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Some relations between topology and combinatorics

Mikiya Masuda
OCU (Japan), HSE (Moscow)
mikiyamsd@gmail.com

Abstract: In these three lectures, I will discuss the following three topics:
1. face numbers of simplicial polytopes and simplicial cell complexes
2. a generalization of Pick’s formula and multi-polytopes
3. a metric on permutations, permutohedra, and Coxeter matroids

These are independent topics which are concerned with relations between topology
(or geometry) and combinatorics. Here are some more details. First lecture (1): As is
well-known, Euler’s formula gives a necessary condition on the face numbers of convex
polytopes. Those face numbers must satisfy more conditions, but they are not completely
characterized in dimension greater than 3. However, if we restrict our concern to simplicial
polytopes, then the characterization of the face numbers is known as the celebrated g-
theorem, where toric geometry was used to establish the necessity condition.

The boundary of a simplicial polytope is a simplicial sphere (but the converse is not
true). There is a notion called a simplicial cell complex. Roughly speaking, a simplicial
cell complex is a CW complex such that the closure of each cell is a simplex. Therefore,
a simplicial complex is a simplicial cell complex. I will discuss the characterization of the
face numbers of simplicial cell spheres and explain how toric topology is related to the
characterization.

Second lecture (2): Pick’s formula expresses the area of a lattice polygon in terms of
the number of lattice points on the polygon. Interestingly, this simple formula has several
proofs using different mathematics such as high school mathematics, topology, complex
analysis, and toric geometry. This implies that Pick’s formula is a tip of iceberg, indeed
there are some deep mathematics under the formula. I will discuss its generalization which
leads to the notion of a multi-polytope, that is a generalization of a convex polytope.

Third lecture (3): The permutation group &,, on n letters has a natural metric. Ge-
ometrically, elements of &,, can be regarded as vertices of a permutohedron and then the
metric on &,, can be understood as the minimum number of egdes connecting vertices. A
certain subset A of &,, has an interesting property that any element of &,, has a unique
closest element in A. I will discuss how to find the closest element. It turns out that a
Coxeter matroid of &,, provides such a subset and it is also related to a torus orbit closure
in the flag variety.




Tomosiorug cBoiicTB U AeiCTBUA T'PYIIII

Anron Aiizenbepr
MJI ATull, ®KH HIY BIIS (Mocksa)
ayzenberga@gmail.com

Awnnorarnusa: MoxXHO Jin aAropuTMUYECKU TPOBEPUTH CBORCTBO allMKJINIHOCTH Tpada, He
nepedbupas Bce ero pedopa? A MOXKHO i OBICTPO HIPOBEPUTH CBOMCTBO ILIaHAPHOCTH rpada’?

91 cBoiicTBa rpadoB ABIAIOTCA WHBAPDUAHTHBIMU U MOHOTOHHBIMH BHH3: OHU He 3a-
BUCAT OT HyMepaIluw BepiuH rpada u Hacaeayorcesa noarpadavu. 'nnoresa Aanjgepaa—
Kapna—Pozenbepra yrsepzkiaaer, 4To J1000€ MOHOTOHHOE WHBAPUAHTHOE CBOMCTBO rpada
BO3MOYKHO MPOBEPUTH, JIUITH IepedpaB Bce BO3MOXKHBIE pebpa rpada. DTa obIas rumoresa
nokazana Kanom, Cakcom u CTepreBaHTOM B CJIydae, KOIjIa KOJUIeCTBO BEPIINH I'pada —
CTeNleHb MIPOCTOTO Yucia. KIToueByio posib B 1I0KA3aTeJIbCTBE HTPAIOT TeHCTBUS KOHEUHBIX
I'PYII HA TONOJOTHYECKUX TTPOCTPAHCTBAX.

¢ nraHupyo 06 bICHUTD OCHOBHBIE /U U (DAKTHI, CTOSIIIHE 33 ITUM JOKA3ATETbCTBOM.

