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Multiple transitivity



𝑚-transitivity

Definition 1 :  An action of a group 𝐺 on a set 𝑋 is called 𝑚-transitive if for any 

two 𝑚-tuples (𝑎1, …, 𝑎𝑚) and (𝑏1, …, 𝑏𝑚) of pairwise distinct elements of 𝑋 there 

is 𝑔 ∈ 𝐺 such that 𝑔 ⋅ 𝑎𝑖 = 𝑏𝑖 for all 𝑖 = 1, …, 𝑚.

An action 𝐺 × 𝑋 → 𝑋 is called infinitely (or highly) transitive if it is 𝑚-transitive 

for any 𝑚 ∈ ℕ.

Finite groups (as permutation subgroups) :

• 𝑆𝑛 is 𝑛-transitive,

• 𝐴𝑛 is (𝑛 − 2)-transitive,

• Mathieu groups 𝑀12, 𝑀24 are 5-transitive,

• Mathieu groups 𝑀11, 𝑀23 are 4-transitive,

• others at most 3-transitive, e.g., PGL2(𝔽𝑞) ↷ ℙ1(𝔽𝑞).
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Algebraic group actions
Let 𝕂 be an algebraically closed field of characteristic zero.

Connected algebraic groups:

• in dim = 1 only 𝔾𝑚 = (𝕂×, ×) and 𝔾𝑎 = (𝕂, +);
• in any dimension are generated by 𝔾𝑚- and 𝔾𝑎-subgroups.

Theorem 2 (Knop'83) :  An action 𝐺 × 𝑋 → 𝑋 of a connected algebraic group 𝐺 

on an algebraic variety 𝑋 is at most 2-transitive, except for PGL2 ↷ ℙ1.

Automorphism group examples:

• Aut((𝕂×)𝑛) = 𝔾𝑛
𝑚 ⋊ GL𝑛(ℤ) is 1-transitive.

• Aut(𝔸1) = Aff(𝔸1) = {𝑥 ↦ 𝑎𝑥 + 𝑏} ≃ 𝔾𝑚 ⋉ 𝔾𝑎 is 2-transitive.

• Aut(𝔸𝑛) is infinitely transitive for 𝑛 ≥ 2.
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Unipotent subgroups and 2-transitivity
From now on 𝑋 an irreducible affine variety over 𝕂.

Definition 3 :  An automorphism 𝑔 ∈ Aut(𝑋) is called unipotent if it is contained 

in a 𝔾𝑎-subgroup of Aut(𝑋). A subgroup 𝑈 ⊂ Aut(𝑋) is called unipotent if each 

element of 𝑈  is unipotent.

Algebraic unipotent groups isomorphic to subgroups of unitriangular matrices 

𝑈𝑛(𝕂) ⊂ GL𝑛(𝕂).

(Arzhantsev-Zaidenberg'20) :

• The group which acts effectively and 2-transitively on a set of cardinality at least 

three has trivial center.

• An algebraic unipotent subgroup 𝑈 ⊂ Aut(𝑋) cannot act 2-transitively.
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Infinite transitivity and flexibility
Let SAut(𝑋) = ⟨𝔾𝑎-subgroups⟩ ⊂ Aut(𝑋)

Definition 4 :  A point 𝑝 ∈ 𝑋 is called flexible if the tangent space 𝑇𝑝𝑋 is spanned 

by tangent vectors to 𝔾𝑎-orbits.

A variety 𝑋 is called flexible if all its smooth points are flexible.

(Arzhantsev-Flenner-Kaliman-Kutzschebauch-Zaidenberg'2013) :

Let dim 𝑋 ≥ 2. Then the following conditions are equivalent:

• SAut(𝑋) is transitive on the smooth locus 𝑋reg,

• SAut(𝑋) is ∞-transitive on 𝑋reg,

• 𝑋 is flexible.

Generalizes to a quasi-affine 𝑋 and to the open orbit of SAut(𝑋).
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Flexible varieties
Examples :

• Homogeneous spaces 𝐺/𝐹  for a semisimple 𝐺 and reductive 𝐹 ,

• Non-degenerate affine toric varieties,

• Affine cones over del Pezzo surfaces, Fano-Mukai fourfolds, …

• Universal torsors over rational T-varieties of complexity 1

• Spherical varieties

• …

Constructions :

• If 𝑋 is flexible, then the suspension {𝑢𝑣 = 𝑓(𝑥)} ⊂ 𝔸2 × 𝑋, where 𝑓  non-

constant, is also flexible.

• (Flenner-Kaliman-Zaidenberg’2016) If 𝑋 is flexible quasiaffine and 𝑍 ⊂ 𝑋 of 

codimension ≥ 2, then 𝑋 \ 𝑍 is flexible.
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Flexible varieties

Theorem 5 (Arzhantsev'18) :  If 𝑋 of dim ≥ 2 admits a 𝔾𝑎- or 𝔾𝑚-action, then the 

following conditions are equivalent:

• 𝑋 is flexible;

• SAut(𝑋) is transitive on 𝑋reg;

• SAut(𝑋) is ∞-transitive on 𝑋reg;

• Aut(𝑋) is 2-transitive on 𝑋reg;

• Aut(𝑋) is ∞-transitive on 𝑋reg.

Condition on existence of a 𝔾𝑎- or 𝔾𝑚-action is redundant modulo a conjecture:

if 𝑋 admits neither 𝔾𝑎- nor 𝔾𝑚-actions, then Aut(𝑋) is discrete.
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Tits type alternative

Conjecture (Arzhantsev-Zaidenberg'20) :  Consider the subgroup 𝐺 =
⟨𝐻1, …, 𝐻𝑠⟩ generated by 𝔾𝑎-subgroups 𝐻1, …, 𝐻𝑠 of Aut(𝑋). If 𝐺 acts

2-transitively on a 𝐺-orbit, then 𝐺 contains a (non-abelian) free subgroup 𝐹2.

Verified (Arzhantsev–Zaidenberg) for affine surfaces and for affine toric varieties 

under the condition that 𝐻𝑖 are 𝑇 -normalized.

Conjecture (P.) :  Let 𝐺 ⊂ Aut(𝑋) be generated by unipotent elements 

𝑢1, …, 𝑢𝑠 ∈ Aut(𝑋). If 𝐺 does not contain a free group 𝐹2, then 𝐺 is an algebraic 

unipotent subgroup.
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Solvable subgroups
A Borel subgroup 𝐵 ⊂ 𝐺 is a maximal solvable connected subgroup.

Algebraic groups: all Borel subgroups are conjugate. What about Aut(𝑋)?

(Jung–van der Kulk) Aut(𝔸2) = Jonq(2, 𝕂) ∗∩ Aff(𝔸2)

(Berest–Eshmatov–Eshmatov’18): Borels of Aut(𝔸2) are conjugate.

