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Uniqueness of addition in associative rings

Definition

An associative ring (R, +, -) is called a unique addition ring, or

a UA-ring, if for any ring (S, @, %) any isomorphism a: R — S of
the multiplicative semigroups (R, -) and (S, *) is an isomorphism
of rings.

ala-b) =a(a) xa(b) Ya,be R
4
ala+b) =a(a)®a(b) Va,be R
The semigroup (R, ) contains a unique zero and a unique unit, so

a(0g) = 0s and a(1g) = 1s.



Uniqueness of addition in associative rings

Equivalently, a semigroup (R, ) is said to be a unique addition ring,
or a UA-ring, if there exists a unique binary operation + making
(R,+,-) into a ring.

Indeed, given two additions + and @ on R, it follows from the
definition given above and applied to the identity map from
(R,+,) to (R,®, ) thata+ b=a@ bforall a,b € R.

Conversely, every isomorphism of semigroups a.: R — S defines a
new addition on R: a@ b := a~}(a(a) @ a(b)).



A naive example

Lemma
A finite field Fq is a UA-ring if and only if q < 4.

Proof.
Let g = p”. We consider only a: Fq — Fq. We have
Aut(Fg) = (), where 9 is the Frobenius automorphism, and we
have | Aut(Fg)| = n.
At the same time, the number of automorphisms of the semigroup
(Fg,-) is the Euler function ¢(p” —1). For p” > 4 we have n+ 1
numbers

1,p,p%....p" L p"—2

that are smaller than p” — 1 and coprime with p” — 1.




Let A be an associative ring with 1. Then the matrix ring
Matpyn(A) is a UA-ring.




Uniqueness of addition in matrix rings

Step 1. Let ao: R — S be an isomorphism of multiplicative
semigroups and R = B x C, where B and C are left ideals in R.
Then a(b+ ¢) = a(b) ® a(c) forall b e B,c € C.

Proof. Let 1g = by + c1 with b1 € B, ¢; € C. We have
by = by(b1 + c1), so b? = by and bic; = 0. Let
a(b1) ® a(a) = a(d). We have

Oz(bld) = a(bl)a(d) = a(bl)(a(bl)GBa(cl)) = a(bf)@a(blcl) = Oé(bl),

so byd = by, cid = ¢ and d = (b1 + c1)d = by + ¢1 = 1. For
x = b+ ¢ we have b = xb;, ¢ = xc, and

a(b)®a(c) = a(xb)Da(xci) = a(x)(a(br)®a(a)) = a(x) = a(b+c).



Uniqueness of addition in matrix rings

Step 2. Let s: B — C be an R-homomorphism. Then
a(s(b) + ¢) = a(s(b)) @ a(c) forallbe B, c € C.

Proof. We have B x C = (id + s)(B) x C = R and applying Step 1
three times we obtain

a(b) & a(s(b) + ¢) = a(b+ s(b) + ¢) = a((id + s)(b) + ¢) =
= a((id + s)(b)) ® a(c) = a(b) @ a(s(b)) @ a(c),
so the claim.

Step 3. With R = Mat,«,(A) we have R = RE;1 X ... x RE,,, and
the left ideals RE;; are pairwise isomorphic. The theorem is proved.



A ring (R, +, ") is called a unique addition ring, or a UA-ring, if any
bijection a.: R — R preserving multiplication preserves the addition
as well.

a(a-b)=a(a) - a(b) VYa,be R
)
a(a+ b) =a(a)+a(b) Va,be R



A weaker definition

This definition is indeed weaker:
take two rings with zero multiplication (or commutative Lie rings)
R, = (Z/22 ® 727, +) and R, = (Z/4Z,+).

Then any bijection on R, that preserves 0; is additive, and any
bijection from R, to R, that sends 0; to 05 is not additive.



Uniqueness of addition in Lie rings

Definition

A Lie ring (R, +,[,]) is called a unique addition Lie ring, or a
UA-Lie ring, if any bijection «: SR — R preserving commutators
preserves the addition as well.

a([a, b]) = [a(a), a(b)] Va,bec R
I
ala+ b) =a(a)+a(b) Va,be R

We have a(0) = «([0,0]) = [«(0), «(0)] = 0.



Remark. If R = R, & R, is a UA-Lie ring, then R, and R, are
UA-Lie rings.

Prove that the Lie algebra sl,(K) is a UA-Lie ring.




Uniqueness of addition in Lie algebras

Definition

Let V and W be K-vector spaces. A map a: V — W is semilinear
if it is additive, i.e. a(vi + v2) = a(v1) + a(w) for all vi, v € V,
and there is an automorphism 6 € Aut(K) such that

a(Av) =0(N)a(v) forall A € K and v € V.

