàëè îäíó èç
äâåðåé. Âåäóùèé øîó, â ñâîþ î÷åðåäü, îòêðûâàåò îäíó èç îñòàâøèõñÿ äâóõ
äâåðåé, è ïîêàçûâàåò, ÷òî çà íåé ñêðûòà êîçà, è ïðåäîñòàâëÿåò âàì
âîçìîæíîñòü íà íåé óåõàòü èçìåíèòü ñâîé âûáîð. ×òî âûãîäíåå ñäåëàòü?
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Áàéåñîâñêèå ìåòîäû êëàññèôèêàöèè

Íàèâíûé áàéåñîâñêèé êëàññèôèêàòîð (Na��ve Bayes)

Ïóñòü ìíîæåñòâî îáúåêòîâ X ñ ìåòêàìè êëàññîâ Y = {y1, y2, . . . , yk}
îïèñûâàåòñÿ ïðèçíàêàìè {a1, a2, . . . , am}.
Ïðåäïîëîæåíèå: ïðèçíàêè {a1, a2, . . . , am} íåçàâèñèìû.
Íåîáõîäèìî êëàññèôèöèðîâàòü íîâûé îáúåêò x∗ ñî çíà÷åíèÿìè ïðèçíàêîâ
{a∗1 , a∗2 , . . . , a∗m}:

y∗ = argmax
c∈Y

P(y(xi ) = c |a∗1 , a∗2 , . . . , a∗m)

Âåëè÷èíà P(y(xi ) = c |a∗1 , a∗2 , . . . , a∗m) âû÷èñëÿåòñÿ íà ìíîæåñòâå îáúåêòîâ X
ïî ôîðìóëå Áàéåñà ñ ó÷¼òîì íåçàâèñèìîñòè ïðèçíàêîâ:

P(y(xi ) = c |a∗1 , a∗2 , . . . , a∗m) =
P(a∗1 , a

∗
2 , . . . , a

∗
m|y(xi ) = c) P(y(xi ) = c)

P(a∗1 , a
∗
2 , . . . , a

∗
m)

P(a∗1 , a
∗
2 , . . . , a

∗
m|y(xi ) = c) =

∏
j

P(a∗j |y(xi ) = c)
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Çàäà÷à

Äàíà òàáëèöà

Day Outlook Temperature Humidity Wind Play Tennis

Dl Sunny Hot High Weak No
D2 Sunny Hot High Strong No
D3 Overcast Hot High Weak Yes
D4 Rain Mild High Weak Yes
D5 Rain Cool Normal Weak Yes
D6 Rain Cool Normal Strong No
D7 Overcast Cool Normal Strong Yes
D8 Sunny Mild High Weak No
D9 Sunny Cool Normal Weak Yes
Dl0 Rain Mild Normal Weak Yes
Dl1 Sunny Mild Normal Strong Yes
Dl2 Overcast Mild High Strong No

Ñòîèò ëè èãðàòü â òåííèñ, åñëè ñåãîäíÿøíèé äåíü âûäàëñÿ òàêèì:
{sunny , cool , high, strong}?
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Ñãëàæèâàíèå

×òî åñëè â
∏
j

P(a∗j |y(xi ) = c) íàéäåòñÿ òàêîå j ′, äëÿ êîòîðîãî

P(a∗j′ |y(xi ) = c) = 0?

Àääèòèâíîå ñãëàæèâàíèå (Additive Smoothing)

Padd(aj |y(xi )) =
N

y(xi )
aj + λ

Ny(xi ) + λV
,

ãäå N
y(xi )
aj � êîëè÷åñòâî îáúåêòîâ ñî çíà÷åíèåì ïðèçíàêà aj â êëàññå y(xi ),

V � êîëè÷åñòâî ðàçëè÷íûõ çíà÷åíèé ïðèçíàêà aj , à λ > 0.