(Furter–Poloni’18): Jonq(𝑛, 𝕂) is Borel in Aut(𝔸𝑛).

(Arzhantsev–Zaidenberg’25):

• Caution: Lie Jonq(𝑛, 𝕂) is maximal among solvable subalgebras for 𝔸2, but not 

for 𝔸3 (we can add a non-locally finite derivation).

• 𝑋𝑑,𝑒 affine toric surface. It has either one or two Borel subgroups up to 

conjugation, and its automorphism group is an amalgamated product:

‣ In the former case Aut(𝑋𝑑,𝑒) = 𝐵+ ∗∩ 𝐵−, where 𝐵± is quotient of Jonq.

‣ In the latter case Aut(𝑋𝑑,𝑒) = 𝐵+ ∗∩ 𝑁 , where 𝑁  is algebraic.
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Solvable subgroups
(Chitayat–Regeta’25): Borels of derived lengths from 1 to 4 appear on 𝔸3.

Let a subgroup 𝐺 ⊂ Aut(𝑋) be generated by an irreducible algebraic subset

𝐴 ⊂ Aut(𝑋) that contains the identity. If 𝐺 is

• (Cantat–Regeta–Xie’23) commutative,

• (Cantat–Regeta–van Santen’25) solvable,

then it is a connected algebraic group.

(Cantat-Kraft-Regeta-van Santen, in preparation) :  A closed connected 

solvable subgroup 𝐺 ⊂ Aut(𝑋) is nested: we have 𝐺 = ⋃𝑖 𝐺𝑖 for an ascending 

sequence of algebraic subgroups 𝐺1 ⊂ 𝐺2 ⊂ …
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Structure



Neutral component

Definition 6 :  The neutral component Aut0(𝑋) consists of automorphisms 𝑔 such 

that 𝑔 ∈ 𝐴 for some irreducible algebraic family 𝐴 × 𝑋 → 𝑋 such that id ∈ 𝐴.

Let AAut(𝑋) ≔ ⟨𝔾𝑎-, 𝔾𝑚-subgroups⟩, then

Aut(𝑋) ⊃ Aut0(𝑋) ⊃ AAut(𝑋) ⊃ SAut(𝑋).

The component group Aut(𝑋)/Aut0(𝑋) is at most countable.

Huge automorphism group (Blanc-Dubouloz) :  An example of an affine surface 

𝑋 such that Aut0(𝑋)/AAut(𝑋) is uncountably generated.

Conjecture (P.-Zaidenberg'13, P.-Regeta'17) :  if all 𝔾𝑎-actions commute, then 

Aut0(𝑋) = AAut(𝑋). (Holds for surfaces, toric varieties)
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Neutral component

Theorem 7 (P.-Regeta) :

• If all 𝔾𝑎-subgroups of Aut(𝑋) commute, then AAut(𝑋) = 𝔾𝑟
𝑚 ⋊ 𝔾𝑘

𝑎, where

𝑟 ≤ dim(𝑋), 𝑘 = 0, 1, ∞.

• If there exist non-commuting 𝔾𝑎-subgroups, then we have a non-algebraic 

element in SAut(𝑋).

Example: if 𝜑𝑥 : (𝑥, 𝑦) :→ (𝑥 + 𝑦2, 𝑦), 𝜑𝑦 : (𝑥, 𝑦) :→ (𝑥, 𝑦 + 𝑥2), then

𝜑𝑥 ⋅ 𝜑𝑦 ∈ Aut(𝔸2) is not contained in an algebraic group.
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LNDs and 𝔾𝑎-actions

Definition 8 :  A derivation 𝜕 ∈ Der(𝒪︀(𝑋)) is locally nilpotent (LND for short) if 

for any 𝑓 ∈ 𝒪︀(𝑋) we have 𝜕𝑛𝑓 = 0 for some 𝑛 ∈ ℕ.

We have a bijection LND(𝒪︀(𝑋)) ⇌
exp

log
{unipotent elements} ⊂ Aut(𝑋).

An LND 𝜕 on 𝑋 induces a 𝔾𝑎-action (and vice versa):

exp(𝕂𝜕) : 𝔾𝑎 × 𝑋 → 𝑋, (𝑡, 𝑓) ↦ exp(𝑡𝜕)𝑓 = ∑
𝑖

𝑡𝑖𝜕𝑖(𝑓)
𝑖!

If dim 𝑋 ≥ 2, then 𝜕 also induces a 𝔾∞
𝑎 -action exp(ker(𝜕)𝜕).

It consists of 𝔾𝑎-actions of the form exp(𝕂ℎ𝜕), sharing general orbits.
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De Jonquières subgroup
Any algebraic unipotent subgroup of GL𝑛(𝕂) is conjugated to a subgroup of the 

group 𝑈𝑛(𝕂) of unipotent upper-triangular matrices. What for Aut(𝑋)?

Let 𝑋 = 𝔸𝑛 and consider a de Jonquières subgroup of unipotent triangular 

automorphisms:

Jonq𝑢(𝑛, 𝕂) = {(𝑥1, …, 𝑥𝑛) ↦ (𝑥1 + 𝑃1, …, 𝑥𝑛 + 𝑃𝑛) |
𝑃𝑖 ∈ 𝕂[𝑥1, .., 𝑥𝑖−1], 𝑖 ≤ 𝑛}.

It is nested, i.e., it is a union of an increasing sequence of algebraic subgroups. It is 

an exponent of

jonq𝑢(𝑛, 𝕂) ≔ ⨁
𝑖

𝕂[𝑥1, …, 𝑥𝑖−1]
𝜕

𝜕𝑥𝑖
⊂ Der 𝒪︀(𝔸𝑛).

We define Jonq𝑢(𝑛, 𝑅) and jonq𝑢(𝑛, 𝑅) by substituting an affine domain 𝑅 for 𝕂.
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Nested unipotent subgroups

Theorem 9 (Zaidenberg-Kraft'24) :  If a nested unipotent subgroup 𝑈 ⊂ Aut(𝔸𝑛) 
acts transitively on 𝔸𝑛, then it is conjugated to a subgroup of Jonq𝑢(𝑛, 𝕂).

Not true without transitivity condition. What for other varieties?

Let 𝑋 be an irreducible affine algebraic variety.

Definition 10 :  A subset 𝑆 ⊂ Der(𝑋) is called locally nilpotent if for any

𝑓 ∈ 𝒪︀(𝑋) and 𝑠1, 𝑠2, … ∈ 𝑆 we have 𝑠𝑛 ⋅ ⋯𝑠1𝑓 = 0 for some 𝑛 ∈ ℕ.

Results from arXiv:2312.08359 below.

