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Optimization problem

• Consider optimization problem:

min
x∈Rd

f (x).

• If we speak about ML, then the good example is ERM:

min
x∈Rd

[
f (x) :=

1
n

n∑
i=1

[ℓ(g(x , ξx ,i ), ξy ,i )]

]
,

where {ξi}ni=1 – train set from nature D, g – model, ℓ – loss.
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Iterative procedures

• Consider optimization problem:

min
x∈Rd

f (x).

• For real-world tasks, we cannot solve this problem directly.
• I want to solve it iteratively, using some current properties.

• We are at some point xk . Look at the quadratic approximation of the
function at this point:

f (x) ≈ fk(x) = f (xk)+⟨∇f (xk), x−xk⟩+ 1
2
⟨x−xk ,∇2f (xk)(x−xk)⟩.

• Instead of
x∗ = arg min

x∈Rd
f (x)

we use
xk+1 = arg min

x∈Rd
fk(x)
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Method

• Q: if we do this way

xk+1 = arg min
x∈Rd

fk(x)

with

fk(x) = f (xk) + ⟨∇f (xk), x − xk⟩+ 1
2
⟨x − xk ,∇2f (xk)(x − xk)⟩.

which method we have?

• Newton’s method:

xk+1 = xk −
(
∇2f (xk)

)−1
∇f (xk)
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Pros and cons

Pros
• Very fast quadratic convergence

Convergence of Newton’s method

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2
2.

∥x0 − x∗∥2 =
1
2
→
(

1
2

)2

→

((
1
2

)2
)2

→ . . .

Cons
• Only local convergence
• Expensive iteration: we don’t want to compute Hessian and inverse it
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Idea

To use the cheap matrix instead of the real Hessian in

fk(x) = f (xk) + ⟨∇f (xk), x − xk⟩+ 1
2
⟨x − xk ,∇2f (xk)(x − xk)⟩.
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Idea 1

• Let us use the identity matrix:

∇2f (xk) → I .

• But how to make it more correctly? Let for all x , y ∈ Rd

∥∇f (x)−∇f (y)∥2 ≤ L∥x − y∥2,

then
LI ⪰ ∇2f (x).

• So the good way
∇2f (xk) → LI .
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Idea 1

• We have not only approximation but upper bound of f :

f (x) ≤ fk(x) = f (xk) + ⟨∇f (xk), x − xk⟩+ L

2
∥x − xk∥2

2.

• Q: which method we have? Gradient descent with the step γ = 1
L :

xk+1 = xk − γ∇f (xk) = xk − 1
L
∇f (xk)
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Idea 2

• Let us play and use other upper bound of f :

f (x) ≤ fk(x) = f (xk) + ⟨∇f (xk), x − xk⟩+ L1

2
∥x − xk∥2

∞.

• We have the sign method γ = 1
L1

:

xk+1 = xk − 1
L1

· ∥∇f (xk)∥1 · sign(∇f (xk))

or
xk+1 = xk − γ · sign(∇f (xk))
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Idea 2

xk+1 = xk − γ · sign(∇f (xk))

• Q: Why the sign method can be nice?

• We usually use stochastic methods instead of an full gradient.
Clipping techniques are standard way to control noise:

clip(g , λ) = min

{
∥g∥2

λ
; 1
}
g

In fact we project the stochastic gradient g to the ball. But we need
to tune λ and schedule for it.

• Sign it as an alternative to this approach!

Aleksandr Beznosikov Matrix Optimization and Muon 2 24 October 2025 10 / 29



Idea 2

xk+1 = xk − γ · sign(∇f (xk))

• Q: Why the sign method can be nice?
• We usually use stochastic methods instead of an full gradient.

Clipping techniques are standard way to control noise:

clip(g , λ) = min

{
∥g∥2

λ
; 1
}
g

In fact we project the stochastic gradient g to the ball. But we need
to tune λ and schedule for it.

• Sign it as an alternative to this approach!

Aleksandr Beznosikov Matrix Optimization and Muon 2 24 October 2025 10 / 29



Idea 2

Llama experiment:
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Idea 3

• Let us do something more complicated than the identity matrix!

• Let us ask to contain some properties of the Hessian:

∇f (xk) = ∇f (xk+1) +∇2f (xk+1)(xk − xk+1) + o(∥xk+1 − xk∥2)

or
∇f (xk)−∇f (xk+1) ≈ ∇2f (xk+1)(xk − xk+1)

• Use some Bk+1:
∇2f (xk+1) → Bk+1

such that

∇f (xk)−∇f (xk+1) = Bk+1(x
k − xk+1) and Bk+1 = BT

k+1
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Idea 3

• These conditions are called quasi-Newton conditions:

∇f (xk)−∇f (xk+1) = Bk+1(x
k − xk+1) and Bk+1 = BT

k+1

• Due to the fact that a whole family of methods satisfies these
conditions, there is a huge potential for creativity in how to select
Bk+1.