Âîçìîæíà ïåðåîöåíêà âåðîÿòíîñòåé

λ íåîáõîäèìî îïòèìèçèðîâàòü, íî ÷àñòî áåðóò λ = 1
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Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ïóñòü ìíîæåñòâî îáúåêòîâ X ðàçáèòî íà äâà êëàññà Y = {0, 1}. Íàïðèìåð,
åñòü äàííûå î ðàçìåðàõ ðàêîâîé îïóõîëè è å¼ äîáðîêà÷åñòâåííîñòè (y = 1) è
íåäîáðîêà÷åñòâåííîñòè (y = 0).

Ôîðìóëèðîâêà ãèïîòåçû

Íåîáõîäèìî ïî äàííîìó ïðèçíàêîâîìó îïèñàíèþ x íàéòè âåðîÿòíîñòü
äîáðîêà÷åñòâåííîñòè îïóõîëè, òî åñòü pi = P(y(xi ) = 1|xi ).
Îïðåäåëÿþò ëîãèñòè÷åñêóþ ôóíêöèþ âèäà logit(pi ) = log( pi

1−pi ).

log(
pi

1− pi
) = βT xi ⇔

pi
1− pi

= exp(βT xi )⇔ pi =
1

1 + exp(−βT xi )
,

h(β, xi ) =
1

1 + exp(−βT xi )

h(β, xi ) = 0.7 ⇔ ìåòêà i-ãî îáúåêòà åñòü y(xi ) = 1 ñ âåðîÿòíîñòüþ 0.7.
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Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ïóñòü ìíîæåñòâî îáúåêòîâ X ðàçáèòî íà äâà êëàññà Y = {0, 1}. Íàïðèìåð,
åñòü äàííûå î ðàçìåðàõ ðàêîâîé îïóõîëè è å¼ äîáðîêà÷åñòâåííîñòè (y = 1) è
íåäîáðîêà÷åñòâåííîñòè (y = 0).

Ôîðìóëèðîâêà ãèïîòåçû

Íåîáõîäèìî ïî äàííîìó ïðèçíàêîâîìó îïèñàíèþ x íàéòè âåðîÿòíîñòü
äîáðîêà÷åñòâåííîñòè îïóõîëè, òî åñòü pi = P(y(xi ) = 1|xi ).
Îïðåäåëÿþò ëîãèñòè÷åñêóþ ôóíêöèþ âèäà logit(pi ) = log( pi

1−pi ).

log(
pi

1− pi
) = βT xi ⇔

pi
1− pi

= exp(βT xi )⇔ pi =
1

1 + exp(−βT xi )
,

h(β, xi ) =
1

1 + exp(−βT xi )

h(β, xi ) = 0.7 ⇔ ìåòêà i-ãî îáúåêòà åñòü y(xi ) = 1 ñ âåðîÿòíîñòüþ 0.7.
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Ðèñ. 1: Ñèãìîèä ôóíêöèÿ h(z) = 1
1+exp(−z)
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Ðåøàþùàÿ ãèïåðïëîñêîñòü
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Ðèñ. 2: Ðåøàþùàÿ (ðàçäåëÿþùàÿ) ãèïåðïëîñêîñòü
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Ïîèñê êîýôôèöèåíòîâ β � ìåòîä ãðàäèåíòíîãî ñïóñêà

Ôóíêöèÿ ïîòåðü

Êâàäðàòè÷íóþ ôóíêöèþ ïîòåðü L(h(β, x), y(x)) =
∑
i

(h(β, xi )− y(xi ))
2

èñïîëüçîâàòü íåöåëåñîîáðàçíî, ò. ê. äëÿ ëîãèñòè÷åñêîé ðåãðåññèè îíà íå
âûïóêëà.

L(h(β, x), y(x)) = −
∑
i

[y(xi ) log(h(β, xi )) + (1− y(xi )) log(1− h(β, xi ))]

Ãðàäèåíòíûé ñïóñê

Èòåðàòèâíûé ìåòîä ïîèñêà min
β

L(h(β, x), y(x)):

βj = βj − α
∂

∂βj
L(h(β, x), y(x)),

ãäå α � ñêîðîñòü ñõîäèìîñòè ìåòîäà. Ðàçëè÷íûå ïðàâèëà îñòàíîâêè.