[TepBasg jeknus OyaeT BBOIHOIN: Mbl pa3depeM pa3jndHble CBOWCTBA rpadoB U MONbITA-
eMCs TIOHSITh, KAaKIM 00pa30M B aJrOPUTMHUYECKUX 33aUaX BO3HUKAET TOMOJIOTHs. B Jjiek-
IIUU MBI OOCY/IMM TOHATHS CUMILTAIIAATBHBIX KOMILJIEKCOB U WX MTPOCTOW TOMOTOIUYECKOI
SKBUBAJIEHTHOCTU. DTa JIEKIUs JOJKHA OBITh MOHATHA CTYJIEHTaM, IIPOIIeIINM Oa30BBIil
KYypC JUCKPETHON MaTeMaTUKU.

Bropas seknus oyaer 6osee crenuaibuoii. Mbl 00CYyIuM OCHOBHBIE PE3yJILTATHI O jeii-
CTBUSIX KOHEYHBIX T'PYII HA CHUMILTMIIHAIBHBIX KOMILTEKcax: Teopemy Jledrmemna o Hero-
JIBUKHBIX TOYKaX, OCHOBBI Teopuu CMmuTa, M g pacckKaxy o kiaacce rpymn Omausepa. [lisa
MOHUMAaHUS JEKINY HY?KHO 3HATh, YTO TAKOe CUMILTHIIHATbHBIE TOMOJIOTUH, & TAKXKe UMeTh
obIIiee mpejicTaBIeHne O TPYIax (Hy?KHO 3HATH, YTO TAKOE HOPMAJbHAS MOATPYIIA, U U4TO
Takoe JeficTBue TPYIIbI Ha MHOYKECTBE).

B tperbeii iekmun st 00bSACHIO T0Ka3aTEAhCTBO TUoTe3bl Aanaepaa—Kapma—Pozenbepra
JIJIA CTeIeHN IIPOCTOro Yucia. /[yigd moHnMaHug JIeKIuu YKejlaTeTbHO HMeTh 0a30BOe HmpeJ-
cTaBJeHHe O KOHEUHBIX MOJIAX (BBl MMeeTe MPeJCTABIEHIe O KOHeUHBIX MOJISAX, eCJIU BaC He
CMyIIaeT cJI0BOocOYeTaHHe “My/ILTHILIMKATHBHAS IpyNHa moiad u3 p smementos”). BymyT
chopMyTHPOBAHBI BOPOCHL JIJ1sT CAMOCTOSITEIBHOTO 001y MBIBAHUSI.
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Cayqaiiable OJyXKJIaHIA HAa MeTpumdeckKux rpadax

Beesonon HYepnbimen
MJI ATull, ®KH HIY BIIID (Mocksa)
vchernyshev@hse.ru

Annoramnus: Jleknusa Oyner mocBdnieHa N3YUYEHUIO CIYYANHBIX OJIYKIAHWI HA MeTpUYe-
ckux rpadax. Merpuieckum Ha3biBaeTcs rpad, B KOTOPOM KazKi0e pedbpo He IIPOCTO KaKoe-
TO OTHOIIEHUE MEYKJy BEPIIUHAME, a MPeJICTaBIgeT cO0OH OTPEe30K TJIAJKON pery/isdpHOi
kpuBoit. COOTBETCTBEHHO, KAYK/as TOUYKA HA pedpe MOKeT OBITh KOHEUYHBIM TOI0KEHUEM
U caydaitHoro O.1yxKaaHus. BeiOop HampaBiieHUs JBUYKEHHT BO3MOYKEH TOJBKO B Bep-
muHe. CKOJBKO MOZKET OBITh BO3MOXKHBIX KOHEUHBIX MOJOKEeHUH Yy TaKoro OmyKaanus? £
pacckazKy O TOM, Kak cBg3aHa TeopeMma [Inmka ¢ pacupenesieHreM MPOCTBIX YHUCET U KaKOe
oba 3TH pe3y/abTaTa UMEIOT OTHOIIEHHE K METPUYECKUM rpadaM.