Alexander Perepechko Unipotent Automorphism Groups 2026-03-02 16 / 57



Nested unipotent subgroups

Lemma 11 :  Let 𝐿 ⊂ Der(𝒪︀(𝑋)) be a Lie subalgebra contained in LND(𝒪︀(𝑋)), 
and 𝐴 its kernel. Then there exist a non-zero ℎ ∈ 𝐴 and algebraically independent 

elements 𝑥1, …, 𝑥𝑘 ∈ 𝒪︀(𝑋) over 𝐴 such that:

1. 𝐴ℎ is finitely generated;

2. 𝒪︀(𝑋)ℎ = 𝐴ℎ[𝑥1, …, 𝑥𝑘];
3. 𝐿 is a Lie subalgebra of jonq𝑢(𝑘, 𝐴ℎ) = ⨁𝑖 𝐴ℎ[𝑥1, …, 𝑥𝑖−1] 𝜕

𝜕𝑥𝑖
.

In particular, 𝐿 is a locally nilpotent subset.

Proof :  Let 𝔽 ≔ Frac(𝐴) be the field of fractions of 𝐴, and set 𝐵 ≔ 𝔽 ⊗𝐴 𝒪︀(𝑋). 
Then 𝐿𝔽 ≔ 𝔽 ⊗𝐴 𝐿 ⊂ Der𝔽(𝐵) is a Lie subalgebra contained in LND𝔽(𝐵), and its 

kernel in 𝐵 is 𝔽. By Skutin’21, there exist elements 𝑥1, …, 𝑥𝑘 of 𝐵, algebraically 

independent over 𝔽, such that 𝐵 = 𝔽[𝑥1, …, 𝑥𝑘] and 𝐿𝔽 ⊆ ⨁𝑘
𝑖=1 𝔽[𝑥1, …, 𝑥𝑖−1] 𝜕

𝜕𝑥𝑖
.
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Nested unipotent subgroups
Let 𝑔 ∈ 𝐴 be a common denominator of a finite system of generators of 𝒪︀(𝑋) 
expressed as polynomials in 𝑥1, …, 𝑥𝑘 over 𝔽. There exists a multiple ℎ ∈ (𝑔) ⊂ 𝐴 

such that 𝐴ℎ is finitely generated. Then 𝒪︀(𝑋)ℎ = 𝐴ℎ[𝑥1, …, 𝑥𝑘]. So, we have the 

first and second statements.

Every derivation 𝜕 ∈ 𝐿 equals ∑𝑗 𝑓𝑗
𝜕

𝜕𝑥𝑗
 for some 𝑓𝑗 ∈ 𝔽[𝑥1, …, 𝑥𝑗−1]. Since

𝜕 ∈ Der(𝒪︀(𝑋)), we have

𝑓𝑗 = 𝜕(𝑥𝑗) ∈ 𝒪︀(𝑋) ∩ 𝔽[𝑥1, …, 𝑥𝑗−1] ⊂ 𝐴ℎ[𝑥1, …, 𝑥𝑗−1].

This establishes the last statement. □
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Nested unipotent subgroups

Lemma 12 :  Let 𝑆 ⊂ LND(𝒪︀(𝑋)) be a finite locally nilpotent subset. Then the Lie 

subalgebra 𝑊 ⊂ Der(𝒪︀(𝑋)) generated by 𝑆 is finite-dimensional.

Proof :  Let 𝑆 = {𝑑1, …, 𝑑𝑠}, and let 𝑓 ∈ 𝒪︀(𝑋) be arbitrary. Let us call 𝑓 ∈ 𝒪︀(𝑋) 
bounded if there exists 𝑁 > 0 such that any composition of 𝑁  basis elements 

applied to 𝑓  yields zero. Assume that there exists an unbounded 𝑓 ∈ 𝒪︀(𝑋). Then 

𝑑𝑖1
(𝑓) is unbounded for some 𝑖1 ≤ 𝑠. Repeating this argument indefinitely 

produces an infinite sequence 𝑑𝑖1
, 𝑑𝑖2

, … such that 𝑑𝑖𝑁
⋯𝑑𝑖1

⋅ 𝑓  is unbounded (and 

non-zero) for any 𝑁 ∈ ℕ. This contradicts the local nilpotency of 𝑆.

Therefore, 𝑊 ⋅ 𝑓  is finite-dimensional for any 𝑓 ∈ 𝒪︀(𝑋). Applying this observation 

to a finite system of generators of the algebra 𝒪︀(𝑋), we conclude that 𝑊  is finite-

dimensional itself. □
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Nested unipotent subgroups

Lemma 13 :  If 𝑈 ⊂ Aut(𝑋) is a nested unipotent subgroup, then 𝑈 = exp 𝐿 for a 

Lie subalgebra 𝐿 of Der(𝒪︀(𝑋)) contained in LND(𝒪︀(𝑋)). The converse also holds.

Proof :  Let us choose any ascending chain of finite-dimensional subspaces

𝑉1 ⊂ 𝑉2 ⊂ ⋯ ⊂ 𝐿 such that 𝐿 = ⋃𝑖 𝑉𝑖. By local nilpotency, for each 𝑖 the minimal 

Lie subalgebra 𝑊𝑖 of 𝐿 containing 𝑉𝑖 is finite-dimensional. Then exp(𝑊𝑖) is an 

algebraic unipotent subgroup and 𝑊𝑖 is contained in 𝑊𝑖+1 for each 𝑖. Thus,

𝑈 = ⋃𝑖 exp(𝑊𝑖) is a nested unipotent subgroup.

The converse statement is straightforward: if we have 𝑈 = ⋃𝑖 𝑈𝑖, where

𝑈1 ⊂ 𝑈2 ⊂ ⋯ is an ascending sequence of unipotent algebraic subgroups, then 

log(𝑈) is a union of Lie subalgebras log(𝑈𝑖) in LND(𝒪︀(𝑋)). □
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Nested unipotent subgroups

Proposition 14 :  Let 𝑈  be a nested unipotent subgroup of Aut(𝑋). Then there 

exists a principal affine 𝑈 -invariant subset 𝑋ℎ ≃ 𝑌 × 𝔸𝑘 such that

𝑈 ⊂ Jonq𝑢(𝑘, 𝒪︀(𝑌 )).
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Closedness in Aut(𝑋)



Topology of automorphism groups (Ramanujam’64)
• Given an irreducible algebraic variety 𝐴, the map 𝐴 → Aut(𝑋) is a morphism (or 

algebraic family) if 𝐴 × 𝑋 → 𝑋 is a morphism.

• A subset 𝑀 ⊂ Aut(𝑋) is connected if for any 𝑚 ∈ 𝑀  there exists an algebraic 

family 𝐴 ↪︎ 𝑀  containing id and 𝑚.