Definition

A Lie algebra g over a field K is called a unique addition Lie
algebra, or a UA-Lie algebra, if any bijection ac: g — g preserving
commutators is a semilinear operator.

Remark. Some fields like Q or R have no nontrivial automorphism,
so in these cases a commutator-preserving bijection should be a
linear operator.



The two-dimensional Lie algebra

Lemma (A."2000)
The Lie algebra h = (x,y) with [x,y] =y is a UA-Lie algebra. J

Proof. J

Straightforward computations

Remark. A multiplicative injection 3: b —>E into a Lie algebra E
may be not additive.
Indeed, take h = (x',y’, Z') with

[X/7y/] = y/7 [XI,Z/] = [ylvz/] =0

and consider 3(ax + by) = ax’ + by’ + a%Z’.



Let K be a field of characteristic # 2. Then sl,(K) is a UA-Lie
algebra.

Straightforward computations (published twice...)




A useful lemma

Lemma
Let R =R, R, be a direct sum of Lie rings with R, C Z(R)
and |R,| > 4. Then R is not a UA-Lie ring.

Proof.

Let a: R — R, a(x,y) = (x,6(y)), where /3 is a bijection on R,
defined as follows. Take nonzero pairwise different a, b, c € R,
with a+ b = c. Let d € R, be different from a, b, ¢ and define
B(a) =d, f(d) =aand 5(z) =z for all z# a,d. Then «
preserves commutators, but

a((0,a) 4+ (0,b)) = a((0,c)) = (0,a + b) #

£ a((0,3)) + a((0, b)) = (0, d) + (0, b) = (0, d + b).




If K is a field of characteristic zero, then the Lie algebra gl,(K) is
not a UA-Lie ring.

We have gl,(K) = sl,(K) & (KE,). O




Let K be a field of characteristic # 2. Then a non-commutative
nilpotent Lie K-algebra g is not a UA-Lie ring.




Proof of the negative result

Let V be the last nonzero subspace [...[[g, 9], g]...]. Take
0#x€ Vandye€g)|[gg]. Then the bijection a: g — g,

alx+y)=y, a(y)=x+yanda(z)=zVz#£x+y,y
preserves commutators. Indeed, since x + y,y ¢ [g, g], we should
check that
[a(a), a(b)] = o([a, b]) = [a, b].
It follows from
[a,x+y]l=[a,y]Vacgand [x+y,y] =0.
Finally, « is not additive:

y=ax+y)#ax)+aly)=x+x+y.



A very negative result

Theorem (A.'2002)

Let K be an infinite field and g be a finite-dimensional Lie

K-algebra. Suppose that Z(g) # {0} and [g,9] # g. Then g is not
a UA-Lie ring.

y

Corollary

Every finite-dimensional solvable Lie algebra with a non-trivial
center is not a UA-Lie ring.

We have an example of a 6-dimensional Lie algebra g with
Z(g) # {0} and [g, g] = g. We do not know whether this Lie
algebra is a UA-Lie ring.

Problem
Let R be a Lie ring with Z(R) = {0}. Is R a UA-Lie ring? J




Titov's Lemma

Let C(a) = {b € R|]a, b] = 0}.

Lemma
If C(a) N C(b) = {0} then a(a+ b) = a(a) + a(b).

Proof.
Let a(a+ b) = a(a) + a(b) + a(c) for some c € R. Then

[a(a), a(b)] = a[a, b]) = a([a + b, b]) = [a(a + b), a(b)] =

= [a(a) + a(b) + a(c), a(b)] = [a(a), a(b)] + [a(c), (b)].

Then 0 = [a(c), a(b)] = a([c, b]), so c € C(b). By the same
arguments, we have ¢ € C(a), and ¢ = 0.




C-condition

Definition
A Lie ring R satisfies C-condition if there are a, b € R with
C(a) N C(b) = {0}.

Theorem (A.'2002)

Any Lie algebra over an infinite field satisfying C-condition is a
UA-Lie ring.

y

If the center Z(R) # {0}, then R does not satisfy C-condition. We
have an example where the converse is not true.



C-condition: proofs

For a Lie algebra g with C-condition denote by C(g) the set of all
elements a € g such that there is b € g with C(a) N C(b) = {0}.

Lemma
For any a € C(g) the set U(a) ={beg| C(a)N C(b) ={0}} is
open and dense in Zariski topology on g.