ITaTTepubl B mecoyHoit Moaean

Huknra Kanunun
CIIeI'y, BIIID CII6 (Cankr-Ilerepbypr)
nikaanspb@gmail.com

Awnnorarus: [lecounas Mome/nb — OCHOBHOM ITPUMeEp CaMOOPTAHU3YIOIIEHCT KPUTUIHOCTH
U IIPOCTas MOJIEJb JJIsl ITPOIOPITHOHAJIBHOTO pocTa. ¢l MoKayKy KapTUHKHU IMaTTepPHOB, KOTO-
pble BO3HUKAIOT MPU PeaaKkcann HeOOJIbINX BO3MYIIEHUAX MAKCHMAJIbHOTO CTaOUIHHOTO
COCTOSHUSA U 0OCY2KY CMEKHbIE BOIIPOCHI JTUCKPETHOI'O TAPMOHUYECKOTO aHAJIU3a U TEOPHH
YHUCEJT.

Bokpyr 1BeTHOIT TomoJjiormyeckoii reopembl TBepbepra

lasins [Manuna
[TOMU PAH, JTaboparopusi Hebnimesa u MKH CTI6TY (Caunkr-TleTep6ypr)
gaiane-panina@rambler.ru

Awunoranus: Bosbmure Teopemy Pajona (Beskoe MHOKeCTBO n3 d + 2 TOYeK d-MepHOTO
IPOCTPAHCTBA MOZKET OBITH Pa3/IeJIeHO Ha IBa HellepeceKaoUX s IIOIMHOKEeCTBA, IbU BhI-
Iy KJIbIe O00JIOUKH [IEPECEKAIOTCs ), TOTpebyiiTe 6OIbINeH KPATHOCTH [epecedeHust, 0Caabb-
Te ahpdUHHBI BADUAHT 10 MPOU3BOJILHOTO HEIPEPBIBHOTO, T00ABBTE IBETA — IIOJIYUHTCS
[BETHAs TOMOJOrHYecKas Teopema TBepbepra. Oxumgaemo, aro Tpedys 6OIbIe, TPUIeTCs
JIOTIOJTHUTEILHO 3aIaTuTh. VHTepecHo, 9To g0baBjeHne 1BeTOB OeCILIaTHO.
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Y 310if TEopeMbl ecTh JBa jokasaresbcTBa — meppoe (Baaroesud, Iuriaep, Martiike),
depes3 SKBUBAPHAHTHbIE MPENATCTBUsA, U Bropoe (Bpeunna, 2KupajieBud) — yepe3 crelneHb
YKBUBAPUAHTHBIX OTOOPAKEHUI.

91 pacckazky oba TOKA3aTeIbCTBA, TIOKAXKY OJMH OCTPOYMHBIH KOMOUHATOPHBIH TIPHUEM,
MHOTO e paboramoniuii B 3aja4ax “runa Tsepbepra”’ u npejacTaB/iio OJUH COBCEM HOBBII
pesyasrar (Hoitny, 2Kusanesuy, T1.)

OcCHOBBI IPUKJIAJTHOI TOIIOJJOTHUNI

Dejop ITaBy UKW
MJI ATull, ®KH HIIY BIIY (Mocksa), Jlaboparopust Hebnrmesa CII6TY
(Camkr-Ilerepbypr)
fedor.pavutnitskiy@gmail.com

AnBoTamus:

1. Begenne B nepcucTeHTHBIE TOMOJIOTHH.

[Ipu paccMmoTpeHun roMoJIOrHi (PUIBTPOBAHHOTO CUMILTHITAATIHLHOTO KOMILIEKCA, eCTe-
CTBEHHBIM 00pPa30M BO3HUKAET MOHATHE MEPCHCTEHTHOCTH. B MepBOil 4acTu JIEKITHH MBI
obcy UM €ero cTporoe ajaredpamdeckoe OlpejeeHrne W TeopeMy 00 WHTepPBaJbHOM pas3-
JIO?KEHHH TePCHCTEHTHOrO MojyJisg. Bo BTopoii, 6osiee NpHKIAJIHONR YacTH, MpeIaraeTcs
pPaccMOTPeTh THIIMYHBIE TPUMEPhI (PUIBTPOBAHHBIX KOMILIEKCOB, BO3HUKAIONIUX IIPU pac-
CMOTpeHn# 00JaKOB JaHHBIX B R" a TakKe HaILJISIHbIE HMPEICTABICHHUS TEPCUCTEHTHBIX
roOMOJIOTHil B BuJie OAPKOI0OB M MEPCUCTEHTHBIX JTHATPAMM.

2. Mapper — ajaroput™ TOMOJOTHIECKOTO AHAJIM3, TAHHBIX.

YacTo /Ui BbIgBICHUs CTPYKTYD H 3aKOHOMEPHOCTEH B JaHHBIX BHICOKON pa3MepHOCTH
OBIBaeT MOJIE3HBIM HX MaJoOMepHOe HpeicTaBieHne. Ajaropurm Mapper ¢TpouT momoOHOe
HIpeJcTaB/JIeHle TaHHbIX B hopMe pacKpalleHHOro rpada ¢ JOMOJTHUTEIbHOU CTPYKTYPOil.
Mpb1 pazbepem 1ocjieoBaTeJIbHOE MOCTPOEHUE TOr0 I'pada, BaxKHOCTH BbIOOpa PUILTP-
(GYHKIMN ¥ PACCMOTPHUM HEKOTOPbIE IPUMEPBI yIadHoro npuMenenuns Mapper’a.

An introduction into Ollivier Riccl curvature

Norbert Peyerimhoff
Durham University (England)
norbert.peyerimhoff@durham.ac.uk

Abstract: Yann Ollivier proposed in 2009 a curvature notion for Markov chains on metric
spaces, based on optimal transport of probability measures associated to a random walk.
In the special setting of graphs, this concept provides a curvature notion on the edges
and depends on an idleness parameter of the random walk. Interestingly, there are many



publications covering various practical applications of this curvature notion ranging from
cancer research to the internet topology. In this talk, I will motivate and introduce this
notion and discuss some specific properties of Ollivier Ricci curvature.

IHTeaauar HHOJIMAPAJIbHBIX, CUMILJINIIAAJIbBHBIX "
MaTpONJHbIX KOMIIJIEKCOB

['puropwuit Cosomaina
MU um. Hukoasckoro, PY/IH (Mocksa)
grigory.solomadin@gmail.com

