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GFlowNet Problem

Suppose we have a finite discrete space of objects X with a non-negative
reward function R(x) given for every x € X.

Goal: Construct and train a model that will sample objects from X" from the
probability distribution R(x)/Z proportional to the reward, where Z is an
unknown normalizing constant.

Standard approach: MCMC methods usually suffer from the mixing
problem.

GFlowNet as an alternative: it learns a stochastic policy that starts with
“empty” objects and modifies them until completion. GFlowNet generates
each sample independently and, like RL methods, relies on exploration and
the generalization power of ML to guess and discover new modes of the
reward function (or regions of low energy).

References: [Bengio et al., 2021] (original paper), [Bengio et al., 2023]
(mathematical foundations)
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Flows Over Directed Acyclic Graphs
DAG: G = (S,€): S is a state space, £ C S x S is a set of edges. Fors € S,
A, is the set of actions, i.e. possible next states: s’ € A, & s — s’ € &;
so € S is an initial state ("empty” object) and the set of states with outgoing
edge to the final vertex s¢, which directly corresponds to X

Denote T as a set of all complete
trajectories in the graph 7 =

(so = 51— ... = Sp. = Sp.41 = SfF),
where n; is the trajectory length,

si — siy1 € &, so is always the initial
state, and s,_ is always a terminal
object, thus s € X

Figure: Directed Acyclic Graphs
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A trajectory flow is any nonnegative -. ¢ co‘ o
function F: T — Rxo. = »

.F(S)éZ.F(T)7 209\:

/
Fls—s)= Z F(7). Figure: Molecule synthesis experiment
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Reward Matching Condition

If F is not identically zero, it can be used to introduce a probability
distribution over complete trajectories:

P(r) £ 7= F(1), Ly =3 op F(7).

Then, F(s)/Zz corresponds to the probability that a random trajectory
contains the state s, and F(s — s’)/Zx corresponds to the probability that a
random trajectory contains the edge s — s’. These definitions also imply

Zr = F(s0) = > rex F (%)

Denote P(x) as the probability that x is the terminal state of a trajectory
sampled from P(7). If the reward matching constraint is satisfied for all

terminal states x € X:
F(x) = R(x), (1)

P(x) will be equal to R(x)/Z. Thus by sampling trajectories we can
sample the objects from the distribution of interest
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Markovian flow

The trajectory flow F is said to be Markovian if ¥s € S\ X’ there exist
distributions Pr(—|s) over the children of s such that P can be factorized as

P(r=(s0 ... = 5n,)) = [IsZy Pr(selse-1)-

Equivalently, F is Markovian if Vs € S\ {sp} there exist distributions
Pi(—|s) over the parents of s such that Vx € X

P(r=(s0 = ... = sn.)|sn, = x) =112, Pa(st-1lst),
If F is Markovian, then Pp and Pp can be uniquely defined as

F(s =)

F(s =)
F(s)

PF(S/|S) = f(Sl)

Pa(sls') =

We call Pr and Pg the forward policy and the backward policy
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Trajectory and detailed balance

The detailed balance constraint is a relation between them:
F(s)Pe(s'ls) = F(s")Pr(sls'). ®3)
The trajectory balance constraint states that for any complete trajectory

TT77) Pr(selse—1) = T2 TT7, Pr(sealse). (4)

Thus any Markovian flow can be uniquely determined from Zx and
Pr(—|s) Vs € S\ X or from F(x) Vx € X and Pp(—|s) Vs € S\ {so}.
We refer to the left and right-hand sides of (4) as to the forward and
backward trajectory distributions:

o= [t o= [lrem. ©

i=1

where 7 = (s, 51,...,5.,) € T.
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Training GFlowNet

To train GFlowNet we parameterize a Markovian flow by some model and
train it to minimize some objective. If the objective is globally minimized, we
should have F(x) = R(x).

Trajectory Balance (TB): for each complete trajectory
7':(50—>51—>...—>5,,_r :X)Z

Zo [107, Pr(st|st—1,6) )2
Lrp(t) = (lo t=1 . 6
e {7) ( & R0 [11 Po(se 1156, 6) ©)
Detailed Balance (DB): for each edge s — s’ € &:
Fo(s)Pe(s']s,0) \*
! — I .
Lpp(s,s’) <og Fo(5) P (s]'.0) (7)

For terminal states Fy(x) is substituted by R(x) in the objective.

One can also use equivalence between generative flow networks and
Entropy-regularized RL, see [Tiapkin et al., 2024].
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GFlowNet Training as Soft RL Problem

Theorem

The optimal policy 7*(s'|s) for a regularized MDP with a coefficient A =1 is
equal to Pr(s'|s) for all s € S\ {s¢},s’ € As;

Moreover, Vs # s¢,s' # s¢ regularized optimal value V*(s) and Q-value
Q*(s,s") coincide with log F(s) and log F(s — s') respectively, where F is
the Markovian flow defined by Py and the GFlowNet reward R.