Proof.
Consider the linear map

g—>009, x—([x 3], [xy])

At the point y = b the rank of this map is maximal. So the rank is
maximal on a dense open subset U(a) in g.

V.




C-condition: proofs

Case 1. Suppose a, b, a+ b € C(g). Then there exists an element
¢ € g such that

C(a+b)NC(c) = {0}, C(a)NC(b+c) = {0}, C(b)NC(c) = {0}.

Indeed, the intersection U(a+ b) N (U(a) — b) N U(b) of Zariski
open subsets is not empty. So

a(a)+a(b)+a(c) = a(a)+a(b+c) = a(a+b+c) = a(a+b)+a(c)

and o(a) + a(b) = a(a + b).
Case 2. Suppose a, b € C(g). For a generic ¢ one has

a(a)+a(b)+a(c) = a(a)+a(b+c) = a(atbtc) = a(at+b)+a(c)+a(d)

with d € C(c), and a(a) + a(b) — a(a+ b) = a(d). Varying c, we
obtain d = 0.



C-condition: proofs
Case 3. Suppose b € C(g). Since the intersection
C(g)N(a—C(g))N(a+ b+ C(g))

is non-empty, there exist a1, ax € C(g) such that a; + a» = a and
ax+ b e C(g). Then

a(a) + a(b) = afar) + a(a2) + ab) = a(ar) + (a2 + b) =
— a1 + a2+ b) = a(a+ b).
Case 4. If a,b ¢ C(g), then b = by + by with by, by € C(g) and
afa+b) =ala+ by + b2) = a(a+ b1) + a(b) =

= a(a) + a(b1) + a(bz) = a(a) + a(bs + b)) = a(a) + a(b).

The theorem is proved.



Semisimple Lie algebras and parabolic subalgebras

Theorem (A.'2002)

Let K be an algebraically closed field of characteristic zero. Then
any semisimple Lie algebra g and any its parabolic subalgebra p
over K are UA-Lie rings.

Proof.

Let x be an element in a Cartan subalgebra ), which is not in the
kernel of any root of g, and y be the sum of root vectors over all
positive roots of g. Then C(x) =h and h N C(y) = {0}. This
proves that both g and p satisfy C-condition.




Simple and parabolic UA-Lie algebras

Theorem (Ponomarev'2011)

Let K be an algebraically closed of characteristic zero. Then a
parabolic subalgebra p in a semisimple Lie algebra g is a UA-Lie
algebra if and only if the Lie algebra g is simple.

The proof is based on the above result on UA-Lie rings and on
Ponomarev's description (2005) of automorphisms of regular
subalgebras of reductive Lie algebras as Lie rings.



Lie algebras of Chevalley type

Theorem (Mayorova'2016)

Lie algebras of Chevalley type (An, Bn, Cn, Dy, Es, E7, Es, Fa, and
Gy ) over associative commutative rings with 1/2 (with 1/2 and 1/3
in the case of Gy) are UA-Lie rings.

In this theorem, the strong definition of a UA-Lie ring is used.

The proof is based on explicit computations with root systems.



Let 3: g — g be a commutator-preserving injection from a
semisimple Lie algebra g to a Lie algebra g. Is 3 additive?




Solvable Lie algebras: the Mal'cev splitting

From now on we consider finite dimensional Lie algebras over an
algebraically closed field K of characteristic zero.

Definition

A solvable Lie algebra s is Mal'cev split if s = € ® n, where n is a
nilpotent ideal, ¢ is an abelian subalgebra, and the adjoin action of
€ on n is faithful and completele reducible.

Here n = @ny,, where
ny, = {x en|ly,x] = Xi(y)x Vy € ¢}
and {\;} are linear functions on £ with N; Ker \; = {0}.

Any algebraic solvable Lie algebra is Mal'cev split.



Admissible radicals

Every solvable Lie algebra s admits the Mal'cev splitting, i.e. an
embedding v: s — M(s), where M(s) = ¢ © n is Mal'cev split and
v(s) is an ideal in M(s) with M(s) =€+ ~(s) = v(s) +n. The
Mal'cev splitting of s exists and is unique up to isomorphism.

Definition

A solvable Lie algebra s is admissible if for M(s) = € @ n there is
x € n with C(x) Nng = {0}.

Theorem (A.-Titov'2001)

Let g be a finite dimensional Lie algebra with admissible radical.
Then g satisfies C-condition. In particular, g is a UA-Lie ring.




Given a finite-dimensional Lie algebra g over an algebraically closed
field of characteristic zero, find a necessary and sufficient condition
for g to be a UA-Lie ring.
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