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Äèîôàíòîâû ýêñïîíåíòû ðåø¼òîê

Äëÿ x = (x1, . . . , xd) ∈ Rd ïîëîæèì

|x| = max
1⩽i⩽d

|xi| Π(x) =
∏

1⩽i⩽d

|xi|1/d

Ôóíêöèÿ ìåðû èððàöèîíàëüíîñòè äëÿ ðåø¼òêè Λ

ψΛ(t) = min
x∈Λ

0<|x|⩽t

Π(x)

Ðåãóëÿðíàÿ ýêñïîíåíòà

ω(Λ) = sup
{
γ ∈ R

∣∣∣ lim inf
t→+∞

(
tγψΛ(t)

)
< +∞

}
Ðàâíîìåðíàÿ ýêñïîíåíòà

ω̄(Λ) = sup
{
γ ∈ R

∣∣∣ lim sup
t→+∞

(
tγψΛ(t)

)
< +∞

}
NB: Íîðìó ìîæíî áðàòü ëþáóþ!
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Ñïåêòðû

Ïî òåîðåìå Ìèíêîâñêîãî

ω(Λ) ⩾ ω̄(Λ) ⩾ 0

Ñïåêòðû ðåãóëÿðíîé è ðàâíîìåðíîé ýêñïîíåíò

ΩΩΩd =
{
ω(Λ)

∣∣∣Λ � ðåø¼òêà ïîëíîãî ðàíãà â Rd
}

Ω̄̄Ω̄Ωd =
{
ω̄(Λ)

∣∣∣Λ � ðåø¼òêà ïîëíîãî ðàíãà â Rd
}

Í.Ã.Ìîùåâèòèí, 2025�26 d ⩾ 2

ΩΩΩd = [0,+∞]

Î.Ã., 2026 d ⩾ 2

Ω̄̄Ω̄Ωd = [0,+∞]
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Ïîñëåäîâàòåëüíûå ãèïåðáîëè÷åñêèå ìèíèìóìû è

äèîôàíòîâû ýêñïîíåíòû ðåø¼òîê

xk

−xk

H(xk)

H(xk) =
{
w ∈ Rd

∣∣∣ |w| ⩽ |xk|, Π(w) < Π(xk)
}
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Ïîñëåäîâàòåëüíûå ãèïåðáîëè÷åñêèå ìèíèìóìû è

äèîôàíòîâû ýêñïîíåíòû ðåø¼òîê

xk

−xk

xk+1−xk+1

H̄(xk)

H(xk)

H(xk) =
{
w ∈ Rd

∣∣∣ |w| ⩽ |xk|, Π(w) < Π(xk)
}

H̄(xk) =
{
w ∈ Rd

∣∣∣ |w| < |xk+1|, Π(w) < Π(xk)
}
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Äâóìåðíûé ñëó÷àé è äîïîëíèòåëüíûå ëèíåéíûå ôîðìû

Ïóñòü ℓ1, . . . , ℓn � ëèíåéíûå ôîðìû îò äâóõ ïåðåìåííûõ îáùåãî ïîëîæåíèÿ,

ïóñòü Γ � ðåø¼òêà ðàíãà 2

L = (ℓ1, . . . , ℓn) ΠL(x) =

∣∣∣∣x1x2 ∏
1⩽i⩽n

ℓi(x)

∣∣∣∣1/(n+2)

ψΓ,L(t) = min
x∈Γ

0<|x|⩽t

ΠL(x)

ωL(Γ) = sup
{
γ ∈ R

∣∣∣ lim inf
t→+∞

(
tγψΓ,L(t)

)
< +∞

}
ω̄L(Γ) = sup

{
γ ∈ R

∣∣∣ lim sup
t→+∞

(
tγψΓ,L(t)

)
< +∞

}
Ëîãàðèôìè÷åñêè ïëîõî ïðèáëèæàåìûé íàáîð L

∃ ε > 0, c > 0 : |ℓi(x)| >
c

|x| log1+ε(1 + |x|)
∀ i, ∀x ∈ Γ\{0}
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Äâóìåðíûé ñëó÷àé è äîïîëíèòåëüíûå ëèíåéíûå ôîðìû

Îò ω ê ωL

Ïóñòü íàáîð L ëîãàðèôìè÷åñêè ïëîõî ïðèáëèæàåì. Òîãäà

ω(Γ) = δ ⩾
n

2
=⇒ ωL(Γ) =

2δ − n

n+ 2

Îò ω̄ ê ω̄L

Ïóñòü íàáîð L ëîãàðèôìè÷åñêè ïëîõî ïðèáëèæàåì. Òîãäà

|xk+1| ≍ |xk|β

Π(xk) ≍ |xk|(1−β2)/2

β ⩾
√
n+ 1

=⇒ ω̄L(Γ) =
β − (n+ 1)β−1

n+ 2
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Äâóìåðíûé ñëó÷àé è äîïîëíèòåëüíûå ëèíåéíûå ôîðìû

Êàê îáåñïå÷èòü ïëîõî-ïðèáëèæàåìîñòü

Äëÿ ïî÷òè âñåõ τ ∈ R íàáîð L ëîãàðèôìè÷åñêè ïëîõî ïðèáëèæàåì îòíîñèòåëüíî

ðåø¼òêè DτΓ, ãäå

Dτ =

(
2τ 0
0 2−τ

)

Èçìåíåíèå íîðìû

Dτ : Γ → DτΓ

Dτ : | · | → |D−1
τ (·)|
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Âëîæåíèå ðåø¼òêè ðàíãà 2 â Rd

Ïóñòü A � ìàòðèöà 2× 2 è ïóñòü Γ = AZ2

Âîçüì¼ì 0 < ai < 1/2 0 < bi < 1/2 i = 1, . . . , n = d− 2

Ïîäïðîñòðàíñòâî L è ïîäðåø¼òêà ΓL

Ïîëîæèì L =


1 0
0 1
a1 b1
...

