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Hirzebruch's question

F. Hirzebruch. Some problems on differentiable and complex
manifolds. Ann. of Math. (2) 60 (1954), no. 2. 213-236:

Problem 26. Describe all analytic compactifications of C?

Problem 27. Describe all analytic compactifications of C"” with the
second Betti number 1

Many works in dimensions 2, 3 and 4 by Peternell, Schneider,
Furushima, Prokhorov, Zaidenberg and others in algebraic settings



Geometric properties

If C" — X is an algebraic compactification, then
e X is rational

e the divisor class group CI(X) is freely generated by classes
[D1],...,[Dm], where

X\C"=DyU...UDp.
In particular, the group CI(X) is finitely generated and free

e the monoid of effective classes Eff (X) is freely generated by
classes [D1], ..., [Dml;



Equivariant version

B. Hassett and Yu. Tschinkel. Geometry of equivariant
compactifications of GZ. IMRN 1999 (1999), no. 22, 1211-1230:

The systematic study of algebraic compactifications C" < X such
that the action of the group G2 = (C",+) of C" by paralel
translations extends to G7 x X — X

Motivation: distribution of rational points, Manin's conjecture
(Chambert-Loir-Tschinkel'02,'12)



Some notation

Let K be an algebraically closed field of characteristic zero

Gm = (Kx, x) and G, = (K, +) are the only two connected
one-dimensional linear algebraic groups

The group G, := G, X ... X G, (n times) is an algebraic torus T

The group G := G, x ... x G, (n times) is the vector group or,
equivalently, a commutative unipotent linear algebraic group



“Additive analog” of toric geometry

Definition
A toric variety is an irreducible normal variety X with an
equivariant open embedding T = G, — X

Let us replace G, by G7

Main differences:
e Such an action is no longer unique on X
e The number of orbits is no longer finite

e Orbits of a unipotent group on affine varieties are closed =
no invariant open affine covering on X



Two additive actions on P2

Definition
An additive action on a variety X is an effective action
GJ x X — X with an open orbit

Let us consider two actions G2 x P2 — P2

(a1,32)0(z0:z1: 2] =20 : 21 + 2120 : 22 + 3220]

Here we have a line of fixed points: zg = 0 )

2

R _ . . a7
(a1,a2)0(z0:z1: 2] =20 : 21+ 3120 : 2o + apz1 + ?zo]

Here we have three orbits



Local Algebras

Let A be a finite-dimensional complex commutative associative
algebra with unit 1

Definition

An algebra A is local if A contains a unique maximal ideal m J

In this case A=K @& m, all elements in m are nilpotent, and
all elements in A* := A\ m are invertible

Wehave ADom>oOm?2>...om? Domdtl =0

Moreover, any A is a direct sum A; & ... ® As of local algebras

A= K[X,y]/(x4,x2y,x3 _yZ)




Hassett-Tschinkel Correspondence

Theorem (Knop-Lange'1984, Hassett-Tschinkel'1999)

There is a bijection between local algebras A with dimA=n+1
and equivariant completions G — P"

Direct implication: given A, let P" = P(A)
Gl =exp(m)=1+4+m
The group G1 acts on P(A) by multiplication

The open orbit is P(A*) and the boundary is P(m).



Hassett-Tschinkel Correspondence

Converse implication: given G7 — P" , we have
¢: G — GLp+1(C),

de:g=(x1,...,xn) = 8l,41(C)

¥: K[xi,...,xn] = Mat,11(C)

Let A= (K[x1,...,xn]) 2 K[x1,...,xa]/!

