
Î ïðîáëåìå çàìûêàíèÿ ïðîñòðàíñòâåííûõ

ìîìåíòîâ

Íèêèòèí Àëåêñåé Àíòîíîâè÷

Ìîñêâà

4 ìàÿ, 2018ã.

ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà, ôàêóëüòåò ÂÌèÊ

Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ

ïîñâÿù¼ííàÿ 90-ëåòèþ Â.À. Èëüèíà

�Ñîâðåìåííûå ìåòîäû òåîðèè êðàåâûõ çàäà÷.�



Óðàâíåíèå ðàâíîâåñèÿ

[b + d′ w(x)]C(x) =

∞∫
−∞

bm(y)C(x+ y) dy+

+
b

(b− d)
m(x)

∞∫
−∞

d′ w(y)C(y) dy.

Ìîæíî ëè íàéòè àíàëèòè÷åñêèå ðåøåíèÿ, C(x) äàííîãî

èíòåãðàëüíîãî óðàâíåíèÿ?

Ulf Dieckmann,

"IIASA's Spring Workshop on Methodology", 2005
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Îïèñàíèå ìîäåëè

Ðàññìàòðèâàåòñÿ ìîäåëü ñ îäíèì âèäîì ðàñòåíèé îáèòàþùèõ â

îáëàñòè A. Ïàðàìåòðû ìîäåëè:

• p(x) - ïðîñòðàíñòâåííûé ïàòòåðí (spatial pattern), ñóììà

äåëüòà-ôóíêöèé â ïîçèöèÿõ ðàñòåíèé.

• b, d, d′ - òåìïû ðîæäàåìîñòè (birth rate), ñìåðòíîñòè (death rate)

è ñìåðòíîñòè îò êîíêóðåíöèè (competition rate)

• w(ξ),m(ξ) - ÿäðà êîíêóðåíöèè/ðàçáðîñà ñåìÿí íà ðàññòîÿíèè ξ

(competition and dispersion kernels), ïëîòíîñòè âåðîÿòíîñòåé
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Îïèñàíèå ìîäåëè

Äëÿ îïèñàíèÿ ñîñòîÿíèÿ ìîäåëè ìû èñïîëüçóåì òðè îñíîâíûõ

ôóíêöèè-ìîìåíòà (spatial moments):

• N - ïåðâûé ìîìåíò, îæèäàåìàÿ ïëîòíîñòü ïîïóëÿöèè

(population density).

• C(ξ) - âòîðîé ìîìåíò, îæèäàåìàÿ ïëîòíîñòü ïàð íà ðàññòîÿíèè

ξ (pairwise density).

• T (ξ, ξ′) - òðåòèé ìîìåíò, îæèäàåìàÿ ïëîòíîñòü òðîåê, ïåðâûé

÷ëåí êîòîðûõ îòñòîèò îò âòîðîãî è òðåòüåãî íà ðàññòîÿíèÿõ ξ, ξ′

ñîîòâåòñòâåííî (triplet density).
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Ïîñòàíîâêà çàäà÷è

Âûïèøåì âñå îãðàíè÷åíèÿ, íàêëàäûâàåìûå íà ôóíêöèè w, m è

ïàðàìåòðû b, d, d′:

m(x) > 0, w(x) > 0, m(x) = m(−x), w(x) = w(−x),

∞∫
−∞

w(x) = 1,

∞∫
−∞

m(x) = 1,

lim
|x|→∞

m(x) = lim
|x|→∞

w(x) = 0.

d > 0, d′ > 0, b > 0.
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Íåêîððåêòíîñòü ïîñòàâëåííîé çàäà÷è

•

f̃(p) =

∞∫
−∞

f(t)e2πiptdt.

bC̃(p) + d′w̃ C(p) = bm̃(p)C̃(p) +
b

(b− d)
m̃(p)

∞∫
−∞

d′w(y)C(y) dy,

d′
d

(b− d)

∞∫
−∞

w(y)C(y)dy = 0.

•

(b+ d′w(x))C(x) =

∞∫
−∞

bm(y)C(x+ y)dy + d′m(x)D

¾Óðàâíåíèå - áëèçíåö¿, Äàí÷åíêî Â.È., Çâÿãèí Ì.Þ., 2006.
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Íåêîððåêòíîñòü ïîñòàâëåííîé çàäà÷è

•

f̃(p) =

∞∫
−∞

f(t)e2πiptdt.

bC̃(p) + d′w̃ C(p) = bm̃(p)C̃(p) +
b

(b− d)
m̃(p)

∞∫
−∞

d′w(y)C(y) dy,

d′
d

(b− d)

∞∫
−∞

w(y)C(y)dy = 0.

•

(b+ d′w(x))C(x) =

∞∫
−∞

bm(y)C(x+ y)dy + d′m(x)D

¾Óðàâíåíèå - áëèçíåö¿, Äàí÷åíêî Â.È., Çâÿãèí Ì.Þ., 2006.

