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Îïèñàíèå ìîäåëè

Äëÿ îïèñàíèÿ ñîñòîÿíèÿ ìîäåëè ìû èñïîëüçóåì òðè îñíîâíûõ

ôóíêöèè-ìîìåíòà (spatial moments):

• N - ïåðâûé ìîìåíò, îæèäàåìàÿ ïëîòíîñòü ïîïóëÿöèè (population

density).

• C(ξ) - âòîðîé ìîìåíò, îæèäàåìàÿ ïëîòíîñòü ïàð íà ðàññòîÿíèè

ξ (pairwise density).

• T(ξ, ξ′) - òðåòèé ìîìåíò, îæèäàåìàÿ ïëîòíîñòü òðîåê, ïåðâûé

÷ëåí êîòîðûõ îòñòîèò îò âòîðîãî è òðåòüåãî íà ðàññòîÿíèÿõ ξ, ξ′

ñîîòâåòñòâåííî (triplet density).
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Äèíàìèêà ìîäåëè

Äèíàìèêà ïåðâîãî ìîìåíòà

Ṅ = (b − d)N− d ′
∫
Rn

w(ξ)C(ξ)dξ

Äèíàìèêà âòîðîãî ìîìåíòà

Ċ(ξ) = + bm(ξ)N + b

∫
Rn

m(ξ′)C(ξ + ξ′)dξ′

− dC(ξ)− d ′w(ξ)C(ξ)− d ′
∫
Rn

w(ξ′)T(ξ, ξ′)dξ′.
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Çàìûêàíèÿ (moment closures)

Ñâîéñòâà çàìûêàíèé

1. lim
|ξ′|→∞

T(ξ, ξ′) = C(ξ)N.

2. lim
|ξ|→∞

T(ξ, ξ′) = C(ξ′)N.

3. Åñëè C(ξ) = N2, òî T(ξ, ξ′) = N3.

Ïðèìåðû çàìûêàíèé

1. T1(ξ, ξ
′) ≈ C(ξ)C(ξ′)/N;

2. T2(ξ, ξ
′) ≈ C(ξ)N+ C(ξ′)N+ C(ξ − ξ′)N− 2N3;

3. T3(ξ, ξ
′) ≈ 1

2N

(
C(ξ)C(ξ′) + C(ξ)C(ξ′ − ξ) + C(ξ′)C(ξ′ − ξ)−N

2
)
;

4. T(ξ, ξ′) ≈ αT1 + (1− α)T3.
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Ðåçóëüòèðóþùåå óðàâíåíèå ðàâíîâåñèÿ

Ââåä¼ííûå îáîçíà÷åíèÿ∫
Rn

f (ξ) · g(ξ) dξ = 〈f , g〉;
∫
Rn

f (ξ − ξ′) · g(ξ) dξ = [f ∗ g ];

d ′w(ξ) = w̃(ξ); bm(ξ) = m̃(ξ);

Q =
C

N2 − 1, 〈ω̂,C〉 = Y.

Ðåçóëüòèðóþùåå óðàâíåíèå

(̂ω+b−α
2

(
b − d − d ′(b − d)

Y

))
Q =

Ym̂

b − d
− ω̂ + [m̂ ∗Q]−

− α (b − d)

2Y

(
(Q + 2)[ω̂ ∗Q] + [ω̂Q ∗Q]

)
,

(1)
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Èíòåãðàëüíûå ÿäðà

ßäðà êóðòîçèàíû

m(ξ) = cm exp

(
− sm0 ξ

2 + sm1 ξ
4

2(1 + ξ2)

)
,

ω(ξ) = cω exp

(
− sω0 ξ

2 + sω1 ξ
4

2(1 + ξ2)

)
,

ãäå êîíñòàíòû cm è cω íàõîäÿòñÿ èç óñëîâèé:

∫
Rn

m(ξ) dξ = 1,

∫
Rn

ω(ξ) dξ = 1.

ìåçîêóðòîçèàíû, ïëýòèêóðòîçèàíû è ëåïòîêóðòîçèàíû.
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Ðàäèàëüíî-ñèììåòðè÷íîå ðåøåíèå

Áóäåì íàçûâàòü óðàâíåíèå (1) óðàâíåíèåì ðàâíîâåñèÿ

Òåîðåìà

Åñëè óðàâíåíèå ðàâíîâåñèÿ èìååò êàêîå-ëèáî ðåøåíèå, òî îíî

èìååò è ðàäèàëüíî-ñèììåòðè÷íîå ðåøåíèå.

