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Problem statement

Base process:
XS~ N0, 1), dX)=0b(m— X)) dt +3Y2aw;, 0<t<T,
where b > 0, m € RY, and ¥ is a positive-semidefinite symmetric matrix.

Controlled process with a Schrodinger log-potential ):

Ax? = b (m ~ X;”) dt + 2V log (%_t[e‘”](Xf)) dt +3V2dw;, XY ~ N0, 1),

where 7 is the Ornstein-Uhlenbeck operator:

1 — 6—21)t

Tiol(®) = Beontmyta)zn 9(8), mulw) = (1= e )m+ e, By = —— 3,

Optimality property. It is known that X;ﬁ ,0 <t < T, transforms N(0, 1) into

D0 — (9002 Cl(y|f’5)€¢(y)6_||xu2/2 .
o) = (2m) 2 [ S e s,

Rd
where q(y | z) is the density of N (my(x), £7), with minimal efforts (see [[I, Th. 3.2]).

Log-potential learning. Given 1.1.d. samples Y7,...,Y,, ~ p7 and a reference class
of log-potentials W, we consider 1) minimizing the empirical entropy:

- 1
in{ —=Y log pip(Y) ¢ -
W E argmm{ - 0g pT( )}

pevw i=1

Goal. Let py be the corresponding density of X%. Provide a bound on KL(p7., pr).

Main contribution

We provide a theoretical high-probability upper bound on KL(p’., pr) under very mild
assumptions on p and V. The established rate of convergence is potentially much faster
than O(1/+/n) and can be of order O((logn)?/n).
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Assumptions

Bounded sub-Gaussian density. The density p7. satisfies || p%|| 1. = pmax < +00.
Moreover, p7- has sub-Gaussian tails:

T 2 2
Ey~pz€" V< e M2 for any u € RY.

Sub-quadratic log-potentials. = There exist non-negative constants A and M such
that

2
—/\HZ_l/Q(az—m)H — M <Y(x) <M forallz € Rand ¢ € V.

Moreover, for any ¢ € W it holds that T .1 = Ep(X) ) = 0.

Smooth parametrization. The class ¥ has aform U = {4 : 0 € © C [-R, R|"}.
Furthermore, there exists L > 0 such that

g(x) — g ()| < L (1+ HCI}HZ) 10 — ¢||c forall§,6 € ©andall z € R?.

Main theorem

Grant the aforementioned assumptions. Assume that 7' is sufficiently large in a sense
that
bT > (5 + logd) V log (1606 (v* v 1) [|[S71]) .

Then, for any ¢ € (0, 1/2), with probability at least 1 — 26, it holds that

KL(pi. pr) — inf KL pf) S \/T<n, 3) inf KL(pp. pf) + T(n.0),

where

RILn
)

The hidden constant behind < depends on X2, m, b, and v only.

DI
T(n,8) = (Ad + M + d) (d +log === + (M V log A)ﬁe—”) a1k

n

Practical aspects

Log-density approximation:

1
K(T)

log P (y) = P(y) — log Too[e"] + O(MVde ™),

where

log K(t) = 2’V d arcsin(e ") — 5e2V/d log (1— e_zbt) — O(Vde™).

Approximate minimizer. Instead of ¢, we can consider

) € argmin {711 ;¢(YJ + /C(IT) log Too[ew]} .

WYew

Figure: examples of sampling Gaussian mixture with 25 components (left) and human faces
(center and right). In all the cases, ¥ = e, and exp {¢(z) — be ||z[*/(1 —e ")} is a
Gaussian mixture.
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