Aunoranus: Vjesa cnenuasbHOrO yHopsiioveHust (IIeJUIMHTA) MHIeprpaHeil BBITYKJIOrO
MHOrorpannuka B R” Bosnukja B padore Illnédpaun 1901 roga mpu goka3aTeabcTBe Gop-
mysibl Ditnepa-11lnédan nas ero rpanuns. B padorax XX Beka Piopu, Bunr, Pyaun u
JIpPyTHe TMOCTPOWIN pasjmdyibie npuMmepbl PL-kjeTok, He pomyckatormmx mresiuar. B 1971
roay Bprorreccep m Manu mpuBean M3AMIHYIO KOHCTPYKIMIO /s MOJ0OHOTO YIOPSI0-
YeHUsl HA I'PAHUYHOM KOMILIEKCE BBIIYKJIOTO MHOTI'OIpAHHHKA. 3aMedaTeJbHble CBOWCTBA
IIEJTAHTOBBIX CHUMILIAIHAAILHBIX KOMILIEKCOB IPHUBEJH K HMOABJICHUIO JTAJIbHEHINX HpPH-
JIOYKEHUH TOr0 HOHSATHS B KOMMYTATUBHOM ajirebpe m reoMerpuydeckoil KOMOMHATOPUKE.
Jling crennaJibHOrO KJIacCa MAaTPOUIHBIX CHMILIHIMAIbHBIX KOMILIEKCOB JIEKCUKOT padmie-
CKOEe YTOPSII0YeHne MaKCUMAJJIbHBIX CUMILIEKCOB, WHAYIIMPOBAHHOE JIFOOBIM TOPSIKOM Ha
MHOKECTBE BEPIIUH, SIBJIACTCA MIEJJIUHIOM. DTO YCJIOBHE BBIJIC/ISET MATPOUILI CPEIN BCEX
CUMILIMIIIATBHBIX KOMILIEKCOB, TaK KaK B O0IIeM caydae 3ajada CyIeCTBOBAHUS IIe L IuH-
ra gBjsgercs caoxkuoil (NP-mosHoit). B x07e 9acoBoii JeKImun s moctapaioch JaTh KPATKHil
0030p 0a30BOI TeopHH ITEJLINHTA U MAaTPOUI0B. Bee onpenenenns OyyT JaHbl B X0JI€ JIE€K-
UK, TTPEIBAPUTEIbHBIX 3HAHUI He Tpedyercs.

Self-dual binary codes from small covers and simple
polytopes

Li Yu
Nanjing University (China)
yuli@nju.edu.cn

(This lecture is based on a joint work [5] of the speaker
with Bo Chen and Zhi Lii

Abstract: In the first part of the lecture, we will first explain some basic notions of binary
codes. Then we explain a general method (invented by V. Puppe [9]) of constructing self-
dual binary codes from the equivariant cohomology of closed manifolds with some specical



involutions. It turns out that any self-dual binary code can be obtained in this way (proved
by Kreck-Puppe [8]).

In the second part of the lecture, we explore the connection between simple polytopes
and self-dual binary codes via the theory of small covers. These are important class of
closed manifolds occurring in toric topology. We will first show that a small cover M over
a simple n-polytope P" produces a self-dual binary code through the method of Puppe if
and only if P" is n-colorable and n is odd. These self-dual binary codes can be described by
the combinatorics of P". Moreover, we construct a family of binary linear codes B, (P"),
0 < k < n, for a general simple n-polytope P™ and discuss when B (P") is self-dual.

A spinoff of our investigation gives us some new ways to judge whether a simple n-
polytope P" is n-colorable in terms of the associated binary codes B, (P™). In addition,
we discuss some applications to doubly-even binary codes.
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Generalized Tonnetz

Rade T. Zivaljevié
Mathematical institute SASA (Belgrade)
rade@mi.sanu.ac.rs

Abstract: In his seminal work on music theory “Tentamen novae theoriae musicae ex
certissismis harmoniae principiis dilucide expositae” (1739), Leonhard Euler introduced a
lattice diagram — Tonnetz — representing the classical tonal space. In more recent interpre-
tations this diagram is identified as a triangulation of a torus with 24 triangles representing
all the major and minor traids. Motivated by Euler’s Tonnetz, we introduce and study the
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(a) Tonn'?*(3,4,5) (b) Tonn'*(2,3,7)
Figure 1: Combinatorially non-isomorphic complexes of Tonnetz type.

combinatorics and topology of more general simplicial complexes Tonn™*(L) of Tonnetz
type. We will show that for a sufficiently generic choice of parameters the generalized ton-
netz Tonn™"(L) is a triangulation of a (k — 1)-dimensional torus 7%"!. In the proof we
construct and use the properties of a discrete Abel-Jacobi map, which takes values in the
torus TH~1 =~ R¥=1/A where A =~ A} _, is the permutohedral lattice.

Key words and phrases: Simplicial covering spaces, simplicial (co)homology, permutohe-

dron, affine Weyl group, minimal triangulations, sphere packings and lattices.
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https://www.youtube.com/watch?v=nidHgLA2UBO, etc.
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