In addition, for any forward policy Pr (not necessarily proper):

VIE (s0;r78) = log Z — KL(PTF |P72).

m Main outcome: any RL algorithm that works with entropy
regularization can be utilized to train GFlowNets when Py is fixed.

m Soft RL methods can not address the changing of the reward function,
except for reward shaping schemes [Ng et al., 1999].

m The results is due to [Tiapkin et al., 2024].
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Our results: Trajectory Likelihood Maximization

Theoretical insight from equivalence with Soft RL

All existing GFlowNet training methods (implicitly) minimize KL-divergence
KL(PZF™||PP5()Y when Py is fixed.

Main idea: Why not just minimizing the same objective, but over
parameters of Pg?
Details: see [Gritsaev et al., 2024] (ICLR-2025)
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Trajectory Likelihood Maximization

Consider the following optimization problem:

; Pr | pPB
peerlin o KL(PZ"[[P7?) (8)

where Mg and Iy are spaces of forward and backward policies, respectively.
As stated, for fixed Py the problem (8) is equivalent to

V;):F1(50; rPB) =logZ — KL(P?—FHP?B) — max

over Pg € Mg in an entropy-regularized MDP. A meta-algorithm for solving

(8):
’PE,)H ~ arg n7;:3n KL(P?F HP?B) ,

t+1
Pktfl ~ arg r%an KL(PT}F ||P¢B ) .
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Trajectory Likelihood Maximization

First Step: Trajectory Likelihood Maximization. Using the connection
between forward KL divergence minimization and MLE, we state the TLM
objective:

0L ~ arg mein E;pe [Lrn(0; 7)]

[:TLM(Q; 7') = - Z |Og PB(S,'_1|S,', 9) .

i=1

m 7 =(Sp,51,...,5n,) is a trajectory generated by the forward policy Pf;
m Instead of exact solving, perform one stochastic gradient update:

9]t3+1 = 9% - ’YVG'CTLM(G]%; T) .
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Trajectory Likelihood Maximization

Second Step: Non-Stationary Soft RL Problem. To approximate the
second step of (9), we exploit the equivalence between the GFlowNet
framework and the entropy-regularized RL problem. This leads to the
following expression:

P~ arg_min KL(PPFHPT ) — P~ arg max VI, (50; r?’ﬁ“) ,
where r”® = log Pg(s|s’).
m Can be solved with any soft RL method, such as SoftDQN
[Haarnoja et al., 2018];
m Existing GFlowNet algorithms with a fixed backward policy can be also
applied;
m 7 denotes a (possibly off-policy) trajectory.
In practice: perform a single stochastic gradient update

0L = 0 — NV Lag(0k; 7, PE™),

where Ly, is a loss function for a GFlowNet or soft RL method (SubTB,
SoftDQN, etc).
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TLM algorithm

Algorithm 1 Trajectory Likelihood Maximization

1: Input: Forward and backward parameters 0, 9113, any GFlowNet loss function £,
(optional) experience replay buffer B;
2: for t = 1 to Ny, do

3:  Sample a batch of trajectories {Tlgt) HE_| from the forward policy Pp(-|-, 0%);
4:  (optional) Update B with {Tlgt) W

5. Update 05" =0 — v - % Zszl V Lo (0%; 'r,gt)), see (7);

6:  (optional) Resample a batch of trajectories {'rjgt)}f:1 from B;

7

8:

- Update 05 = 0 — e+ & Soh, VEag(Ohi 7, Po(|- 057);
end 1or

Figure: TLM algorithm pseudocode
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Hypergrid Environment
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Figure: L; distance between target and empirical GFlowNet distributions over the
course of training on hypergrid environment. Top row: Pg is fixed to be uniform for
all methods. Bottom row: Pg is learnt for the baselines and fixed to be uniform for
M-DQN. Mean and std values are computed over 3 runs.
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Results: bit sequences generation

m Bit sequences of length n = 120;
m M C {0,1}" - fixed set, not observable by learner;

m Reward of generated string x computed as

R(x) = exp{f}r/réinl} du(x,y)} .
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Bit sequence generation
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Figure: Bit sequence generation results. Left: Spearman correlation between R and
Po on a test set for each method and varying k € {2,4,6,8,10}. Right: The
number of modes discovered over the course of training for k = 8.