• 𝑀 ⊂ Aut(𝑋) is finite-dimensional if there is 𝑁  such that dim 𝐴 ≤ 𝑁  for any 

𝐴 ↪︎ 𝑀 .

• 𝑀 ⊂ Aut(𝑋) is closed if 𝑀 ∩ 𝐴 closed for any 𝐴 ↪︎ Aut(𝑋).

Theorem 15 (Ramanujam'64) :  𝐺 ⊂ Aut(𝑋) finite-dimensional connected 

subgroup, then it is algebraic: 𝐺 × 𝑋 → 𝑋 is a morphism and any

𝐴 ↪︎ 𝐺 ⊂ Aut(𝑋) is a morphism of varieties. In particular, 𝐺 is closed.
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Ind-groups (Shafarevich’66)
• An ascending sequence of closed embeddings of algebraic varieties

𝑋1 ↪︎ 𝑋2 ↪︎ … induces an ind-variety 𝑋 ≔ ⋃𝑖 𝑋𝑖.

• A morphism of ind-varieties 𝜑 : ⋃𝑖 𝑋𝑖 → ⋃𝑖 𝑌𝑖 is a collection of compatible maps

𝜑𝑖 : 𝑋𝑖 → 𝑌𝑛𝑖
 for some 𝑛𝑖 ∈ ℕ, where 𝜑𝑖+1|𝑋𝑖

= 𝜑𝑖.

• A subset 𝑆 ⊂ 𝑋 is closed if the intersection 𝑆 ∩ 𝑋𝑖 is closed in 𝑋𝑖 for all 𝑖.
• An ind-group is an ind-variety 𝐺 = ⋃𝑖 𝑋𝑖 endowed with morphisms

𝜇 : 𝐺 × 𝐺 → 𝐺 and inv : 𝐺 → 𝐺 inducing the group structure.

Lie algebra of left-invariant vector fields Lie(𝐺) equals the tangent space ⋃ 𝑇id𝑋𝑖 

(Prop. 4.2.2, Kumar’02). Caution (Furter–Kraft’18): there exists a connected ind-

group 𝐺 and its subgroup 𝐻 ⊊ 𝐺 such that Lie(𝐺) = Lie(𝐻).
If 𝑋 ⊂ 𝔸𝑛, then we define degree on 𝒪︀(𝑋) and Aut(𝑋). We have a filtration

Aut(𝑋) = ⋃
𝑑

{𝜑 | deg 𝜑, deg 𝜑−1 ≤ 𝑑}.

(Th. 5.1.1, Furter–Kraft’18): Ind-structure on Aut(𝑋) compatible with Ramanujam!
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Closedness in End(𝑋)
The semigroup of 𝕂-endomorphisms End(𝑋) is an ind-variety:

• An affine 𝕂-domain 𝑅 is a union of finite-dimensional 𝕂-subspaces.

• If 𝑅 is generated by 𝑟1, …, 𝑟𝑘, then End(𝑅) is closed in 𝑅𝑘.

(Furter–Kraft’18) Aut(𝑋) is locally closed in End(𝑋).

Lemma 16 :  Choose a (not necessarily finite) subset ℱ︀ ⊂ 𝑅 and for each 𝑓 ∈ ℱ︀ fix 

a closed subset 𝑆𝑓 ⊂ 𝑅. Then

𝑆 ≔ {𝜑 | 𝜑(𝑓) ∈ 𝑆𝑓 for all 𝑓 ∈ ℱ︀}

is closed in End(𝑅).

Proof :  For each 𝑓 ∈ ℱ︀, consider the map 𝜓𝑓 : End(𝑅) → 𝑅, 𝜑 ↦ 𝜑(𝑓). It is a 

morphism of ind-varieties. and 𝑆 is the intersection of closed subsets 𝜓−1
𝑓 (𝑆𝑓). □
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Closedness in End(𝑋)
Lemma 17 :  Let 𝑅 = Spec 𝑌  be an affine domain over 𝕂. Then the following hold.

• Jonq𝑢(𝑘, 𝑅) is closed in End(𝑅[𝑥1, …, 𝑥𝑘]).
• The map exp : jonq𝑢(𝑘, 𝑅) → Jonq𝑢(𝑘, 𝑅) is an isomorphism of ind-

subvarieties.

Proof :  (1) We apply the property of closedness of endomorphisms preserving 

subsets to the set ℱ︀ = {𝑥1, …, 𝑥𝑘}, letting 𝑆𝑥𝑖
≔ 𝑥𝑖 + 𝑅[𝑥1, …, 𝑥𝑖−1].

(2) Consider a filtration by finite-dimensional subspaces 𝑅[𝑥1, …, 𝑥𝑘] = ⋃𝑖 𝑅𝑖. For 

each 𝑑 > 0, 𝑉𝑑 ≔ ⨁𝑘
𝑖=1(𝑅[𝑥1, …, 𝑥𝑖−1] ∩ 𝑅𝑑) 𝜕

𝜕𝑥𝑖
 is finite-dimensional, as well as 

the Lie subalgebra 𝑊𝑑 generated by 𝑉𝑑. Its exponent contains the intersection of 𝐽  

with the 𝑑-th filtration element of End(𝑅[𝑥1, …, 𝑥𝑘]). So the ind-structure given by 

⋃𝑖 exp(𝑊𝑖) is equivalent to the induced one. □
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Closedness in End(𝑋)
Lemma 18 : 𝑀 ≔ End(𝑋) ∩ End(𝑋ℎ) is closed in both End(𝑋) and End(𝑋ℎ).

Proof :  It is known that 𝒪︀(𝑋ℎ)×/𝕂× is isomorphic to ℤ𝑟 for some 𝑟 ∈ ℕ. Then

• 𝑆 ≔ (𝒪︀(𝑋ℎ)× ∪ {0}) ∩ 𝒪︀(𝑋) is closed in 𝒪︀(𝑋),
• 𝑀 = {𝜑 | 𝜑(ℎ) ∈ 𝑆} ⊂ End(𝑋),
• 𝑀 = {𝜑 | 𝜑(𝑓) ∈ 𝒪︀(𝑋) for all 𝑓 ∈ 𝒪︀(𝑋)} ⊂ End(𝑋ℎ). □

Corollary 19 :  A nested unipotent subgroup 𝑈  is closed in both End(𝑋) and 

Aut(𝑋).

