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At a Glance

•We suggest a statistical model with relaxed manifold assumption;

•We show that the denoising score matching estimate enjoys a rate of convergence
O(n−2β/(2β+d));

•We also carefully track how the hidden constant behind O(·) depends on the ambient
dimension D and stopping time t0;

Preliminaries: Denoising Score Matching

Denoising Diffusion Probalistic Models are based on the Ornstein-Uhlenbeck

OU Forward: dXt = −Xt dt +
√
2 dWt, 0 ⩽ t ⩽ T, X0 ∼ p∗0,

OU Reverse: dZt =
(
Zt + 2∇ log p∗T−t(Zt)

)
dt +

√
2 dBt, Z0 ∼ p∗T

The score function

s∗(y, t) = ∇ log p∗t (y), (y, t) ∈ RD × [0, T ],

and should be estimated from i.i.d. samples Y1, . . . , Yn ∼ p∗0.
Score matching approach aims to minimize

T∫
t0

EXt
∥s(Xt, t)− s∗(Xt, t)∥2 dt,

Since it is intractable, introduce a new loss function

ℓ(s,X0) =

T∫
t0

E

[∥∥∥∥s(Xt, t) +
Xt −mtX0

σ2
t

∥∥∥∥2 ∣∣∣X0

]
dt.

Given i.i.d. samples Y1, . . . , Yn ∼ p∗0, the denoising score matching estimate is defined as
an empirical risk minimizer

ŝ ∈ argmin
s∈S

{
1

n

n∑
i=1

ℓ(s, Yi)

}
.

Relaxed Manifold Assumption

Given a generator from the Hölder ball g∗ ∈ Hβ([0, 1]d,RD, H), ∥g∗∥L∞([0,1]d) ⩽ 1, and
σdata ∈ [0, 1), the observed samples Y1, . . . , Yn are i.i.d. copies of a random element
X0 ∈ RD generated from the model

X0 = g∗(U) + σdata ξ,

where U ∼ Un([0, 1]d) and ξ ∼ N (0, ID) are independent.

M = g∗([0, 1]d)
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The Class of Score Estimators

The class of neural score estimators S(L,W, S,B) is defined as

S(L,W, S,B) =

{
s(y, t) := − y

m2
tσ

2 + σ2
t

+
mtclip2(f (y, t))

m2
tσ

2 + σ2
t

: f ∈ NN(L,W, S,B), σ ∈ [0, 1)

}
.

Score Function Approximation

Theorem. Assume that g∗ ∈ Hβ([0, 1]d,RD, H) and let s∗(y, t) = ∇ log p∗t (y) be the
corresponding score function. Fix an arbitrary ε ∈ (0, 1) such that

Dε
√

log(1/ε) ⩽ σ̃2
t0
, Hε

√
D ⩽ σ̃t0, and

Hd⌊β⌋εβ
√
D

⌊β⌋!
⩽ 1 ∧ σ̃t0.

Then there exists a score function s ∈ S(L,W, S,B) with L ≲ D2+ log4(1/ε), logB ≲
D + log2(1/ε), and

∥W∥∞ ≲ D2ε−d

(
1

t0 + σ2
data

∨ 1

)(
D + log2(1/ε)

)3
,

S ≲ D2ε−d

(
1

t0 + σ2
data

∨ 1

)(
D + log2(1/ε)

)3
+Dε−d

(
D + log2

1

ε

)2(d+⌊β⌋
d )+5

such that
T∫

t0

EXt
∥s∗(Xt, t)− s(Xt, t)∥2 dt ≲

Dε2β

σ̃2
t0

.

Score Function Estimation

Theorem. Assume that the conditions of score approximation theorem hold. Let also
T ⩾ 1 and let the sample size be sufficiently large, that is, it fulfils

σ2
t0
n ⩾

D
√

log(nσ2
t0)

σ2
t0

√
2β + d


2β+d

∨

(
Hd⌊β⌋

√
D

⌊β⌋!σt0

)2+d/β

∨

(
H
√
D

σt0

)2β+d

.

Then, for any δ ∈ (0, 1), with probability at least (1− δ) the excess risk of an empirical
risk minimizer over the class S(L,W, S,B) with

L ≲ D2 log4 n, ∥W∥∞ ≲ t−1
0 D5(nσ2

t0
)

d
2β+d log6 n,

S ≲ t−1
0 D6+2(d+⌊β⌋

d )(nσ2
t0
)

d
2β+d(log n)10+4(

d+⌊β⌋
d ), logB ≲ D log2 n

satisfies the inequality
T∫

t0

EXt
∥ŝ(Xt, t)− s∗(Xt, t)∥2 dt ≲

T 2D12+2(d+⌊β⌋
d )

σ2
t0

(nσ2
t0
)−

2β
2β+dL(t0, n) log(4/δ),

where

L(t0, n) = (log n)20+4(
d+⌊β⌋

d ) log T logD log3(1/t0).

Distribution Estimation

Theorem. Assume that σdata > 0 and suppose that the conditions of the score esti-
mation theorem hold for t0 = σ

(2β+d)/(3β+d)
data n−β/(3β+d) and T ≍ log n. Then, for any

δ ∈ (0, 1), with probability at least 1− δ, the following holds:

TV(ẐT−t0, X0) ≲ D6+(d+⌊β⌋
d )σ

− 1
3β+d

data n− β
6β+2d(log n)25+4(

d+⌊β⌋
d ) logD log1/2(4/δ).
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