GFlowNets

16



Small Molecule Generation
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Figure: Small molecule generation results. Left: Pearson correlation between log R
and log Py on a test set for each method and varying 8 € {4,8,10,16}. Solid lines

represent the best results over choices of learning rate, dashed lines — mean

results. Right: Number of Tanimoto-separated modes with % > 7.0 found over the

course of training for 8 = 10.
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Our results: non-acyclic GFlownets
Assumptions: we allow graph G to contain cycles. In addition to finiteness,
we make technical assumptions on the structure of G:
m Graph G is finite;
m There is a special initial state sp with no incoming edges and a special
sink state sf with no outgoing edges;
m For any state s € S there exists a path from sy to s and a path from s

oo owoTo

Figure: A graph with cycles, backward probabilities are labeled on the edges

Definition
A sequence T = (sp — S1 —> ... —> S, —> S, +1 = Sr) is called a trajectory of

length n, € N if all transitions s; — s;41 € £,t € {0,...,n;}. Then T is a
set of all finite-length trajectories that start in sy and finish in s¢.
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Trajectory length

Lemma

Let Pg(s | s') be a backward policy, such that Pg(s | s') > 0 for any edge
s—s' €& Then

m P(7) is a probability distribution over T, that is, ) .+ P(7) = 1.
m Moreover, its expected trajectory length is always finite
Ervpln:] =3 c7n-P(1) < 0.
Proof: the condition Pg(s | s’) > 0 allows us to ensure that s; is a finite
state-space absorbing Markov chain.
m Next aim - define state and edge flows;

m Can we still define edge flows as visitation probabilities
F(s—>s)=P(s—s e71)?
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Flow definition: non-acyclic

Given a final flow F(sf) > 0, we define state and edge flows as

F(s =) 2 F(sf) - Erp

n-
Z s =s,541 = 5/}1 )

t=0

n-+1
F(s) £ F(sr) - Eropir) lz 1{s = 5}] . (10)

t=0

We say that the flows defined above are induced by the backward policy P
and final flow F(sf).

Flows F defined above satisfy:
LAY ¥ Fs—)2 ¥ A o),
s’ eout(s) s’’€in(s)
for each s € S\ {0, 5¢}.
2. F(s > s')=F(s")YPp(s|s’) forany s —» 5" € £.
3. F(so) = F(sr).

—
-
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Backward policy

Observation

When a backward policy Pg > 0 is fixed, any loss from the acyclic GFlowNet
literature can be used to learn the corresponding forward policy Pr.

m The expected trajectory length E.p[n;] of a manually chosen Pg can
be large;

m How to circumvent: learnable backward policy!
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Practical DB loss

Learning a non-acyclic GFlowNet with the smallest expected trajectory length:

> F(s) - Fin_ (11)
s€S\{so0,sr}
. F(s)Pe(s' | s)\?
SUb_]eCt to (|Og W = O, Vs — 5/ S g,
f(Sf)PB(X ‘ Sf) = R(X), Vx = spef. (12)

Approximation to (11): DB with state flow regularization:

(Io Fo(s)Pr(s’ | s,0)
fg(S’)PB(S ‘ S/, 9)

2
) + AFy(s) — min .

Here A > 0 controls a trade-off between an expected trajectory length and
sampling accuracy.
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Our results: Loss Stability and Scaling Hypothesis

The scaling hypothesis

The main factor that plays a crucial role in loss stability in practice is the
scale in which the error between flows is computed: log-flow scale Alog F vs
flow scale AF. We hypothesize that using log-flow scale losses without
regularization can lead to arbitrarily large trajectory length, while flow scale
losses are biased towards solutions with smaller flows and thus do not suffer
from this issue.
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Loss Stability and Scaling Hypothesis
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Figure: Plots for DB and SDB losses in AF and A log F scales with fixed predicted
log backward flow = 1 and varying predicted log forward flow. More specifically,
green curve is y = (x — 1), red curve is y = (e — el)z, brown curve is
y =log(1+ (x —1)?) - (1 4 0.001e*), blue curve is

y = Iog(l + (e = 61)2) -(1+0.001€%)
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Results: Hypergrid

hypergrid 20x20x20x20 hypergrid 20x20x20x20
10° 4 4000+ DB, AlogF
3500 — SDB. AlogF
DB, AlogF, A =0.001
5 £ 30001 — SDB, AlogF, A=0.001
5 8
2 > 2500+
i o
S § 20001
= DB, AlogF ®
£ —— SDB, AlogF 515001
= DB, AlogF, A =0.001 s |
2 —— SDB, AlogF, A =0.001 g 1000
== true expected error 500 1
11 E , o1 , : :
104 10° 106 10% 10° 10°
training trajectories training trajectories

Figure: Left: evolution of L! distance between empirical distribution of samples and
target distribution. Right: evolution of mean length of sampled trajectories. Here
we note that when A log F scale losses are employed without state flow
regularization, mean trajectory length tends to infinity. Training is done on-policy.
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Further research directions

m Natural idea: extend for finding shortest paths problems, aim to solve
combinatorial problems (e.g. Rubik's cube);

m Solving RL problems with hard credit assignment via non-acyclic
GFlowNets?

m Amortized inference for large language models (see e.g.
[Hu et al., 2023])

GFlowNets
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