Proof :  𝐿 ≔ log 𝑈  is a Lie subalgebra of jonq𝑢(𝑘, 𝒪︀(𝑋)𝑈
ℎ ) for some 𝑘 > 0 and

ℎ ∈ ker 𝐿. The following inclusions are closed:

• 𝐿 ⊂ jonq𝑢(𝑘, 𝒪︀(𝑋)ℎ) ⇒ 𝑈 ⊂ Jonq𝑢(𝑘, 𝒪︀(𝑋)ℎ) ⊂ End(𝑋ℎ),
• 𝑈 ⊂ End(𝑋) ∩ End(𝑋ℎ) ⊂ End(𝑋),
• 𝑈 ⊂ Aut(𝑋) since Aut(𝑋) is locally closed in End(𝑋). □
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Nested groups
An ind-group 𝐺 is called nested if there exists a filtration 𝐺 = ⋃𝑖 𝐺𝑖 by algebraic 

subgroups 𝐺𝑖. If 𝐺 ⊂ Aut(𝑋), then rk 𝐺𝑖 is bounded by dim 𝑋.

(Kovalenko-P.-Zaidenberg'17) : If 𝐺 ⊂ Aut(𝑋) connected nested, then

𝐺 = 𝐿 ⋉ 𝑈 , where 𝐿 is reductive algebraic and 𝑈 = ⋃𝑖 𝑈𝑖 is nested unipotent.

Corollary 20 :  A connected nested subgroup is closed in Aut(𝑋).

Proof :  Choose a filtration 𝐺 = ⋃𝑖 𝐺𝑖 such that 𝐺𝑖 = 𝐿 ⋉ 𝑈𝑖. It is enough to prove 

that for any 𝑑 ∈ ℕ, there exists 𝑘 ∈ ℕ such that 𝐺 ∩ Aut(𝑋)≤𝑑 ⊂ 𝐺𝑘. Consider 

𝑔 = 𝑙𝑢 ∈ Aut(𝑋)≤𝑑, where 𝑙 ∈ 𝐿 and 𝑢 ∈ 𝑈 . Then 𝑢 ∈ 𝐿 ⋅ Aut(𝑋)≤𝑑, which is 

contained in Aut(𝑋)≤𝑗 for some 𝑗. Since 𝑈  is a nested unipotent subgroup, it is 

closed in Aut(𝑋) and its nested and induced ind-structures are equivalent. Thus, 

there exists 𝑘 such that 𝑈 ∩ Aut(𝑋)≤𝑗 ⊂ 𝑈𝑘. So 𝑔 = 𝑙𝑢 ∈ 𝐺𝑘, and the assertion 

holds. □
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Nested groups
Example : The torsion group ⋃ 𝜇𝑛! ⊂ 𝕂× is nested, but not closed.
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Maximal nested unipotent 

subgroups



de Jonquières-like subgroups

Definition 21 :  The width of a subgroup 𝐺 ⊂ Aut(𝑋) is the dimension of the 

closure of a general 𝐺-orbit in 𝑋.

A nested unipotent subgroup 𝐽 ⊂ Aut(𝑋) is called de Jonquières-like (or dJ-like) if 

it is maximal among nested unipotent subgroups of the same width as 𝐽 .

Let 𝐽 ≔ Jonq𝑢(𝑘, 𝐴ℎ) ∩ Aut(𝑋) and consider 𝜕𝑖 = ℎ𝑁 𝜕
𝜕𝑥𝑖

 that are regular on 𝑋. 

Then we have

Lie(𝐽) = 𝒟︀(𝜕1, …, 𝜕𝑘) ≔ (⨁
𝑖

𝐴−1
1 𝐴𝑖𝜕𝑖) ∩ Der 𝒪︀(𝑋),

where 𝐴𝑖 = ⋂𝑗≥𝑖 ker 𝜕𝑗. Then 𝐽 = 𝒥︀(𝜕1, …, 𝜕𝑘) ≔ exp(𝒟︀(𝜕1, …, 𝜕𝑘)).
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de Jonquières-like subgroups

Definition 22 :  A tuple of LNDs (𝜕1, …, 𝜕𝑘) in LND(𝒪︀(𝑋)) is called a generic 

frame if they pairwise commute and their vector fields are linearly independent at a 

general point of 𝑋.

Proposition 23 :  Let 𝑘 ≤ dim(𝑋) and consider a subset 𝐿 ⊂ LND(𝒪︀(𝑋)). Then 

the following conditions are equivalent:

1. 𝐿 equals Lie(𝐽) for a dJ-like subgroup 𝐽 ⊂ Aut(𝑋) of width 𝑘.

2. 𝐿 equals 𝒟︀(𝜕1, …, 𝜕𝑘) for a generic frame (𝜕1, …, 𝜕𝑘).
3. 𝐿 equals jonq𝑢(𝑘, 𝐴ℎ) ∩ Der(𝒪︀(𝑋)), where 𝐴, ℎ, and coordinates 𝑥𝑖 are as in 

Lemma 11.

We may assume that 𝜕𝑖(𝑥𝑗) equals ℎ if 𝑖 = 𝑗 and zero otherwise. Then 𝑥1, …, 𝑥𝑘 

comprise a local slice system for 𝜕1, …, 𝜕𝑘.
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de Jonquières-like subgroups
Proof :  Assume 𝐿 = Lie(𝐽) for a dJ-like subgroup 𝐽  of width 𝑘. By applying 

Lemma 11 for 𝐿 = Lie(𝐽), we see that Lie(𝐽) ⊆ ⨁𝑘
𝑖=1 𝐴ℎ[𝑥1, …, 𝑥𝑖−1] 𝜕

𝜕𝑥𝑖
. Let us 

choose ℎ so that 𝜕𝑖 ≔ ℎ 𝜕
𝜕𝑥𝑖

∈ Der(𝒪︀(𝑋)) for all 𝑖. Then 𝒟︀(𝜕1, …, 𝜕𝑘) is a Lie 

algebra in LND(𝒪︀(𝑋)) containing Lie(𝐽) with the same kernel. Since 𝐽  is 

maximal, we have Lie(𝐽) = 𝒟︀(𝜕1, …, 𝜕𝑘).

Assume Lie(𝐽) = 𝒟︀(𝜕1, …, 𝜕𝑘). Since 𝜕1, …, 𝜕𝑘 are linearly independent 

generically, there exists 𝑥𝑖 ∈ ⋂𝑗≠𝑖 ker 𝜕𝑗 such that 𝑥𝑖 ∉ ker 𝜕𝑖. Since they 

commute, 𝜕𝑖(𝑥𝑖) is in the intersection. Applying iteratively, we may assume ℎ𝑖 ≔
𝜕𝑖(𝑥𝑖) ∈ 𝐴1 \ {0}, so 𝑥𝑖 is a local slice. The elements 𝑥1, …, 𝑥𝑘 are algebraically 

independent, since kernels are algebraically closed. We have 𝐴−1
1 𝒪︀(𝑋) =

Frac(𝐴1)[𝑥1, …, 𝑥𝑘], and 𝜕𝑖 = ℎ𝑖
𝜕

𝜕𝑥𝑖
. Taking ℎ as before gives condition 3.