I =Ker(¢) ={f € K[xq,...,x5] | ¥(f)e =0},

where e € K" is a cyclic vector. So, A = K"+1



Two algebras and two actions

There are two 3-dimensional local algebras, so we have two additive
actions G2 x P2 — P2

Algebra A = K[x, y]/(x*,xy,y?) = (1, x,y)
exp(aix + azy) = 1+ a;x + apy
Action: (a1, az)o[z0:z1: 2] = [20: z1 + 3120 : 22 + a220]

Algebra A = K[x]/(x3) = (1, x, x?)

exp(a1x + a2x?) = 1 + ayx + aox® + Sa3x

2

2
Action: (a1, a2)olz0:z1: 2] =[20: 21 + a120 : zo + a2z1 + 3—2120]




Classifications of local algebras

dim A [1]2]3]4]|5|6 |>7
numberofalgebras‘1‘1‘2‘4‘9‘25‘ 00

For dim A =7, take

Ay = K[x1, %2, 33, xa] | (G433 =253, 33 —x5 — (533 —x3), xiX;, i # J)

For any a € K 3 a finite number of algebras of this form = A,.




First results

Theorem

An equivariant completion G < P" has a finite number of orbits
& AZKx/(x")

Definition
A local algebra A is Gorenstein if its socle

Soc(A) :={ac Alam =0}

has dimension one, i.e. Soc(A) = m9 and dimm9 =1

Theorem

An equivariant completion G < P" has a unique fixed point <
A is Gorenstein )




Maximal commutative subgroups

Lemma

If a commutative algebraic group H acts on a variety X effectively
and with an open orbit, then H is a maximal commutative
subgroup in the group Aut(X)

Conclusion: there are many non-conjugate maximal commutative
unipotent subgroups of dimension n in GL,1

Warning: there are maximal commutative unipotent subgroups of
other dimensions in GL,11



Additive actions on projective hypersurfaces

Induced additive actions on hypersurfaces in P” < pairs (A, U),
where A is a local algebra, dim A = n+ 1, and the hyperplane
U C m generates A

Theorem (Sharoiko'09)
Any smooth quadric @ C P" admits a unique additive action J

Idea of the proof: there is a non-degenerate symmetric bilinear form
(+,-) on A such that (ab,c) + (a,bc) =0 for all a,c € A, be U

A-Sharoiko'11, A-Popovskiy'14: results on additive actions on
degenerate quadrics

Yingqi Liu. Additive actions on hyperquadrics of corank two.
Electron. Res. Arch. 30 (2022), no. 1, 1-34



Non-degenerate projective hypersurface

Definition
A hypersurface X = {g(zo,...,z,) = 0} C P" is non-degenerate if
the polynomials g?‘;, cee 87gn are linearly independent, or,

equivalently, there is no linear transformation of variables that
reduces the number of variables in g.

Theorem (A-Zaitseva'22)

A pair (A, U) corresponds to a non-degenerate projective
hypersurface < the algebra A is Gorenstein and m = U & Soc(A).
£

Theorem (A-Zaitseva'22, Beldiev'23)

Let X CIP" be a hypersurface admitting an additive action. Then
such an action is unique < X is non-degenerate.




Additive actions on flag varieties

Let G be a semisimple group and P C G be a parabolic subgroup.
Then X = G/P is a (generalized) flag variety.

These are the only complete rational homogeneous varieties

Grassmanians Gr(k; n), varieties of partial flags Fl(k1, ..., ks; n),
the variety of full flags GL, /B, ....

Theorem (A-Popovskiy'14)

Let X be a complete variety admitting an additive action. Assume
that the group Aut(X)° is a reductive linear algebraic group. Then
X is a flag variety G/P.

.




Classification of additive actions on flag varieties

Isomorphisms: SLa, /Py = Spy, /P1, SO2r4+2 /Pri1 = SO2p41 /P,
SO7 /P = Gy/ Py

Theorem (A'11)

Let G be a simple group and P be a parabolic subgroup of G. Then

the flag variety G/P is an equivariant completion of GY if and only
if one of the following conditions holds:

(a) the unipotent radical P, is commutative;
(b) the pair (G, P) is exceptional.

Parabolic subgroups with commutative unipotent radical:
(SLr+17 Pi)7 i = 17 Y (502r+17 Pl)l (Sp2r7 Pl’)v

(SO2I’7 Pi)7 I = 17r_ 1ar; (E67 Pi)a [ = 1767 (E7) P7)7



Uniqueness results

Techniques: Lie algebras, Levi subalgebras, Bruhat decomposition

Theorem (Fu-Hwang'14, Devyatov'15)

Let G/P be a flag variety admitting an additive action. If G/P is
not isomorphic to a projective space, then such an action is unique.

