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Domain Translation Setups Objective for Paired and Unpaired Data Neural Parametrization
My s o T Ty | Setup: Requires paired data " . . . We used log-sum-exp and Gaussian mixtures for the cost ¢ and dual potential f?.
g \ | / ~o . . : . . . .
e OL%OO N XYostan = ()}~ 7 Substituting (4) 'nf? (3), we eobtaln our ﬁna_ll object;ve Question: Can we replace them with neural networks? Yes — the loss £(6) still applies.
{’\ o o L__—T—0°/ where each input z is matched with its output y. LO)= & Epporlc(z,y)] — e Eypurf(y) + Problem: For Gaussian mixtures, Z, is analytic. For neural networks, Z, becomes intractable.
\ O o= / o / Goal: Learn.m(y|x) to generate predictions y\xnew - — . N ~— o . Sol t. . E f[: 0 . . t tabl .t d tﬁﬁ 0 t“ b ted t. . t.
R R =P S for.u.nsegntlnputs Tnew that are not present in the Joint, requires pairs (z,y) ~ 7*  Marginal, requires y ~ owtion: cven | ( > IS Intractable, Its gradient o, < ) can st e computed Tor optimization.
Lnew ~~=———" training data. 0 . o o .
supervised (paired) Limitation: Paired datasets are costly and difficult + EpumlogZi(z) — min . Proposition (Gradient of the loss). It holds that
_ domain translation setup to collect. Marginal, requires = ~ r* B B o, 0 ., 0, ., )
O (ol | EE e s o te . — 35E00) = B 50:0)| =B 80|+ Ber By 3570~ )
[ %0/ N6 °% N | ()~ and target Vi — (1), ~ 7 dis- Dual Potential Parameterization
! { \ ° / tributions, respectively. - - : — - -
L0 %% N / © ?Oo / Challenge: Problem is ill-posed — solutions are [ The most computationally intensive part of optimizing £(6) Is com- Colored MNIST (Plxel Space)
N B omf S f biguous. Requires additional int : : toati 0
x““ﬁ%;;emsed (unpaired) gntjr;eagr:largi;_aotlijsﬂ- equ. - a’ o _ConStra n_s gu’lclng tflel mtegral fo[.”;]e nqrrrr:allzatlon constant Zh @)'u l Setup. We use the Colored MNIST dataset and modify the task of translating digit 2 to digit 3 using
domain translation setup Rungane, Hehy practical, since unpaired data is foorrtrlltle(::[l).renstsri?)nl;cf%? elgcﬁvzglrfn tparameterization thatallows clost| ,, qired images to demonstrate our method’s ability to recover alignment consistent with pairs.
7@?‘, //// o 77* PN Ty Setup: Access to both: paired data XY,.ed ~ v | COSt function parameterization: - Synthetic pairs are generated by shifting the hue of source images by 120°.
/© 50/ \ o @O ) |?ndadditionalunpaired samples M (a (2).4) - Specifically, for a source hue h € [0°,360°), the corresponding target hue is (h + 120°) mod 360°.
I‘I o (/ \\I O // Xunpaired ~ Ty, Yunpaired NW;- 0 L 0 afm L),y
\\ o OM Oo /I Idea: Use paired data for precision, exploit unpaired ¢ <$’ y) = ¢ 1ng ’Um(ZE) CXp < c ) ? (1)
. \>\/I\2:::;7‘ ----------------- \'\':';’__?_,,/’ data for.abu ndance and .generalization. . m=1
Semi-supervised (semi-paired) §?n"o"§g"§L°e"’ufp§if§a%r¥ve'§h pairedsamplesincluded lywhere ng(@ . RPr — R, and afn(x) . RP» — R" are parametric
domain translation setup (our focus) functions (e.g., neural networks) with learnable parameters ..
° ° ° ° ° M 0.
Part I: Data Likelihood Maximization To complement the cost, we p]rvopose for the dual potential f*:
Goal: Approximate the true distribution 7* by a parametric model Fly) = 510%2 wIN(y |, eBY),
75 via KL-divergence minimization: I
KL (w*||7) = KL (m}]|7}) + Epnm KL (7 (-] 2) " (-]2)) = where 0, = {w?, b, B}, are learnable parameters: w’ > 0, b €
Marginal condfonal Ry, BY ¢ RP»Py symmetric positive deﬁnitge. Total: 0 = 6. U 6.
_ _ % _ 0 Note: To avoid notation overload, we omit ? in the sequel. ) : :
= const — B,r 1 (17([7)) — Eg yor log m(y ). — 1 Colored MNIST 2 — 3task with hue shift. Rows: source (row 1), ground-truth target (row 2), resulting
Resulting minimization objective: Tractable Normalization Constant mapping produced by our method (NN) with 10 pairs (row 3), and with 200 pairs (row z).