Assume 3. Let 𝐿 = 𝒟︀(𝜕1, …, 𝜕𝑘) and assume 𝑈 ≔ exp(𝐿) is not dJ-like. Then it is 

strictly contained in some dJ-like 𝐽 ′ of the same width. Consider 𝜕′ ∈ Lie(𝐽 ′) \ 𝐿. 
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de Jonquières-like subgroups
Then 𝜕′(𝑥𝑗) ∉ 𝐴ℎ[𝑥1, …, 𝑥𝑗−1], where 𝑗 minimal. One can show 𝐿 ∪ {𝜕′} is not a 

locally nilpotent set by iteratively applying derivations to elements in subsets

𝑆𝑖 ≔ (𝐴ℎ \ {0})𝑥𝑖 + 𝐴ℎ[𝑥1, …, 𝑥𝑖−1]

and arriving at a contradiction. Namely, by applying elements of 𝐿 one can sEndan 

element of 𝑆𝑖+1 into 𝐴ℎ[𝑥1, …, 𝑥𝑖] \ 𝐴ℎ[𝑥1, …, 𝑥𝑖−1] and then to 𝑆𝑖. On the other 

hand, for any 𝑦 ∈ 𝑆𝑗 we have 𝜕′(𝑦) ∉ 𝐴ℎ[𝑥1, …, 𝑥𝑗−1]. So, exp(𝐿) is dJ-like. □
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Coflags
Corollary 24 :  A dJ-like subgroup 𝐽  equals

𝒥︀(𝜕1, …, 𝜕𝑘) ≔ exp 𝒟︀(𝜕1, …, 𝜕𝑘)

for some generic frame 𝜕1, …, 𝜕𝑘. Vice versa, for any generic frame (𝜕1, …, 𝜕𝑘), the 

subset 𝒥︀(𝜕1, …, 𝜕𝑘) ⊂ Aut(𝑋) is a dJ-like subgroup.

Proof :  Follows directly from the equivalence of conditions (i) and (ii) in the 

preceding Proposition. □
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Coflags
Corollary 25 :  Consider a dJ-like subgroup 𝐽 ⊂ Aut(𝑋) of width 𝑘. There exists a 

coflag of 𝔸1-fibrations of affine schemes

𝑋 = 𝑋𝑘+1 →
𝜋𝑘

𝑋𝑘 →
𝜋𝑘−1

⋯ →
𝜋1

𝑋1

such that 𝐽  consists of all unipotent elements of Aut(𝑋) that stabilize the coflag 

and are trivial on 𝑋1.

Proof :  By the Proposition, 𝐽  equals 𝒥︀(𝜕1, …, 𝜕𝑘) for some generic frame 𝜕1, …, 𝜕𝑘. 

Denote 𝐴𝑖 = ⋂𝑗≥𝑖 ker 𝜕𝑗 and let 𝑋𝑖 ≔ Spec 𝐴𝑖. The natural map 𝜋𝑖 : 𝑋𝑖+1 → 𝑋𝑖 

is an 𝔸1-fibration, because its general fiber is a 𝔾𝑎-orbit of exp(𝜕𝑖). Elements of 𝐽  

clearly satisfy the condition. Conversely, any unipotent element 𝑢 ∈ Aut(𝑋) 
satisfying the condition belongs to 𝐽 , since 𝜕 ≔ log(𝑢) stabilizes 𝐴𝑖, and by local 

nilpotency of 𝜕 one may show that 𝜕(𝑥𝑖) ∈ 𝐴ℎ[𝑥1, …, 𝑥𝑖−1], placing 𝜕 in Lie(𝐽). □
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Coflags
Corollary 26 :  A dJ-like subgroup 𝒥︀(𝜕1, …, 𝜕𝑘) contains the subgroup 𝒥︀(𝜕𝑖, …, 𝜕𝑘) 
for any 𝑖 ≤ 𝑘.

Proof :  Let 𝑋 → 𝑋𝑘 → ⋯ → 𝑋1 be the coflag of 𝔸1-fibrations. Then 𝒥︀(𝜕𝑖, …, 𝜕𝑘) 
consists of unipotent elements that stabilize this flag and are trivial on 𝑋𝑖. □

We also show that any dJ-like subgroup contained in 𝒥︀(𝜕1, …, 𝜕𝑘) equals 

𝒥︀(𝜕𝑖, …, 𝜕𝑘).
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Examples of maximal subgroups
Let 𝐽 ⊂ Aut(𝑋) be a maximal nested unipotent subgroup and 𝑘 be the width of 𝐽 .

• If 𝑘 = dim 𝑋, then 𝑋 = 𝔸𝑘 and 𝐽 = Jonq𝑢(𝑘).
• If 𝑋 = 𝔸2 and 𝑘 = 1, then 𝜕1 = 𝑓(𝑥) 𝜕

𝜕𝑦  in some coordinates by Rentschler’s 

theorem, and 𝐽 = exp(𝕂[𝑥] 𝜕
𝜕𝑦) is contained in Jonq𝑢(2, 𝕂).

• If dim 𝑋 = 2 and 𝑋 ≠ 𝔸2, then any dJ-like subgroup is of width 1, hence 

commutative.

• If 𝑋 = 𝔸3 and 𝜕1 is of rank 3, i.e., its kernel does not contain a variable, then 

again 𝒥︀(𝜕1) is a maximal dJ-like subgroup, which is commutative.

• Bass’84: Let 𝜕 = 𝑥 𝜕
𝜕𝑦 + 2𝑦 𝜕

𝜕𝑧  and 𝑓 = 𝑥𝑧 − 𝑦2 ∈ ker 𝜕. Then

exp(𝑓𝜕) ∈ Aut(𝔸3) cannot be conjugated into Jonq𝑢(3, 𝕂).
Thus, 𝒥︀( 𝜕

𝜕𝑧 , 𝜕) contains exp(𝑓𝜕) and is maximal in Aut(𝔸3).
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Beyond nested?



𝔾𝑎-generated unipotent subgroups
Consider a subgroup 𝑈 ⊂ Aut(𝑋) that consists of unipotent automorphisms. Then 

𝑈  equals exp 𝑆 for some subset 𝑆 ⊂ LND(𝒪︀(𝑋)), not a Lie algebra anymore.

Example :  𝑍 = exp(ℤ𝜕) ⊂ Aut(𝑋) is a non-nested unipotent subgroup, but its 

closure is algebraic: 𝑍 ≃ 𝔾𝑎.

We pose two assumptions:

• 𝕂 is uncountable,

• 𝑈  is 𝔾𝑎-generated: it is generated by a union of 𝔾𝑎-subgroups of Aut(𝑋).

They are unnecessary if the subset of unipotent automorphisms is closed in 

Aut(𝑋) (Furter–Kraft’18, Question 11.2.6).
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𝔾𝑎-generated unipotent subgroups

Theorem 27 :  Assume that 𝕂 is uncountable.

