
Îñåííÿÿ îíëàéí øêîëà

�Ïðèëîæåíèÿ òîïîëîãèè è ãåîìåòðèè�

Ìåæäóíàðîäíàÿ ëàáîðàòîðèÿ

Àëãåáðàè÷åñêîé òîïîëîãèè è åå ïðèëîæåíèé

Ôàêóëüòåò êîìïüþòåðíûõ íàóê ÍÈÓ ÂØÝ

11-13 ñåíòÿáðÿ 2020 ã.

Àííîòàöèè ëåêöèé

Autumn online school

�Applications of topology and geometry�

International laboratory
Algebraic topology and its applications
Faculty of Computer Science, NRU HSE

September 11-13, 2020.

Abstracts

1



Some relations between topology and combinatorics

Mikiya Masuda
OCU (Japan), HSE (Moscow)

mikiyamsd@gmail.com

Abstract: In these three lectures, I will discuss the following three topics:

1. face numbers of simplicial polytopes and simplicial cell complexes

2. a generalization of Pick's formula and multi-polytopes

3. a metric on permutations, permutohedra, and Coxeter matroids

These are independent topics which are concerned with relations between topology
(or geometry) and combinatorics. Here are some more details. First lecture (1): As is
well-known, Euler's formula gives a necessary condition on the face numbers of convex
polytopes. Those face numbers must satisfy more conditions, but they are not completely
characterized in dimension greater than 3. However, if we restrict our concern to simplicial
polytopes, then the characterization of the face numbers is known as the celebrated g-
theorem, where toric geometry was used to establish the necessity condition.

The boundary of a simplicial polytope is a simplicial sphere (but the converse is not
true). There is a notion called a simplicial cell complex. Roughly speaking, a simplicial
cell complex is a CW complex such that the closure of each cell is a simplex. Therefore,
a simplicial complex is a simplicial cell complex. I will discuss the characterization of the
face numbers of simplicial cell spheres and explain how toric topology is related to the
characterization.

Second lecture (2): Pick's formula expresses the area of a lattice polygon in terms of
the number of lattice points on the polygon. Interestingly, this simple formula has several
proofs using di�erent mathematics such as high school mathematics, topology, complex
analysis, and toric geometry. This implies that Pick's formula is a tip of iceberg, indeed
there are some deep mathematics under the formula. I will discuss its generalization which
leads to the notion of a multi-polytope, that is a generalization of a convex polytope.

Third lecture (3): The permutation group Sn on n letters has a natural metric. Ge-
ometrically, elements of Sn can be regarded as vertices of a permutohedron and then the
metric on Sn can be understood as the minimum number of egdes connecting vertices. A
certain subset A of Sn has an interesting property that any element of Sn has a unique
closest element in A. I will discuss how to �nd the closest element. It turns out that a
Coxeter matroid of Sn provides such a subset and it is also related to a torus orbit closure
in the �ag variety.
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Òîïîëîãèÿ ñâîéñòâ è äåéñòâèÿ ãðóïï

Àíòîí Àéçåíáåðã
ÌË ÀÒèÏ, ÔÊÍ ÍÈÓ ÂØÝ (Ìîñêâà)

ayzenberga@gmail.com

Àííîòàöèÿ: Ìîæíî ëè àëãîðèòìè÷åñêè ïðîâåðèòü ñâîéñòâî àöèêëè÷íîñòè ãðàôà, íå
ïåðåáèðàÿ âñå åãî ðåáðà? À ìîæíî ëè áûñòðî ïðîâåðèòü ñâîéñòâî ïëàíàðíîñòè ãðàôà?