• The most popular – BFGS:

Bk+1 = Bk +
yk(yk)T

(yk)T sk
+

Bks
k(Bks

k)T

(sk)TBksk
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Idea 3

Pros
• Cheap iteration
• Global superlinear convergence

Cons
• Too good for big neural networks!
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Idea 4

• Need more simple approximation of the Hessian.
• Quadratic example:

min
x1∈R,x2∈R

f (x1, x2) = x2
1 + 1000x2

2

∇f (1, 1) =
(

2
2000

)
, ∇2f (1, 1) =

(
2 0
0 2000

)
• Simple idea:

∇2f (x) → diag(|∇f (x)|) or diag
(√

(∇f (x))2
)
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Idea 4

• Let us make it a little smoother and more robust.:

G k+1
i = β2G

k
i + (1 − β2)([∇f (xk)]i )

2 with β2 ≈ 0.999

∇2f (xk) → diag(
√
G k)

Q: why we need this update? Recall that in practice, the gradient is
stochastic - it is worth summing several stochastic gradients at once.
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Idea 4

• RMSProp:
G k+1
i = β2G

k
i + (1 − β2)([∇f (xk)]i )

2

xk+1 = xk − γ(diag(G k+1))−1∇f (xk)

• Adam:
vk+1 = β1v

k + (1 − β1)∇f (xk)

G k+1
i = β2G

k
i + (1 − β2)([∇f (xk)]i )

2

xk+1 = xk − γ(diag(G k+1))−1vk+1

Aleksandr Beznosikov Matrix Optimization and Muon 2 24 October 2025 17 / 29



Idea 4

• RMSProp:
G k+1
i = β2G

k
i + (1 − β2)([∇f (xk)]i )

2

xk+1 = xk − γ(diag(G k+1))−1∇f (xk)

• Adam:
vk+1 = β1v

k + (1 − β1)∇f (xk)

G k+1
i = β2G

k
i + (1 − β2)([∇f (xk)]i )

2

xk+1 = xk − γ(diag(G k+1))−1vk+1

Aleksandr Beznosikov Matrix Optimization and Muon 2 24 October 2025 17 / 29



Idea 5

• Before that, we used the inner product of gradients, why not take the
outer one:

∇2f (x) →
√

∇f (xk)(∇f (xk))T

or to make more robust consider

∇2f (x) →

√√√√ k∑
t=1

∇f (x t)(∇f (x t))T

• Unlike the inner product, this product is very expensive to store.
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Idea 5

• Here it is time to memorize that typically in ML:

X ,∇f (X ) ∈ Rd1×d2

and we work with matrix optimization.

• And in fact we deal with

k∑
t=1

vec[∇f (x t)](vec[∇f (x t)])T
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Idea 5

• It can be proved that

k∑
t=1

vec[G t ](vec[G t ])T ⪯

(
k∑

t=1

G t(G t)T

) 1
2

⊗

(
k∑

t=1

(G t)TG t

) 1
2

Here G t = ∇f (X t).

• It means that we can use two matrices: d2
1 and d2

2 instead of d2
1 · d2

2 .
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Idea 5

• Let us introduce:

Lk+1 = Lk + G k(G k)T , Rk+1 = Rk + (G k)TG k

to collect this two matrices.

And use

∇2f (X k) → (Lk+1)1/4 ⊗ (Rk+1)1/4.
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Idea 5

• Like in Newton’s method:

vec[X k+1] = vec[X k ]− γ("Hessian")−1 · vec[∇f (X k)]

• For our new approximation

vec[X k+1] = vec[X k ]− γ · ((Lk)−
1
4 ⊗ (Rk)−

1
4 )vec(G k)

vec[X k+1] = vec[X k ]− γ · vec((Lk)−
1
4G k(Rk)−

1
4 )

This is Shampoo method!
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Idea 6

• We have already come across several times that simplifying is not
always a bad thing!

• Let us consider the simplified version of the Shampoo – without
collecting L and R :

X k+1 = X k − γ(G k [G k ]T )−1/4 · G k · ([G k ]TG k)−1/4

Here G k = ∇f (X k).
• It can be proved that

X k+1 = X k − γUkV k ,

where UkV k from SVD for ∇f (X k) = UkΣkV k .
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Idea 6

• And we come to the Muon method:

V k+1 = β1V
k + (1 − β1)∇f (X k)

Hk+1 = Newton − Schulz(V k+1) to get UkV k

X k+1 = X k − γHk+1
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Idea 6

Original experiment on nanoGPT:
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Final idea

• We start from

f (x) ≤ fk(x) = f (xk) + ⟨∇f (xk), x − xk⟩+ L

2
∥x − xk∥2

2.

• That we can very the upped bound:

f (x) ≤ fk(x) = f (xk) + ⟨∇f (xk), x − xk⟩+ Lnorm

2
∥x − xk∥2

norm.

And find new methods with this trick.
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Final idea

• For matrix we have the same approximation:

f (X ) ≤ fk(X ) = f (X k) + ⟨∇f (X k),X − X k⟩+ Lnorm

2
∥X − X k∥2

norm.

But for the matrices we have more opportunities in terms of norms:

Matrix induced norm

∥M∥α,β = max
x∈Rd

∥Mx∥β
∥x∥α

α = 2, β = 2 gives Muon, Shampoo, SOAP.
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Final idea

How to compute different LMO:

arg min
X∈Rd×d

fk(X )

RMS = 2
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Final idea

Recommendations for choosing optimizers for each layer:

It looks like the beginning of research!
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