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Translation between distributions

Between what?

e Generative modeling (noise - data
e Image2lmage / editing (data - data

Additional settings

e Data-free sampling
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Continuous time: Wiener process

Process W; with the properties of “random walk”:

e W, - W, L (W._7c(0.5]): W, =W, ~ N, (t — )]
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Stochastic Differential Equations

SDEs: stochastic dynamics that are
e Markovian
e Deterministic velocity + random walk



Stochastic Differential Equations

SDEs: stochastic dynamics that are
e Markovian
e Deterministic velocity + random walk

(Pseudo)-definition + Euler scheme
o dX; = fi(Xy)dt + g(t)dW

o Xppn X+ hfi(Xy) +g(t)(Wipy — Wy)
~ X+ hfi(Xe) + Vhg(t) e € ~ N(0,1)



Value of Xt
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Value of Xt

Variance Preserving SDE

By

dXt —
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Schrodinger Bridges (SB)

Let dZ; = f*°(Z,)dt + v 7AW, be some “base” SDE (e.g. Wiener process)

Goal: manipulate Z; to perform transition between the desired distributions

Formalization:

KL (Px||Pz) — min:

px, =p°ipx, =p'



Schrédinger Bridges (SB)

dZ; = f*¢(Z,)dt + /AW, X; solves [ KL(Px||Pz) — nplin;
X

px, = p°;px, =
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Value of Z;

Schrodinger Bridges (SB)

= [P(Zy)dt + /AW, X; solves [KL(Px||Pz) — min;
X

_ 9. _
pX() T 7pX1 - T

Reweighting as generalization of conditioning
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Value of Z;

dZt — —@tht —|— \/7th

KL PXHPZ — Igin;
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Applications: generative modeling
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Value of Z;

Applications: generative modeling

dZt —

By

KL(Px||Pz

PX, =

0,1); px, = p
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Value of Z;

Zt:
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Applications: finetuning
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Value of Z;

dZt —
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Applications: optimal transport

dZt — \/”_yth
Optimal transport:

KL(Px||Pz) — win; target density + in/out similarity

px, = p°ipx, =D’
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Stochastic optimal control (SOC)

"1
{ ps th(X{)dt + 8(X!)| — min;
0

| f
dX] = ( pase(X7) + g(t) f(X] )) dt + g(t)dW,



Stochastic optimal control (SOC)

0 f

Cps j (X! dt—l—ﬁ(Xf) — min;
dX] = ( base(X) + g(t) fu(X] )) dt + g(t)dW;

Environment transition Action



Stochastic optimal control (SOC)

Current reward Final reward

~ 1
Ses | [ Vi(X)dt + BX])| — min
_0

ax] = ((fie(Xf) + g fi(X0) ) dt + g)aW,

Environment transition Action



Stochastic optimal control (SOC)

Current reward Final reward

oY

th (X! dt—l—ﬁ(Xf) %mfin;

ax] = ((fie(xf) + g@® £X])) dt + gB)aw;

Environment transition Action

State

+h (freX]) + g(t) fu(X])) + Vhg(t)e,
N\
) Actinn' '-'"
g fux]) K

Environ rnent

2 _

Virn(X t+h



SB through SOC

dZ; = f*°(Z;)dt + /7AW,

{KL(PXPZ) — I

px, =p°ipx, =p’



SB through SOC

dZ; = fP*°(Z,)dt + \/7dW,

1
{KL(PXPz) — min; Zes [ 3l1/:(X)?dt — min;
ps @ f base (v J f .
dX; = XY + g(8) £(XT) ) dt + g(t)dW,;
px, = pSipx, = p7 [ = (e (X]) + g0 £i(XD)) dt + g(1)AW,

X~ pS XL~ pT



SB through SOC

AZy = 2 (Z,)dt + /7dW,

1
KL(Px|Pz) — ng;n N *prg"%\lft(X{)H?dt — min;
px. = p°:px, =p’ de = ( base(Xf) g(t)ft(X{)) dt + g(t)dWy;

e For some 5 that defines p’

f

lps flé (X]) \zdt—l-ﬁ(Xf) — min
_0
dX{ = (fbase(Xf ) g(t)ft(X{ )) dt + g(t)dW,;

[4]
<~



https://arxiv.org/abs/2211.01156

SB through SOC

AZ; = [1"°(Z,)dt + /7AW,

1
KL(Px||Pz) — min; Zes [ 3l1/:(X)?dt — min;
P
px. = % px, = p)’(f A de = ( base(Xf) g(t)ft(X{)) dt + g(t)dW;
0 y 1

e For some 5 that defines p’

f e [ acts as “discriminator”

l lps flé (X]) \zdt—l-ﬁ(Xf) — min
N 0
dX{ = (fbase(Xf ) g(t)ft(X{ )) dt + g(t)dW,;



https://arxiv.org/abs/2211.01156

SB through SOC

dZ; = f*°(Z;)dt + /7AW,

1
KL(Px||Pz) — min; Zes [ 3l1/:(X)?dt — min;
s o axf = (f==(X{) + 90 (X)) dt + g()AW
pXO:p7pX1_p t t t ty

Xpr ,Xffvp

e For some 5 that defines p’

f e [ acts as “discriminator”

de (fbase(Xf) g(t)ft(X{)) dt 4+ g(t)dWy; » Known for generative

modeling and fine-tuning

]
W Bpr | [ 31£(X]) \th+6(Xf) — min
<~ 0



https://arxiv.org/abs/2211.01156

SOC: typical solutions

o fl ;
{dxﬁ = (fPe(X) + g(0) FH(X)) dt + g(t)



SOC: typical solutions

s

<
'LPQ

dX‘9
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SOC: typical solutions

N-1 1 Here: N forward, N backward
VoL (0) = Vy (z SN (XE) P At + 5(X?)) [4]
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SOC: typical solutions

ff(Xf)Hth B(XY)| — min

N-1 1 Here: N forward, N backward
VoL (0) = Vy ( | o (XE)IIP At + 5(X?)) 4]

Possible: N forward, K backward [5]
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https://arxiv.org/abs/2504.11713

SOC: typical solutions

ff(Xf)Hth B(XY)| — min

N-1 1 Here: N forward, N backward
VoL (0) = Vy ( | o (XE)IIP At + ﬁ(X?)) 4]

Possible: N forward, K backward [5]

X! — Xf@_ 4 ( g:;ase(Xi) + g(t;) fg (Xi)) At; + g(t)\/At;e; | Goal: Kforward, K backward
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