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OT barycenter problem

OT barycenter P is the average of distributions {Pk}Kk=1
w.r.t. given transport cost functions ck.

Particular case:
The Wasserstein‐2 barycen‐
ter with Euclidean quadratic
cost ck(x, y) ≡ 1

2∥x− y∥2
2 is

given by

P = arg min
Q

K∑
k=1

λkW2
2(Pk,Q) s.t.

K∑
k=1

λk = 1, λ > 0.

Classic OT (e.g., W2
2) barycen‐

ters are sensitive to class im‐
balance and outliers in the
input distributions.

Existing OT barycenter solvers lead to biased results in the
case of outliers or class imbalance. They are restricted to

dealing with clean datasets.

Question :
How to build robust barycenters?

Background on (unbalanced) OT

Classical OT

Transport cost: c : X × Y → R

Example: c(x, y) = 1
2∥x− y∥2

2

Conjugate : f c(x) def= inf
y∈Y

{c(x, y) − f (y)}

Primal: OTc(P,Q) = inf
π∈Π(P,Q)

E
(x,y)∼π

c(x, y)

Dual: OTc(P,Q)= sup
f∈C(Y)

E
x∼P

f c(x)+ E
y∼Q

f (y)

Semi‐unbalanced OT

ψ‐divergence between µ1 and µ2:

Dψ (µ1∥µ2)
def=

∫
X
ψ

(
µ1(x)
µ2(x)

)
dµ2(x).

Primal: SUOTc,ψ(P,Q) = inf
γ∈Π(Q)

E
(x,y)∼γ

c(x, y) + Dψ (γx∥P)

Dual: SUOTc,ψ(P,Q) =sup
f∈C(Y)

E
x∼P

− ψ(−f c)(x) + E
y∼Q

f (y)

Semi-unbalanced OT barycenter

Let Pk ∈ P(Xk) be given distributions; let ck : Xk × Y → R be
appropriate cost functions, k ∈ {1, .., K}.

For positive weights λk s.t.∑N
k=1 λk = 1 the SUOT barycenter

problem consists in finding a distri‐
bution P = Q∗ that minimizes:

L∗ = inf
Q∈P(Y)

K∑
k=1

λkSUOTck,ψk(Pk,Q)

Our methodology

Step 1. Dual formulation of semi‐unbalanced OT:

SUOTc,ψ= sup
f∈C(Y)

inf
γ(·|x)∈P(Y)

(
L(f, γ,Q)

)
. (1)

where L(f, γ,Q) = Ex∼P−ψ
(

−Ex∼γ(·|x)(c(x, y)−f (y)
)

+Ey∼Qf (y)

Step 2. Extending (1) to the barycenter objective: min‐max‐min
problem:

L∗ = inf
Q∈P(Y)

K∑
k=1

sup
fk∈C(Y)

inf
γk(·|x)∈P(Y)

λkLk(fk, γk,Q). (2)

Step 3. Obtainingm‐congruence condition:
K∑
k=1

λkf
∗
k ≡ m for somem ∈ R.

Optimization problem

Final optimization objective
(combination of (2) with them‐congruence condition):

sup
m∈R,∑K

k=1 λkfk≡m

inf
γ(·|xk)∈P(Y)

K∑
k=1

λk{−Exk∼Pkψk
(
Exk∼γk(·|xk)(fk(y)−ck(xk, y)

)
+m}

Statement: Solutions γ∗
k approximate the SUOT plans between

Pk and barycenter P.
Transport plan parameterization

with (stochastic) maps.

Basic idea:
dγk(x, y) = dγk(x)dγk(y|x);

γk(·|x) = Tk(x, ·)#S.

‐ S ⊂ RDs is an auxiliary space;
‐ S ∈ P(S) is a distribution
(e.g., Gaussian);

‐ Tk is a map Tk : Xk × S → Y .

Particular case: Deterministic
map.

γk(·|x) = δTk(x)(·)

Considered ψ‐divergences.
Here ψ(·) is a convex conjugate.
1. Kullback‐Leibler
ψKL(t) = exp(t) − 1.
2. Softplus
ψSoftplus(t) = Softplus(t).
3. Identity (classic OT)
ψId(t) = t.

Practice: scaled divergences
τDψ; τ ‐unbalancedness

parameter.

Empirical objective:

sup
m∈R∑K

k=1 λkfk≡m

inf
T1:K

K∑
k=1

λk{−Exk∼Pkψk
(
Es∼S

(
fk(Tk(xk, s)−ck(xk, Tk(xk, s)))

))
+m}.

Note: For ψk=Id, our solver reduces to classic OT barycenter
solver (NOTB).

Method

We parameterize conditional OT
plans T1:K as well as potentials f1:K
with neural nets.

OT map parameterization:

T1:K : ∀k Tk,ϕ : RDk × RDs → RD.

OT Potential parameterization:
We introduce gk : ∀k gk,θ : RD → R and represent potential fk,θ
throughm‐congruence condition:

fk,θ = gk,θ −
∑
n̸=k

λn
λk(K − 1)

gn,θ + m

Kλk
.

Inference: input points should be sampled from (γ̂k)x. We approx‐
imate d(γ̂k)x(x)

dPk(x) ≈ ∇ψk(−(f̂k)c(xk)) where f̂k is the learned poten‐
tial and apply rejection sampling.

Links

Shape-Color Experiment

We consider SUOT barycenter
problem with KL‐divergence.
Shape distribution:
The distribution of gray‐scale
images of MNIST digits ‘2’ (49%
of training dataset), ‘3’ (50%)
and ‘7’(1% ‐ outliers) on space
[0, 1]32×32.

Color distribution:
The distribution of red (probability
mass p0 = 0.495), green (p1 = 0.495)
and white(p2 = 0.01 ‐ outliers) HSV
vectors on space [0, 1]3.
Manifold
It is represented by Style‐GAN G
that is trained on colored digits ’2’,
’3’ (all colors).
Transport costs:
Shape cost:

c1(x2, z)
def= 1

2
∥x1 −Hg(G(z))∥2

2

Color cost:

c2(x2, z)
def= 1

2
∥x2 −Hc(G(z))∥2

2

Hg(decolorization) : R3×32×32 → R32×32

Hc(defines HSV vector) : R3×32×32 → R3

In‐distribution Samples from P1.
Acceptance Rate: 63%

In‐distribution Samples from P2.
Acceptance Rate: 71.25%

Outlier Samples from P1.
Acceptance Rate: 19%

Outlier Samples from P2.
Acceptance Rate: 5.5%

Outlier & Class Imbalance Experiments

Experiment with class imbalance

Experiment with outliers

Imbalance distributions (upper Fig.): Gaussian Mixtures P0 (gray),
P1 (beige) with class imbalance.

Outliers distributions (lower Figs.): GaussianMixtures P0 (gray, 5%
outliers), P1 (beige, 5% outliers), P2 (brown).

Transport costs: ∀k ∈ 1, 3 : ck(xk, y) = 1
2∥xk − y∥2

2

Divergences: KL (τ∈[1, 20, 200]) vs Id

Results: for small τ , our solver is robust to class imbalance and
outliers issues. Increasing τ yields a more precise barycenter by
incorporating all data points.
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