• A 𝔾𝑎-generated unipotent subgroup 𝑈  of Aut(𝑋) is nested.

• A unipotent subgroup of Aut(𝑋) is closed if and only if it is nested.

It uses the following facts for a 𝔾𝑎-generated subgroup 𝑈  (proofs on next slides):

• any element of the bracket closure of log(𝑈) is an LND,

• the subset log(𝑈) is locally nilpotent.

Proof of Theorem :  Assume 𝑈  is 𝔾𝑎-generated. By Proposition, log(𝑈) is locally 

nilpotent and contained in a Lie subalgebra of LND(𝒪︀(𝑋)). Then 𝑈  is solvable, 

and the first claim follows from (Kraft–Zaidenberg’24, Theorem B).

A closed unipotent subgroup 𝑈  is 𝔾𝑎-generated, so the second claim follows. □
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Bracket Closure of log(𝑈)
Lemma 28 :  Let 𝑈 = ⟨𝑆⟩ ⊂ Aut(𝑋) be a unipotent subgroup generated by a 

subset exp(𝑆), where 𝕂 ⋅ 𝑆 = 𝑆, and 𝐿 be the bracket closure of 𝑆. Then any 

derivation in 𝐿 is locally nilpotent.

Proof :  Consider 𝐹(𝑎1, 𝑎2, …, 𝑎𝑛) ∈ 𝐿 for some 𝑎1, 𝑎2, …, 𝑎𝑛 ∈ 𝑆 and some 

expression 𝐹  in commutators. Let 𝑢𝑖 = exp(𝑡𝑎𝑖) ∈ Aut(𝒪︀(𝑋)[𝑡]) for 𝑖 = 1, …, 𝑛, 

then 𝑐(𝑡) ≔ 𝐹(𝑢1, 𝑢2, …, 𝑢𝑛) = 1 + 𝑡𝑛𝐹(𝑎1, 𝑎2, …, 𝑎𝑛) + ℎ.𝑜.𝑡.

The operator (𝑐(𝜏) − id) is locally nilpotent on 𝒪︀(𝑋) for each 𝜏 ∈ 𝕂. If 𝒪︀(𝑋) is 

generated by functions 𝑓1, …, 𝑓𝑠, then there exists 𝑁 > 0 such that 

(𝑐(𝜏) − id)𝑁(𝑓𝑖) = 0 for any 𝑖 for an infinite number of values 𝜏 .

For any 𝑖 = 1, …, 𝑠 the image (𝑐(𝑡) − id)𝑁(𝑓𝑖) ∈ 𝒪︀(𝑋)[𝑡] is zero, as well as its 

lower homogeneous component. In other words, 𝐹(𝑎1, 𝑎2, …, 𝑎𝑛) is an LND. □

Alexander Perepechko Unipotent Automorphism Groups 2026-03-02 42 / 57



Local Nilpotency of log(𝑈)
Corollary 29 :  log(𝑈) is a locally nilpotent subset of derivations on 𝒪︀(𝑋).

Proof :  Let 𝐿 be the bracket closure of 𝑆 and consider its maximal locally nilpotent 

subset 𝑃 ⊂ 𝐿. It exists due to Zorn’s Lemma.

Assuming that 𝑃 ≠ 𝐿, we finish the proof in three steps (similarly to Skutin’21):

1. The adjoint action ad(𝑃) is locally nilpotent on Der(𝒪︀(𝑋)).
2. We can find 𝐷 ∈ 𝐿 \ 𝑃  such that ad(𝑃)(𝐷) = [𝑃 , 𝐷] ⊂ 𝑃 .

3. Since 𝐷 is locally nilpotent, the subset 𝑃 ∪ {𝐷} is locally nilpotent, which 

contradicts the maximality of 𝑃 . □
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Commutative unipotent 

subgroups



Maximal Commutative Unipotent Subgroups

Definition 30 (Regeta-van Santen'24) :  For an algebraic commutative unipotent 

subgroup 𝑈 ⊂ Aut(𝑋), we define:

𝑅𝑋(𝑈) ≔ ⟨exp(𝑓𝜕) ∈ Bir(𝑋) | 𝑓 ∈ 𝕂(𝑋)𝑈 , 𝜕 ∈ Lie(𝑈)⟩ ∩ Aut(𝑋).

(Regeta-van Santen'24) :  A commutative unipotent subgroup 𝑈 ⊂ Aut(𝑋) is 

maximal if and only if it equals 𝑅𝑋(𝑈) for some 𝑈 . Moreover, it is maximal among 

commutative subgroups.

Alternatively, we can define it via its Lie algebra: For an arbitrary commutative 

subset 𝑆 ⊂ LND(𝒪︀(𝑋)), let 𝐾 ≔ ker𝕂(𝑋) 𝑆. Then:

𝑅𝑋(𝑆) ≔ exp(⟨𝑆⟩𝐾 ∩ Der(𝒪︀(𝑋))).

In particular, we have 𝑅𝑋(𝑈) = 𝑅𝑋(log 𝑈).
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Maximal Commutative Unipotent Subgroups

Proposition 31 :  Let 𝑈 ⊂ Aut(𝑋) be a commutative unipotent subgroup of 

width 𝑘. Then the following are equivalent:

1. 𝑈  is maximal among commutative subgroups;

2. 𝑈  equals 𝑅𝑋({𝜕1, …, 𝜕𝑘}) for a generic frame 𝜕1, …, 𝜕𝑘 ∈ LND(𝒪︀(𝑋));
3. There exist a 𝑈 -invariant ℎ ∈ 𝒪︀(𝑋)𝑈  and an isomorphism 𝑋ℎ ≃ 𝑌 × 𝔸𝑘, 

where 𝑌 = Spec 𝒪︀(𝑋)𝑈
ℎ  is affine, such that 𝑈  consists of all automorphisms of 

𝑋 acting by translations on the 𝔸𝑘-fibers of 𝑋ℎ.

Proof :  We fix a generic frame (𝜕1, …, 𝜕𝑘) in log 𝑈  and consider a wide discrete 

subgroup 𝑉 ≔ ⟨exp(𝜕𝑖)⟩ ⊂ 𝑈 . Then 𝕂(𝑋)𝑈  equals 𝕂(𝑋)𝑉 , widths of 

𝑈, 𝑉 , 𝑅𝑋(𝑈), 𝑅𝑋(𝑉 ) coincide, and 𝑅𝑋(𝑈) equals 𝑅𝑋({𝜕1, …, 𝜕𝑘}). We have 1 ⇒
2.