L(0) = —Ep yr log 7’ (yl). (1) | Proposition. Our parameterization of the cost & and potential f? : -
L . ' Ian wiss-Roll (2D
Note: Minimizing (1) is equivalent to maximizing the conditional M N Gaussian to Swiss oll( Space)
likelihood. Limitation: Requires fully paired data; unpaired sam- Z%ax) =N N zpnlx), where Task: transform samples from a Gaussian = into a Swiss Roll 7. The ground-truth plan =* is
ples cannot be used. Goal: extend to unpaired data. m=1n=1 . . obtained from a mini-batch OT plan with a designed cost to induce bi-modal conditionals 7*(-|z).
Part II: Exploiting Unpaired Data () = w0 (1) exp (am@) Bn@m;@ + 20, am@) | i )
: : — : £
To address the above-mentioned issue and utilize unpaired data, Thi . tial f ontlv optimizing the loss £ (0 N 1
we first use Gibbs-Boltzmann parametrization: 1> €XPress1on 1s €ssentia czr.eﬁﬁaen yczp lm.lzmg - e loss £(0). |
s exp(Eyln)) . 9 Tractable Conditional Distributions
7-‘- <y‘$> — Ze( > ) Z <£E) — eXp (_E <y|x)) dy, (2) e _ o ° ° ° O Fitteddistributionnf B : B O Fitted distributionnf (@) Fitteddistributionnﬁ (@) Fitteddistributionn;’
Y Yo . Proposition. from our parametrization of the cost junction and | ,jmmesene: s B e S rrveusy S 2 o8 e - T,
where Ee(‘x) - Y — Ris the Energy function, and Ze(??) Is the | dual potential it follows that the 7%(-|z) are Gaussian mixtures: LRI B R e - L L T B i S A
normalization constant. Substituting (2) into (1), we obtain: .M N a) Regression b) UGAN 2 c) CGAN d) CondNF e) CondNF (SS)
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L(0) = Ex’yNW*EQ(y]x) + Eyrs log ZG@)- (3) T <y’37):Zg($> Z Z 2nn ()N (Y | din(2), €Bn), 2 N 2- 2 2
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Observation: This objective already provides an opportunity to , o ] ] ]
exploit the unpaired samples from the marginal distribution 7" to | where d,,,(x) = b, + Buan(x) and z,,(x) Is from Proposition above. | " | |
learn the conditional distributions 7%(-|z) ~ 7*(-|z). Sampling y given z Is therefore fast and straightforward. e s Felt.o ooiillne? :
Decou pll ng Cost and Potential Universal Approm mation of the Method | mmsorcesamenr _2_.%2?2‘1’52?1‘;?1°2i’i; R | mmone s i _2_.%2151‘?2’6"25522‘.‘2?21'% | 2_%221‘?‘3§‘L?22T§L°21’i;
9 Q¢ Conditional samples y ~n®(:|x) @ Q¢ Conditional samples y ~n®(:|x) 90 ¢ Conditional samples y ~n®(-|x) 90 ¢ Conditional samples y ~n®(-|x) Conditional samples y ~r%(-|x)
Goal: Incorporate independent samples y ~ 7 into the objective | Question: How expressive is our parametrization of 7? -0 1 E -'1) ;rOTi i S LI 20 1 o0 1
to enable semi-supervised learning. Theorem (Universal conditional distributions). Under mild assump- ) DCPEME _ &P o h) OTCS ) FSBM j) CGMM (S5)
We propose, energy function parameterization: tions on the joint distribution =*, for any § > 0 there exist: ] I S . . . .
B (y|z) = A’z y) = f(y) )" N > 0 and a Gaussian mixture f° with N components, y 1 ,:.;’-'9‘ ) | |
| - | . 2. M > 0 and cost ¢/ defined via fully-connected neural networks | . é@%; L4 S : . .
which decouples the cost function ¢/(z,y) and the potential f(y). a,,  RP: — RPv ¢ - RP: — R, with RelLU, \° & e a0
° I 9 9 I I ™ 'ttedfifr?i‘bautioﬁ R 80 e 3::‘:": N N © Target distribution " SO0 ) o Fitteditio;l 1\19\’ .”?‘:f
Note: Changes in f"(y) can be .offseet by_c (2, y), resulting In the | o\ 4pat the resulting =¥ satisfies BB 5, 8| pramgontyTs | || _ e R e
same energy. For example, setting /(y) = 0 and ¢ = 1 makes the .y * 1008 conontsarpey - © 0| F] 0 Torostdsurensy 3| ] o Tastparedsanpiesy | 2900 oot st y<rith0 |2 | 900 coramorst sty -
energy fully determined by CQ(CE, y). KL (7‘(‘ H’]‘[‘ ) < 5 -2 -1 0 1 2 -2 -1 .o 1 2 -2 -1 . 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
Implication: Our parametrization can approximate any conditional k) GNOT ~ UUnpaired data m) Paired data n) Ground truth 0) Our method (GMM)
distribution under mild regularity and boundedness assumptions. Learned mapping on the Gaussian — Swiss Roll task for P = 128 and () = R = 1024.




