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Problem setting and known results

e Stochastic gradient methods aim to minimize a function f with access only to the noisy gradients:
min /() VS(0) = Eer, [VE(0.£)]. ()
Here £ is a noise variable with the distribution P¢ and 6* is the unique minimizer. The standard SGD algorithm writes as
Orv1 = O — Ve 1 VF (O, Ei), th € R,

e A well-known technique for training stabilization is the Polyak-Ruppert averaging:
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where n is the burn-in period. In is known that the averaged iterate is asymptotically normal:
V(00 — 0F) -5 N(0, Seo),

where the covariance matrix >, is minimax-optimal, see [1]. Important research direction for the first-order optimization methods
is to obtain the finite-sample bounds of the form

n — 00,

VItY  C(f,d) .
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where R(||6y — 6|, n) is a (transient) term corresponding to the initial condition. Our aim is to obtain a version of the above
bound with the best-known constant § > 0. The best known counterpart of (2) is the bound of [2], which obtains the result with
0 = 1/4 with the Root-SGD algorithm.
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Assumptions

We aim to solve the problem (1) using SGD with a constant step size v > 0,, starting from initial distribution v:
0 = 0 — AVEOY, &), 0 =0y~ v (3)
We focus on the convergence to 6* of the Polyak-Ruppert averaged estimator defined for any n > 1, by
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A1. The function f is continuously differentiable and p-strongly convex on R?.

A2. The function f is 4 times continuously differentiable and Lo-smooth on R?, that is, there is a constant Ly > 0, such that for
any 0,0 € RY ||VF£(0) — V(9] <L|#— . Moreover, f has bounded 3-rd and 4-th derivatives.

A3(p). Random variables { }ren are independent and identically distributed (i.i.d.) random variables with distribution P¢, such
that & and 6 are independent and for any 8 € R? it holds that

e r [VF(6,6)] = V1(6).
Moreover, there exists 7,, such that EV?[|[VF(6*,€)|”] < 7,, and for any ¢ = 2,...,p it holds with some L > 0 that for any

61,62 S Rd,
LEH[00 = 02|V (01) — V f(8:),01 — 02) > Ecp [[[VE(61,€) — VF(02,€)]|%).

Our contributions

e We show that a version of SGD algorithm with constant step size, Polyak-Ruppert averaging, and Richardson-Romberg
extrapolation lead to the root-MSE bound (2) with § = 1/4 when applied to strongly convex minimization problems. This result
requires that the number of samples n is known a priori to optimize the step size +.

e We obtain high-order moment bounds on the error, that is, we obtain for p > 2 the bounds of the form
1/2 /sy
El/p[Hé(RR) o Q*Hp] < Cop / Ir 2 C(fa dap)
n = nl/2 n3/4

where ¢ is a universal constant, and é%RR) is a counterpart of éno’n when using Richardson-Romberg extrapolation.

+R([l60 — 07|, n,p),
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SGD iterates as a Markov chain

e The sequence {9,(?} defined by the relation (3) is a time-homogeneous Markov chain with the Markov kernel
Q- (0,A) = R/d In(0 — YV F(0, 2))Pe(dz) .

e Key ingredient of our result is to show that the Markov chain {9;@} converges to its invariant distribution 7, in a Wasserstein
distance W, associated with the non-standard distance-like function:
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Theorem 1. Assume A1, A2, A3(4). Then for n large enough, any initial distribution v, it holds setting v = n=2/3 that

c(0,6") =110 —¢(16 — 07| + |16’ — 67| + 0.0 ¢ RY.
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nl/2 n2/3
"2 poly(vy, n, |60 — 6]]).
Richardson-Romberg Extrapolation

where the remainder term R(n,~, |6y — 07]|) = (1 — uv)

Instead of considering a single SGD trajectory {9/9)};661\17 construct two parallel chains based on the same sequence {&; }ren:

Ot =00 = VEO €r), 0 =nt 360,
) = 0 AV E O ), O =0 X0

Then construct the Richardson-Romberg estimator, which allows to reduce the steady-state bias of SGD:
@_7(133) - 29_7(17) _ @)

n

Theorem 2. Assume A1, A2, A3(6). Then for n large enough, any initial distribution v, it holds setting v = n~"/? that
*(N * 1r Zg C(L7 U) *
EL 20 HH O — 0)F < Y1+ Rl 1/, 60— 6°]).
where the remainder term R(n, 7, |6y — 6*]|) = (1 — uwy)?poly (v, n, |0y — 6*||). Here the power n=>/* is the best known among
the first-order methods. This result can be generalized to p-th moment bounds with p > 2:

Theorem 3. Let p > 2 and assume A1, A2, A3(3p). Then for n large enough, any initial distribution v, it holds setting
_ o —1/2
v =mn that
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where ¢; = 60e is an absolute constant. Note that the Richardson-Romberg procedure allows for more aggressive choice of step size
(v of order n~Y ?), compared to n~%/3 which corresponds to (97@.
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