...

an bn

 L = LR2 ΓL = LΓ = LAZ2

Çàäàäèì L = (ℓ1, . . . , ℓn) ðàâåíñòâàìè

ℓi(x) = aix1 + bix2 i = 1, . . . , n

Äåéñòâèå âëîæåíèÿ íà ôóíêöèîíàëû | · | è Π(·)

∀x ∈ R2 |Lx| = |x| è Π(Lx) = ΠL(x)
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Äîïîëíåíèå ΓL äî Λ

Ïóñòü ΓL äîïîëíåíà äî Λ ⊂ Rd, rkΛ = d

Åñëè íàì ïîâåçëî

∃ ε > 0, c > 0 : ∀x ∈ Λ\ΓL Π(x) >
c

log1+ε(1 + |x|)
=⇒ ω(Λ) = ωL(Γ), ω̄(Λ) = ω̄L(Γ)

Êàê îáåñïå÷èòü âåçåíèå

∀ ε > 0 ∃ c > 0 : äëÿ ïî÷òè âñÿêîãî äîïîëíåíèÿ ΓL äî Λ

Π(x) >
c

log1+ε(1 + |x|)
∀x ∈ Λ\ΓL
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Ïîñòðîåíèå Γ

Γθ,η =

(
θ −1
1 η

)
Z2

Γθ,η äëÿ ðåãóëÿðíîé ýêñïîíåíòû

a0 = 1, ak+1 = [qβk ] + 1 ïðè k ⩾ 0, θ = η = [a0; a1, a2, . . .]

ω(Γθ,θ) = δ ãäå δ =
β − 1

2

ω(Λ) = ωL(Γ) =
2δ − n

n+ 2
=
β − n− 1

n+ 2
ïðè δ ⩾

n

2
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Ïîñòðîåíèå Γ

Γθ,η =

(
θ −1
1 η

)
Z2

Γθ,η äëÿ ðàâíîìåðíîé ýêñïîíåíòû

a0 = b0 = 1, a1 = 2, b1 = [2β ] + 1

ak =

[
sβk−1 − qk−2

qk−1

]
+ 1, bk =

[
qβk − sk−2

sk−1

]
+ 1 ïðè k ⩾ 2

θ = [a0; a1, a2, . . .] η = [b0; b1, b2, . . .]

|xk+1| ≍ |xk|β , Π(xk) ≍ |xk|(1−β2)/2

ω̄(Λ) = ω̄L(Γ) =
β − (n+ 1)β−1

n+ 2
ïðè β ⩾

√
n+ 1
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Ñëàáàÿ ðàâíîìåðíàÿ äèîôàíòîâà ýêñïîíåíòà âåùåñòâåííîãî ÷èñëà

(∗)

{
|q| ⩽ t

|qθ − p| ⩽ t−γ

Ðàâíîìåðíàÿ äèîôàíòîâà ýêñïîíåíòà

ω̂ = ω̂(θ) = sup
{
γ ∈ R

∣∣∣ ∀ äîñò. áîëüøîãî t (∗) èìååò ðåøåíèå â (q, p) ∈ Z2, q ̸= 0
}

(∗∗)

{
|q| ⩽ t

|q(qθ − p)| ⩽ t1−γ

Ñëàáàÿ ðàâíîìåðíàÿ äèîôàíòîâà ýêñïîíåíòà

ω̄ = ω̄(θ) = sup
{
γ ∈ R

∣∣∣ ∀ äîñò. áîëüøîãî t (∗∗) èìååò ðåøåíèå â (q, p) ∈ Z2, q ̸= 0
}

Ñâÿçü ñ ðåø¼òêàìè

ω̄(Γθ,θ) =
ω̄(θ)− 1

2
, ãäå Γθ,θ =

(
θ −1
1 θ

)
Z2
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Î.Ã., 2025�26 Íåòðèâèàëüíîñòü ñëàáîé ðàâíîìåðíîé ýêñïîíåíòû ÷èñëà

Äëÿ èððàöèîíàëüíûõ θ ñïåêòð âîçìîæíûõ çíà÷åíèé ω̄(θ) ñîâïàäàåò ñ îòðåçêîì

[1, 2]
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Î.Ã., 2025�26 Íåòðèâèàëüíîñòü ñëàáîé ðàâíîìåðíîé ýêñïîíåíòû ÷èñëà

Äëÿ èððàöèîíàëüíûõ θ ñïåêòð âîçìîæíûõ çíà÷åíèé ω̄(θ) ñîâïàäàåò ñ îòðåçêîì

[1, 2]
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