Let 𝑋ℎ = 𝑌 × 𝔸𝑘 as in Lemma 11 applied to log(𝑉 ) ⊗ℤ 𝕂. Then we have 2 ⇒ 3.
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Maximal Commutative Unipotent Subgroups
Assume condition 3. If 𝑔 ∈ Aut(𝑋) commutes with 𝑈 , it must preserve the

𝔸𝑘-fibers. Since it commutes with translations on these fibers, 𝑔 itself must act as a 

translation, meaning 𝑔 ∈ 𝑈 . □
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Commutative Subgroups within dJ-like Subgroups

Definition 32 :  Let 𝐽 ≔ 𝒥︀(𝜕1, …, 𝜕𝑘) ⊂ Aut(𝑋) be a dJ-like subgroup.

The order of a nonzero LND 𝜕 ∈ Lie(𝐽) in 𝐽  equals

• 0 if 𝜕 = 0;

• 1 if 𝜕 ∈ 𝒟︀(𝜕𝑘);
• 2 if 𝜕 ∈ 𝒟︀(𝜕𝑘−1, 𝜕𝑘) \ 𝒟︀(𝜕𝑘);
• 𝑖 if 𝜕 ∈ 𝒟︀(𝜕𝑘−𝑖+1, …, 𝜕𝑘) \ 𝒟︀(𝜕𝑘−𝑖+2, …, 𝜕𝑘).

An ordered tuple (𝜕′
1, …, 𝜕′

𝑠) of elements of Lie(𝐽) is called triangular in 𝐽  if their 

orders in 𝐽  are exactly 𝑠, 𝑠 − 1, …, 1 respectively.

Proposition 33 :  A maximal commutative unipotent subgroup 𝑅 ⊂ Aut(𝑋) is 

contained in a dJ-like subgroup 𝐽 ⊂ Aut(𝑋) if and only if there exists a generic 

frame (𝜕′
1, …, 𝜕′

𝑠) that is triangular in 𝐽  such that 𝑅 = 𝑅𝑋({𝜕′
1, …, 𝜕′

𝑠}).
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Commutative Subgroups within dJ-like Subgroups
Proof sketch :  The reverse implication is straightforward.

Assume 𝑅 ⊂ 𝐽 . We may assume that 𝑅 is wide in 𝐽  and apply Gaussian 

elimination over the invariant field 𝕂(𝑋)𝐽 . □
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Maximality Criterion for dJ-like Subgroups

Proposition 34 :  A dJ-like subgroup 𝐽 ⊂ Aut(𝑋) of width 𝑘 is not a maximal 

unipotent subgroup if and only if there are commutative unipotent subgroups 

𝐺, 𝐻 ⊂ Aut(𝑋) such that 𝐻  is a wide subgroup of 𝐽  and a non-wide subgroup of 

𝐺.

Proof :  If 𝐽  is not maximal, then it is contained in a dJ-like subgroup 𝒥︀(𝜕0, …, 𝜕𝑘), 
and we have 𝐽 = 𝒥︀(𝜕1, …, 𝜕𝑘). We can take 𝐻 ≔ 𝑅𝑋({𝜕1, …, 𝜕𝑘}) and

𝐺 ≔ 𝑅𝑋({𝜕0, 𝜕1, …, 𝜕𝑘}).

Assume that such 𝐺 and 𝐻  exist. Then we can take a generic frame (𝜕0, …, 𝜕𝑘) 
contained in log(𝐺) such that (𝜕1, …, 𝜕𝑘) is contained in log(𝐻). We apply 

Gaussian elimination to (𝜕1, …, 𝜕𝑘) over the field 𝕂(𝑋)𝐻 , changing 𝜕0 accordingly 

on each step. Then again 𝐽 = 𝒥︀(𝜕1, …, 𝜕𝑘) ⊂ 𝒥︀(𝜕0, …, 𝜕𝑘). □
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Other topics



Abstract automorphism groups
• (Leuenberger-Regeta’17) Automorphism groups of generic Danielewski 

surfaces are abstractly isomorphic, but not algebraically.

• (Liendo-Regeta-Urech’19) Danielewski surfaces are distinguished among affine 

surfaces by the (abstract) automorphism group.

• (Cantat-Regeta-Xie’23) 𝔸𝑛 is determined by its automorphism group.

• (Diaz-Liendo-Regeta’23) An affine toric variety 𝑋 different from a torus is 

uniquely determined by its automorphism group among affine varieties if and 

only if 𝑋 ≃ 𝔸1 × 𝑌  for some toric affine 𝑌 . Otherwise there are infinitely many 

non-normal varieties 𝑋′ such that Aut(𝑋) ≃ Aut(𝑋′).
• (Liendo–Regeta–Urech’23) Affine toric surfaces are distinguished among 

normal ones by their automorphism groups.

• (Regeta–van Santen’25) Affine toric varieties and smooth spherical ones are as 

well.
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Abstract automorphism groups
Uniruledness:

• (Jelonek’15) If Aut(𝑋) infinite, then 𝑋 uniruled.

• (Chen-Esser-Regeta-Urech-van Santen’25) Bir(𝑋) determines the birational 

class of 𝑋 if 𝑋 is ruled, and does not if 𝑋 not uniruled.

Simplicity:

• (Blanc’24) a normal subgroup 𝐺 ⊂ SAut(𝔸𝑛) contains SAff(𝔸𝑛) and 

Jonq𝑢(𝔸𝑛). Hence SAut(𝔸2) simple (using Jung–van der Kulk).

• (Shestakov–Umirbaev’02) Aut(𝔸3) ≠ ⟨Aff(𝔸3), Jonq(𝔸3)⟩, i.e. wild 

automorphisms exist.

• Question: SAut(𝔸𝑛) simple?

• (Shafarevich’66) Lie(SAut 𝔸𝑛) simple.
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Ellipticity
Definition (Gromov’s ellipticity): A variety 𝑋 is elliptic if it admits a vector bundle 

𝐸 → 𝑋 and a morphism 𝑠 : 𝐸 → 𝑋, which is the identity on the zero section and 

whose restriction to any fiber is dominant at the origin (called a dominating 

Gromov spray).

Definition: A variety is uniformly rational (or plain, or locally flattenable) if at any 

point there is a neighbourhood isomorphic to an open subset of affine space.

• Uniform rationality is preserved under blowups of smooth subsets.

• (Arzhantsev–Kaliman–Zaidenberg’23) A complete uniformly rational variety 

is elliptic, except 𝑋 a point. A cone over 𝑋 is also elliptic.

• Smooth projective toric, spherical, and T-varieties of complexity one (and cones 

over them) are elliptic.

• A complete variety 𝑋 of dimension 𝑛 is unirational if and only if it admits a 

surjective morphism 𝔸𝑛 ↠ 𝑋 if 𝕂 = ℂ and 𝔸𝑛+1 ↠ 𝑋 otherwise.

• uses curve-orbit property: a cylinder induces a 𝔾𝑎-like spray on 𝑋.
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Thank you!
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