5 / 27



Ñëó÷àé d > 0

Óðàâíåíèå ðàâíîâåñèÿ

• Óðàâíåíèå Äàí÷åíêî-Çâÿãèíà

(
b+ d′ω(x)

)
C(x) =

+∞∫
−∞

bm(y)C(x+ y)dy

+
b

b
·m(x)

+∞∫
−∞

d′ω(y)C(y)dy.

• Óðàâíåíèå Äèêìàíà

(
b+ d′ω(x)

)
C(x) =

+∞∫
−∞

bm(y)C(x+ y)dy

+
b

b− d
·m(x)

+∞∫
−∞

d′ω(y)C(y)dy.
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Ñëó÷àé d > 0

Óðàâíåíèå ðàâíîâåñèÿ
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Ñëó÷àé d > 0

Âèçóàëèçàöèÿ îãðàíè÷åííîãî ñëó÷àÿ ïðè d > 0

Èíòåðåñíî ïîñìîòðåòü, êàê âåä¼ò ñåáÿ ðåøåíèå èñõîäíîãî

óðàâíåíèÿ ïðè d > 0, åñëè áðàòü èíòåãðàë íà êîíå÷íîì îòðåçêå,

êîòîðûé ïîñòåïåííî áóäåò óâåëè÷èâàòüñÿ.
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Ñðàâíèòåëüíàÿ âèçóàëèçàöèÿ N
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Äàëüíåéøèå ïóòè èññëåäîâàíèÿ

Àêòóàëüíûå çàäà÷è

• Èññëåäîâàíèå ìíîãîìåðíîãî óðàâíåíèÿ Äèêìàíà ñ íîðìàëüíûìè

ÿäðàìè w, m è d = 0;

• Èññëåäîâàíèå óðàâíåíèé ñ äðóãèìè òèïàìè ÿäåð (Kurtosis);

• Ñëó÷àé d > 0;

• Ðàññìîòðåíèå àëüòåðíàòèâíûõ �çàìûêàíèé� ïðîñòðàíñòâåííûõ

ìîìåíòîâ;

• Èññëåäîâàíèå ìîäåëè ñ äâóìÿ âèäàìè ñîîáùåñòâ;

Ulf Dieckmann, 2014.

? Ïðîâåäåíèå êîìïüþòåðíûõ áèîëîãè÷åñêèõ ñèìóëÿöèé.
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Äâóõâèäîâàÿ ìîäåëü ñîîáùåñòâ

Âòîðûå ìîìåíòû

Ââåä¼ì îáîçíà÷åíèå:

Yij =

∫
ωij(ξ)Cij(ξ)dξ.

(b1 + d′11ω11(ξ))C11(ξ) =

b1 [m1 ∗ C11] (ξ) +
b1

b1 − d′12Y12N2
m1(ξ)d

′
11Y11,

(b2 + d′22ω22(ξ))C22(ξ) =

b2 [m2 ∗ C22] (ξ) +
b2

b2 − d′21Y21N1
m2(ξ)d

′
22Y22,
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Äèíàìèêà ìîäåëè

Äèíàìèêà ïåðâîãî ìîìåíòà

Ṅ = (b− d)N − d′
∫
Rn

w(ξ)C(ξ)dξ

Äèíàìèêà âòîðîãî ìîìåíòà

Ċ(ξ) = + bm(ξ)N + b

∫
Rn

m(ξ′)C(ξ + ξ′)dξ′

− dC(ξ)− d′w(ξ)C(ξ)− d′
∫
Rn

w(ξ′)T(ξ, ξ′)dξ′.
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Çàìûêàíèÿ (moment closures)

Ñâîéñòâà çàìûêàíèé

1. lim
|ξ′|→∞

T (ξ, ξ′) = C(ξ)N .

2. lim
|ξ|→∞

T (ξ, ξ′) = C(ξ′)N .

3. Åñëè C(ξ) = N2, òî T (ξ, ξ′) = N3.

Ïðèìåðû çàìûêàíèé

1. T1(ξ, ξ
′) ≈ C(ξ)C(ξ′)/N ;

2. T2(ξ, ξ
′) ≈ C(ξ)N + C(ξ′)N + C(ξ − ξ′)N − 2N3;

3. T3(ξ, ξ
′) ≈ 1

2N

(
C(ξ)C(ξ′) + C(ξ)C(ξ′ − ξ) + C(ξ′)C(ξ′ − ξ)−N2

)
;

4. T4(ξ, ξ
′) ≈ C(ξ)C(ξ′)C(ξ′ − ξ)

N3
;

5. T (ξ, ξ′) ≈ αT1 + (1− α)T3.
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Ðåçóëüòèðóþùåå óðàâíåíèå ðàâíîâåñèÿ

Ââåä¼ííûå îáîçíà÷åíèÿ∫
Rn

f(ξ) · g(ξ) dξ = 〈f, g〉;
∫
Rn

f(ξ − ξ′) · g(ξ) dξ = [f ∗ g];

d′w(ξ) = w̃(ξ); bm(ξ) = m̃(ξ);

Q =
C

N2
− 1, 〈ω̂, C〉 = Y.