Â äàëüíåéøåì ìû áóäåì èñêàòü èñêëþ÷èòåëüíî òàêèå ðåøåíèÿ.
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Ìåòîä Íåéìàíà ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ

Ââåäåì îïåðàòîð

Af =

Ym̂

b − d
− ω̂ + [m̂ ∗ f ]− α (b − d)

2Y

(
(f + 2)[ω̂ ∗ f ] + [ω̂f ∗ f ]

)
(
ω̂ + b − α

2

(
b − d − d ′(b − d)

Y

)) . (2)

Çàäàäèì êàêîå-ëèáî íà÷àëüíîå ïðèáëèæåíèå Q0 (íàïðèìåð, ω̂ èëè

m̂). Äàëåå êàæäîå Qn, n = 1, 2, 3, . . ., âû÷èñëÿåòñÿ ïî ôîðìóëå

Qn = AQn−1.
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Óñêîðåíèå ñâåðòêè. Äâóìåðíûé ñëó÷àé

Âîñïîëüçóåìñÿ òåì, ÷òî ìû ðàññìàòðèâàåì ðàäèàëüíî -

ñèììåòðè÷íûå ôóíêöèè, ò.å. f (x , y) = f (
√

x2 + y2) = f (r), è

ïåðåéä¼ì â ïðåîáðàçîâàíèè Ôóðüå ê ïîëÿðíûì êîîðäèíàòàì:

F [f ](ωx , ωy ) =

+∞∫
−∞

+∞∫
−∞

f (x , y)e−i(ωxx+ωy y)dxdy =

=

+∞∫
0

π∫
−π

f (r , θ)e−irρ cos(ψ−θ)rdrdθ = 2π

+∞∫
0

rf (r)J0(rρ)dr ,

÷òî èçâåñòíî êàê ïðåîáðàçîâàíèå Õàíêåëÿ è ìîæåò áûòü óñêîðåíî äî

O(K lnK ) ñâåäåíèåì ê îäíîìåðíîé ñâåðòêå, äåëàÿ ýêñïîíåíöèàëüíóþ

çàìåíó:

H0[f ](ρ) =

∫ +∞

0

rf (r)Jo(ρr)dr =

=
1

ey/4
[(f (ex/4) · ex/4) ∗ J0(ex/4)](y)|x=ln r , y=ln ρ.
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Óñêîðåíèå ñâ¼ðòêè. Òð¼õìåðíûé ñëó÷àé

Ðàññìîòðèì çàäà÷ó Ëàïëàñà íà øàðå:
∆u =

1

r2
∂

∂r

(
r2
∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂ψ2
= 0

0 < ρ < a, 0 < θ < π, 0 < φ < 2π

u(a, θ, φ) = f0(θ, φ) ≡ 0

Ðåøàÿ ïîñòàâëåííóþ çàäà÷ó ìåòîäîì Ôóðüå, è ïîëàãàÿ

u(ρ, θ, φ) =
+∞∑
n=0

n∑
k=−n

Rk
n (ρ)Y k

n (θ, φ), ïîëó÷àåì:

Y k
n (θ, φ) =

√
(2n + 1)(n − k)!

4π(n + k)!
Pk
n (cosφ)e ikθ,

Rk
n (ρ) = Ak

nρ
n + Bk

n ρ
−n

ãäå Pk
n (x) � ïðèñîåäèíåííûå ïîëèíîìû Ëåæàíäðà:

Pk
n (x) =

(−1)n

n!2n
(1− x2)k/2

dn+k

dxn+k
[(1− x2)n]

10



Óñêîðåíèå ñâ¼ðòêè. Òð¼õìåðíûé ñëó÷àé

Âîñïîëüçóåìñÿ ðàçëîæåíèåì ÿäðà Ôóðüå ÷åðåç Y k
n :

e i(~w ,~r) = 4π
+∞∑
n=0

n∑
k=−n

(−1)n
√

π

2rρ
Jn+1/2(ρr)Y k

n (φ, ψ)Y k
n (θ, η),

ãäå ~r = (r , ϕ, ψ) �- ñòàðûå ïåðåìåííûå, ~w = (ρ, η, θ) �-

äâîéñòâåííûå ïåðåìåííûå.

Ïîäñòàâëÿÿ ïîëó÷åííîå âûðàæåíèå â òåîðåìó î ñâåðòêå:

[f ∗ ∗ ∗ g ] = F−1[F [f ] · F [g ]] =

=

∫
R3

((∫
R3

f (r)e i(~w,~r)r 2 sinψ drdψ

)
·
(∫

R3

g(r)e i(~w,~r)r 2 sinψ drdψ

))
e−i(~w,~r)ρ2 sin θ dρdθdη.

è ìåíÿÿ ïîðÿäîê ñóììèðîâàíèÿ ñ ó÷¼òîì îðòîãîíàëüíîñòè

ïîëèíîìîâ Ëåæàíäðà, ïîëó÷àåì:

[f ∗ ∗ ∗ g ](~r) = 4π[(r · f ) ∗ g ](r)
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Ðåçóëüòàòû ðàáîòû

sm0 = sω0 = s0, sm1 = sω1 = s1.

Çàâèñèìîñòü ïåðâîãî ìîìåíòà (ñðåäíåé ïëîòíîñòè èíäèâèäóóìîâ)

îò ïàðàìåòðîâ (êóðòîçèàíîâ) ÿäåð. Äëÿ âèçóàëèçàöèè ðåçóëüòàòîâ

ïîñòðîèì ïîâåðõíîñòè, çàäàâàåìûå ôóíêöèÿìè N = N(s0, s1), â

ïðîñòðàíñòâàõ òðåõ ðàçëè÷íûõ ðàçìåðíîñòåé

1D

12



Ðåçóëüòàòû ðàáîòû

2D, 3D
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Êîíåö

Ñïàñèáî çà âíèìàíèå!
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