Cheong'17: a similar result for non-commutative unipotent groups
acting on flag varieties

Evgeny Feigin'12: Any G/P admits a canonical degeneration to a
variety (G/P)? with an additive action [PBW filtration]



Additive actions on toric varieties

Definition
A complete toric variety X is radiant if a maximal unipotent
subgroup U in Aut(X) acts on X with an open orbit.

Definition
An additive action G] x X — X is normalized if the image of G in
Aut(X) is normalized by the acting torus.

v
Definition
A fan X is bilateral if there is a basis py, ..., pn of the lattice N
such that, up to renumbering, the rays p1, ..., p, are generated by
the vectors p1, ..., pn, respectively, and the remaining rays

Pn+1,-- -5 Pm lie in the negative orthant with respect to this basis.
v




Additive actions on toric varieties

Theorem (A-Romaskevich'17)

Let X be a complete toric variety. The following conditions are
equivalent:
(i) the variety X is radiant;
(ii) the variety X admits an additive action;
(iii) the variety X admits a normalized additive action (it is
unique!);
(iv) the fan Xx is bilateral.

Techniques: Cox rings, Demazure roots, locally nilpotent
derivations of graded algebras



Euler-symmetric varieties

Theorem (Fu-Hwang'20, Shafarevich'23)

A projective toric variety X admits an additive action < X is
Euler-symmetric, i.e. for a general smooth point x € X there is a
Gm-action on X such that x is an isolated fixed point and the
induced Gp,-action on the tangent space T, X is by scalar
multiplication.

Zhijun Luo. Euler-symmetric complete intersections in projective
space. J. Algebra 624 (2023), no. 15, 41-62



Further results

Theorem (Dzhunusov'21)

Any complete toric surface admits at most two additive actions

Theorem (Dzhunusov'22)

A criterion for a complete toric variety to admit a unique additive

action (only normalized!). In terms of the group Aut(X) it means

that the maximal unipotent subgroup U in Aut(X) is commutative.
.

Theorem (Shakhmatov'21)

There is a smooth toric equivariant completion of G3 that is not
projective.

Theorem (Shafarevich'21)

A classification of additive actions on toric projective hypersurfaces.J




General classifications

Classifications of varieties with an additive action:
Derenthal-Loughran’10: singular dell Pezzo surfaces

Hassett- Tschinkel'99: smooth projective 3-folds of Picard number 1
(only P3 and Q3)

Huang-Montero'20: smooth projective 3-folds of Picard
number > 2 (13 toric and 4 non-toric)

Fu-Montero'19: n-dimensional smooth projective variety of Picard
number 1 with index > n—2



Open questions and conjectures

Problem 1. Characterize complete normal algebraic varieties
admitting an additive action in terms of their Cox rings.

Problem 2. Fix positive integers r and n, and let d = r + n.
Describe all affine factorial varieties X of dimension d equipped
with an effective action of the group G/, x G7 with an open orbit.

Problem 3. Describe all complete toric varieties that admit
infinitely many additive actions.

Problem 4. Describe all complete toric varieties that admit an
additive action with finitely many orbits.

Problem 5. Describe all additive actions on the weighted projective
space P(1,a1,...,an).



Open questions and conjectures

Problem 6. Is it true that any maximal commutative unipotent
subgroup of dimension n in the group GL,41(K) acts on the
projective space P" with an open orbit?

Problem 7. Let G be a connected linear algebraic group and H be
a commutative unipotent subgroup of G which is maximal among

commutative subgroups in G. Does there exist a G-variety X such
that the induced action of H on X has an open orbit?

Conjecture (Fu-Hwang) Let X be a smooth Fano variety of
Picard number one with an additive action. Then X can be realized
as an Euler-symmetric projective variety under a suitable projective
embedding.
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