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OT barycenter problem

OT barycenter P is the average of distributions {Pk}sz1
w.r.t. given transport cost functions c;..

Particular case:

The Wasserstein-2 barycen-
ter with Euclidean quadratic
cost cp(z,y) = %HZE —ylls s
given by

K K
[P = arg min Z AL W5(Py, Q) s.t. Z A =1,A>0.

k=1 k=1
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Classic OT (e:g., Ws) barygen- . | 2R
ters are sensitive to class im- ... N T -
balance and outliers in the e s .
. . . . :""‘i:“ 2} .n - ﬁsh,ﬁd &:}h
input distributions. Pijfg;a o E

Existing OT barycenter solvers lead to biased results in the
case of outliers or class imbalance. They are restricted to
dealing with clean datasets.

Question :
How to build robust barycenters?
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Background on (unbalanced) OT

Classical OT

Transport cost: c: X xY—R

Example: c(x,y) = %Hﬂﬁ — ?JH%

Conjugate :  f“(x) def inf {c(z,y) — f(y)}
yey

Primal: OT.(P,Q) = inf E c(z,y)

mell(P,Q) (z,y)~m

Dual: OT(P,Q)=sup E f9(zH E f(y)
fec(y)r~P y~Q

Semi-unbalanced OT

y-divergence between 1 and po:

de
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Primal: SUOT,. ,(P,Q) = inf E c(x,y
o VEI(Q) (z,y)~ )

Dual: SUOT, ,(P,Q) =sup E_—§(—f)(x) + E_f(y)

y~Q

+ Dw (7z|P)

fec(y) =~k

Semi-unbalanced OT barycenter

Let P, € P(AX}) be given distributions; let ¢, : &;. x Y — R be
appropriate cost functions, k£ € {1, .., K'}.

For positive weights )\, s.t.
SV Ar = 1 the SUOT barycenter
problem consists in finding a distri-
bution P = Q* that minimizes:

K
L*= inf A\.SUOT.. ., (P, Q
Q€P<y) ; k Clmwk< k )

Our methodology

Y

SUOT,

Step 1. Dual formulation of semi-unbalanced OT:
sup inf
fec(y)1(z)eP(Y)

(crr@).
where L(f,7,Q) = E;op (oo (o) (c(2, )= f (1) +Eyugf ()

Step 2. Extending (1) to the barycenter objective: min-max-min

problem:
K
L7 = inf sup inf  NLp(fr 1 Q) (2)
QeP(Y) ; frec(Y) Wk |2)EP(Y)

Step 3. Obtaining m-congruence condition:

K
Z )‘kf]: =m
k=1

for some m € R.

Optimization problem

Final optimization objective
(combination of (2) with the m-congruence condition):

K
inf MA-E. o1 (-l — :
mﬁ%y(-xﬁemw; MR b B0 —cul 1) em)
> k1 M fr=m

Statement: Solutions yz approximate the SUOT plans between
P;. and barycenter P.

Transport plan parameterization
with (stochastic) maps.

Considered -divergences.

Here ¢(-) is a convex conjugate.

1. Kullback-Leibler
dyg(z,y) = dyp(z)dy(ylz); "=
YiL(t) = exp(t) — 1.

(- lz) = Ti(z, ')#S' 2. Softplus

DS . o .—
- § C R¥sis an auxiliary SPACE s oftplus(t) = Softplus(t).

- SePS) > 2 distribution 5 Identity (classic OT)
(e.g., Gaussian);

- Tpisamap Ty : &, x S — V. Yiglt) =t.

Basic idea:

Practice: scaled divergences
7D,; T-unbalancedness
parameter.

Particular case: Deterministic
map.

Ve (®) = 07, () (")
Empirical objective:

K

sup inf
meR 11K 1
" TR

D k1 M Sr=m

Note: For ;.= Id, our solver reduces to classic OT barycenter
solver (NOTB).

Method

We parameterize conditional OT
plans T7.;- as well as potentials f;.x
with neural nets.

OT map parameterization:

Ty.g:Vk Tpg: RPE x RPs 5 RP.
OT Potential parameterization:

We introduce g, : Vk g ¢ RP — R and represent potential fr.6
through m-congruence condition:

Jko=9k0— Z

n#k
Inference: input points should be sampled from (7;.).. We approx-

imate d%,jé? ~ Vir(—(f1)¢(z)) where . is the learned poten-

tial and apply rejection sampling.
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Shape-Color Experiment
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StyleGAN image
manifold

outliers

outliers ]P)l
!
% color cost
f - ¢« 21
PQ - <3 ‘2o

shape cost latent space Z

problem with KL-divergence.

Shape distribution:
The distribution of gray-scale

images of MNIST digits ‘2’ (49%
of training dataset), ‘3" (50%)
and ‘7'(1% - outliers) on space

In-distribution Samples from P;.
Acceptance Rate: 63%

[0 1]32><32 In-distribution Samples from P-.
’ ' Acceptance Rate: 71.25%

Color distribution:

The distribution of red (probability  [SSEAKERES

mass py = 0.495), (p; = 0.495) 2 3 3 3 2

and (po = 0.01 - outliers) HSV
vectors on space [0, 1)°.

Manifold
It is represented by Style-GAN G

that is trained on colored digits '2,

Outlier Samples from P;.
Acceptance Rate: 19%

327133

Outlier Samples from P,.

3’ (al colors). Acceptance Rate: 5.5%
Transport costs:
Shape cost:
def 1 9
cirg,2) = Sllan — Hy(G(2)ll3
Color cost:
def 1
e2(22,2) = ;w2 — He(G(2))3

Hy(decolorization) : R3*32%32 _, R32x32

H.(defines HSV vector) : R?*32%32 _, R?

Outlier & Class Imbalance Experiments

T=20

(2) NOTB (b) T = 200

Experiment with class imbalance
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(c) NOTB without outlier
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Experiment with outliers

Imbalance distributions (upper Fig.): Gaussian Mixtures P (gray),
Py ( ) with class imbalance.

Outliers distributions (lower Figs.): Gaussian Mixtures P (gray, 5%
outliers), Py ( , 5% outliers), Py (brown).

Transport costs: Vk € 1,3 : ci(v,y) = sll21 — 93
Divergences: KL (r€[1, 20, 200]) vs Id

Results: for small 7, our solver is robust to class imbalance and
outliers issues. Increasing 7 yields a more precise barycenter by
incorporating all data points.
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