Ðåçóëüòèðóþùåå óðàâíåíèå

(̂ω+b−α
2

(
b− d− d′(b− d)

Y

))
Q =

Y m̂

b− d
− ω̂ + [m̂ ∗Q]−

− α (b− d)
2Y

(
(Q+ 2)[ω̂ ∗Q] + [ω̂Q ∗Q]

)
,

(1)
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Ñóùåñòâîâàíèå ðåøåíèÿ ïðè d > 0
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Ñóùåñòâîâàíèå ðåøåíèÿ ïðè d > 0

15 / 27



Ðåøåíèå ïîëó÷èâøåãîñÿ ÈÓ

Ðåøåíèå äëÿ àñèììåòðè÷íîãî çàìûêàíèÿ (ñèíèé) è äëÿ

ñèììåòðè÷íîãî çàìûêàíèÿ (êðàñíûé) ïðè d = 0.
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Ïðîâåäåíèå êîìïüþòåðíûõ ñèìóëÿöèé

T (ξ, ξ′) ≈ αC(ξ)C(ξ
′)

N
+

+
1− α
2N

(
C(ξ)C(ξ′) + C(ξ)C(ξ′ − ξ) + C(ξ′)C(ξ′ − ξ)−N2

)
.
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Ïðîâåäåíèå êîìïüþòåðíûõ ñèìóëÿöèé
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Èòîãè ðàáîòû: ìåõàíèçìû ñîñóùåñòâîâàíèÿ

Îïðåäåëåíèå ìåõàíèçìà

Ïðèíöèï Competition-colonization trade-o� çàêëþ÷àåòñÿ â òîì, ÷òî

åñëè îäèí èç âèäîâ ñèëüíî êîíêóðèðóåò ñ äðóãèì (d′12 > d′21), à

äðóãîé ñïîñîáåí äàëüøå ðàçìíîæàòüñÿ (σm2 > σm1 , ðàäèóñ

ðàñïðîñòðàíåíèÿ), òî âèäû ñïîñîáíû ñîñóùåñòâîâàòü;

Â ðàìêàõ ÷èñëåííîãî ýêñïåðèìåíòà ïàðàìåòðû âûáðàíû ñëåäóþùèì

îáðàçîì b1 = b2 = 0.4, d1 = d2 = 0.2, d′11 = d′22 = d′21 = 0.001,

σm1 = 0.04, σw11 = σw12 = σw21 = σw22 = 0.04.
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Èòîãè ðàáîòû: ìåõàíèçìû ñîñóùåñòâîâàíèÿ

Ðèñ. 1: Competition-colonization trade-o� â îäíîìåðíîé ñðåäå
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Èòîãè ðàáîòû: ìåõàíèçìû ñîñóùåñòâîâàíèÿ

Ðèñ. 2: Competition-colonization trade-o� â äâóìåðíîé ñðåäå

21 / 27



Èòîãè ðàáîòû: ìåõàíèçìû ñîñóùåñòâîâàíèÿ

Ðèñ. 3: Competition-colonization trade-o� â òðåõìåðíîé ñðåäå
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Èòîãè ðàáîòû: ìåõàíèçìû ñîñóùåñòâîâàíèÿ

Îïðåäåëåíèå ìåõàíèçìà

Ïðèíöèï Heteromyopia çàêëþ÷àåòñÿ â òîì, ÷òî âèäû êîíêóðèðóþò ñ

îñîáÿìè ñâîåãî âèäà íà áîëüøåì ðàññòîÿíèè, ÷åì ñ îñîáÿìè

äðóãîãî âèäà (σw11
= σw22

> σw12
= σw21

).

Â ðàìêàõ ÷èñëåííîãî ýêñïåðèìåíòà îñòàâøèåñÿ ïàðàìåòðû ïðèíÿòû

ðàâíûìè d1 = d2 = 0.2, d′11 = d′22 = d′21 = d′12 = 0.001,

b1 = b2 = 0.4, σm1 = σm2 = 0.06.
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Èòîãè ðàáîòû: ìåõàíèçìû ñîñóùåñòâîâàíèÿ

Ðèñ. 4: Heteromyopia â îäíîìåðíîé ñðåäå
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Èòîãè ðàáîòû: ìåõàíèçìû ñîñóùåñòâîâàíèÿ

Ðèñ. 5: Heteromyopia â äâóìåðíîé ñðåäå
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Èòîãè ðàáîòû: ìåõàíèçìû ñîñóùåñòâîâàíèÿ

Ðèñ. 6: Heteromyopia â òðåõìåðíîé ñðåäå
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Áëàãîäàðíîñòè

Ñïàñèáî çà âíèìàíèå!
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