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Problem Statement

The JKO Scheme

Theoretical Aspects

Single-Cell Data

We are given independent samples from marglnals {pA}

of the evolvmg distribution p; at corresponding time pomts
ty < t; < -+ < tg. Importantly, each distribution p, may
be represented by a different number of samples.

Jordan, Kinderlehrer, and Otto extended the idea of im-
plicit Euler scheme to the space of probability measures,
Introducing a variational time discretization of the Fokker-
Planck equation (5), now known as the /KO scheme:

P = argmin

{ﬂp) +
pEP(X)

where 7 > 0 1s the time step. As = — 0, the sequence
o,k € N converges to the continuous solution p; of (4),
which motivates our assumption that the ground truth se-
quence of measures {p,}*  follows p; | = JKOas,7+(p1).

Theorem (Quality bounds for recovered potential energy).
= L(V*,Ty+«)—L(V,Ty) be the gap between the op-
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5w, (P Pk)} = JKO:7(p1)s P = Pl X — R be strictly convex and 1-smooth. Then there exists
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Setup: We perform experiments using a leave-two-out setup. Since the EB dataset contains
five timesteps, we remove the second (t») and fourth (t4) timesteps, and then evaluate how
well our method can reconstruct the data from the remaining t; and t3 timesteps.

timal and optimized value of inverse JKO loss with internal Method to ty
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5D experiment. W, distance () comparison across ¢, and t,.

Optimal Transport

iJKOnet Method

Learning Potential Energy

The (squared) Wasserstein-2 distance dyw, between two a.c.

probability measures u, v € P,.(X) is defined as:
2 — S
i, (p v) = | min / |z — T(2)]3 dp(), (1)

where the optimal map 7* is known as the Monge map.

««« predicted evolution
== true evolution

Inverse JKO loss

JKO objective
level curves

Wasserstein Gradient Flows

Thanks to assumption p, . | = JKO, 7<(p;), we can derive an
inequality that becomes an equality if a candidate func-

> atpt — _VWQF(IOt>

_probability mass

For an energy functional 7 : P(X) — R, the gradient flow
in W,(X), called the Wasserstein gradient flow (WGF), is an
absolutely continuous curve p; : R, — P(X) starting at py
that follows the steepest descent direction of 7:

oot = =Vw,JI (pt);  pi=0) = po, (2)
where Vi, J (p;) denotes the Wasserstein gradient in W,

It can be rewritten in the form of the continuity equation,
expressing mass conservation under the velocity field v;:

7

tional 7 matches the ground truth functional J7*:
min <

1 1
J(p) + Q_d%%(/)/m p)} < J(pri1)
1Y L T

+;d%w2(m-, Prt1). (8)
Moving the right-hand side to the left yields an expression
that is always upper-bounded by zero, regardless of the
choice of 7. Maximizing the resulting gap, we obtain loss:
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Related JKO-based Methods

JlKOnet formulates the task of population dynamics re-
covery as a bi-level optimization problem aimed at mini-
mizing the discrepancy between observed distributions p;
and model predictions O

0 L net ds : L. oo=py, p — VUit !
Opr +V - (prvy) =0, vy = —V%(pt) (3) JKO Z W, (Orks P1), S p(l) P0y  Pk+1 VLo
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Examples of PDEs as WGFs o= g min Jp(Viadon) + 5 /X o = V()" dpn

Consider the free energy functional:

Fee(p= [ V@)dpla)+ [ Wiz = y)dp(a)dp(y
X JAxxx

Vip) Wip) U(p)
where V, W, and U correspond to the system’s potential,
interaction, and internal energies, respectively.
When the energy is Jep(p) =V(p) — SH(p), the resulting PDE

Is the Fokker-Planck equation with diffusion coefficient 5:
Oipr =V - (VV () pr) + BV py, (4)
which is equivalent to the following /t0 SDE:
dX, = —VV(X,)dt + /28 dW,.

+ L U (pl())da

< _y J _y

(5)

where CVX denotes the set of continuously differentiable
convex functions from X to R.

JI{Onet” addresses the limitations of the original JKOnet
by replacing the full JKO optimization problem with its
first-order optimality conditions. The method minimizes
the following objective, utilizing a precomputed optimal
transport plans 7, between p; and p;._:
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Goal: Evaluate how our method learns potentials in the unpaired setup, i.e., particle trajectories are resampled
across time steps, resulting in temporally uncorrelated samples, demonstrating hardness of the corrected setup.
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Goal: Demonstrate how our method learns potentials in the paired setup, i.e., particle trajectories are preserved
across time steps, resulting in temporally correlated samples, enabling a direct visual comparison with JKOnet*.
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