∂

∂βj
L(h(β, x), y(x)) =

∑
i

(h(β, xi )− y(xi ))xj

(ÔÊÍ, ÍÈÓ ÂØÝ) DM&ML 2016 24 / 28



Ïîèñê êîýôôèöèåíòîâ β � ìåòîä ãðàäèåíòíîãî ñïóñêà

Ôóíêöèÿ ïîòåðü

Êâàäðàòè÷íóþ ôóíêöèþ ïîòåðü L(h(β, x), y(x)) =
∑
i

(h(β, xi )− y(xi ))
2

èñïîëüçîâàòü íåöåëåñîîáðàçíî, ò. ê. äëÿ ëîãèñòè÷åñêîé ðåãðåññèè îíà íå
âûïóêëà.

L(h(β, x), y(x)) = −
∑
i

[y(xi ) log(h(β, xi )) + (1− y(xi )) log(1− h(β, xi ))]

Ãðàäèåíòíûé ñïóñê

Èòåðàòèâíûé ìåòîä ïîèñêà min
β

L(h(β, x), y(x)):

βj = βj − α
∂

∂βj
L(h(β, x), y(x)),

ãäå α � ñêîðîñòü ñõîäèìîñòè ìåòîäà. Ðàçëè÷íûå ïðàâèëà îñòàíîâêè.

∂

∂βj
L(h(β, x), y(x)) =

∑
i

(h(β, xi )− y(xi ))xj

(ÔÊÍ, ÍÈÓ ÂØÝ) DM&ML 2016 24 / 28



Ïëàí ëåêöèè
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Òî÷íîñòü, ïîëíîòà, F-ìåðà
Ðåçóëüòàòû íåêîòîðîãî àëãîðèòìà â çàäà÷å áèíàðíîé êëàññèôèêàöèè ìîæíî
îïèñàòü â òåðìèíàõ ìàòðèöû îøèáîê (confusion matrix):(

TP FP
FN TN

)
, ãäå

TP (True Positive) � ÷èñëî ïðàâèëüíûõ ïðåäñêàçàíèé ïîëîæèòåëüíîãî êëàññà,
FP (False Positive) � ëîæíûõ ïîëîæèòåëüíîãî, FN (False Negative) � ëîæíûõ
îòðèöàòåëüíîãî êëàññà, TN (True Negative) � âåðíûõ îòðèöàòåëüíîãî êëàññà.

Precision =
TP

TP + FP
Recall =

TP

TP + FN

Íåîáõîäèìî íàéòè áàëàíñ ìåæäó òî÷íîñòüþ è ïîëíîòîé, íàïðèìåð, ñ
ïîìîùüþ F -ìåðû:

Fα,β(Precision,Recall) =
1

1
αPrecision + 1

βRecall

Êàê áûòü â ñëó÷àå áîëüøåãî êîëè÷åñòâà êëàññîâ?
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ROC-êðèâàÿ (ROC � Reciever Operating Characteristic)
Ïî îñè X � False Positive Rate (äîëÿ îøèáî÷íî ïîëîæèòåëüíûõ êëàññèôèêàöèé)
Ïî îñè Y � True Positive Rate (äîëÿ ïðàâèëüíûõ ïîëîæèòåëüíûõ êëàññèôèêàöèé)
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Ðèñ. 3: ROC-êðèâàÿ äëÿ ëîãèñòè÷åñêîé ðåãðåññèè

Êàæäîé òî÷êå ROC-êðèâîé ñîîòâåòñòâóåò ðåçóëüòàò àëãîðèòìà ïðè îïðåäåëåííîì çíà÷åíèè
ïàðàìåòðà, íàïðèìåð, çíà÷åíèå ïîðîãà âåðîÿòíîñòè (decision boundary).
Îáùàÿ õàðàêòåðèñòèêà êà÷åñòâà êëàññèôèêàöèè îïðåäåëÿåòñÿ ïëîùàäüþ ïîä êðèâîé �
AUC (area under curve).

(ÔÊÍ, ÍÈÓ ÂØÝ) DM&ML 2016 27 / 28



Âîïðîñû è êîíòàêòû
www.hse.ru/staff/dima

Ñïàñèáî!

dmitrii.ignatov[at]gmail.com
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