Ýòè ñâîéñòâà ãðàôîâ ÿâëÿþòñÿ èíâàðèàíòíûìè è ìîíîòîííûìè âíèç: îíè íå çà-
âèñÿò îò íóìåðàöèè âåðøèí ãðàôà è íàñëåäóþòñÿ ïîäãðàôàìè. Ãèïîòåçà Ààíäåðàà�
Êàðïà�Ðîçåíáåðãà óòâåðæäàåò, ÷òî ëþáîå ìîíîòîííîå èíâàðèàíòíîå ñâîéñòâî ãðàôà
âîçìîæíî ïðîâåðèòü, ëèøü ïåðåáðàâ âñå âîçìîæíûå ðåáðà ãðàôà. Ýòà îáùàÿ ãèïîòåçà
äîêàçàíà Êàíîì, Ñàêñîì è Ñòåðòåâàíòîì â ñëó÷àå, êîãäà êîëè÷åñòâî âåðøèí ãðàôà �
ñòåïåíü ïðîñòîãî ÷èñëà. Êëþ÷åâóþ ðîëü â äîêàçàòåëüñòâå èãðàþò äåéñòâèÿ êîíå÷íûõ
ãðóïï íà òîïîëîãè÷åñêèõ ïðîñòðàíñòâàõ.

ß ïëàíèðóþ îáúÿñíèòü îñíîâíûå èäåè è ôàêòû, ñòîÿùèå çà ýòèì äîêàçàòåëüñòâîì.
Ïåðâàÿ ëåêöèÿ áóäåò ââîäíîé: ìû ðàçáåðåì ðàçëè÷íûå ñâîéñòâà ãðàôîâ è ïîïûòà-

åìñÿ ïîíÿòü, êàêèì îáðàçîì â àëãîðèòìè÷åñêèõ çàäà÷àõ âîçíèêàåò òîïîëîãèÿ. Â ëåê-
öèè ìû îáñóäèì ïîíÿòèÿ ñèìïëèöèàëüíûõ êîìïëåêñîâ è èõ ïðîñòîé ãîìîòîïè÷åñêîé
ýêâèâàëåíòíîñòè. Ýòà ëåêöèÿ äîëæíà áûòü ïîíÿòíà ñòóäåíòàì, ïðîøåäøèì áàçîâûé
êóðñ äèñêðåòíîé ìàòåìàòèêè.

Âòîðàÿ ëåêöèÿ áóäåò áîëåå ñïåöèàëüíîé. Ìû îáñóäèì îñíîâíûå ðåçóëüòàòû î äåé-
ñòâèÿõ êîíå÷íûõ ãðóïï íà ñèìïëèöèàëüíûõ êîìïëåêñàõ: òåîðåìó Ëåôøåöà î íåïî-
äâèæíûõ òî÷êàõ, îñíîâû òåîðèè Ñìèòà, è ÿ ðàññêàæó î êëàññå ãðóïï Îëèâåðà. Äëÿ
ïîíèìàíèÿ ëåêöèè íóæíî çíàòü, ÷òî òàêîå ñèìïëèöèàëüíûå ãîìîëîãèè, à òàêæå èìåòü
îáùåå ïðåäñòàâëåíèå î ãðóïïàõ (íóæíî çíàòü, ÷òî òàêîå íîðìàëüíàÿ ïîäãðóïïà, è ÷òî
òàêîå äåéñòâèå ãðóïïû íà ìíîæåñòâå).

Â òðåòüåé ëåêöèè ÿ îáúÿñíþ äîêàçàòåëüñòâî ãèïîòåçû Ààíäåðàà�Êàðïà�Ðîçåíáåðãà
äëÿ ñòåïåíè ïðîñòîãî ÷èñëà. Äëÿ ïîíèìàíèÿ ëåêöèè æåëàòåëüíî èìåòü áàçîâîå ïðåä-
ñòàâëåíèå î êîíå÷íûõ ïîëÿõ (âû èìååòå ïðåäñòàâëåíèå î êîíå÷íûõ ïîëÿõ, åñëè âàñ íå
ñìóùàåò ñëîâîñî÷åòàíèå �ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ èç pk ýëåìåíòîâ�). Áóäóò
ñôîðìóëèðîâàíû âîïðîñû äëÿ ñàìîñòîÿòåëüíîãî îáäóìûâàíèÿ.

Èñòî÷íèêè:

[1] J.Kahn, M. Saks, D. Sturtevant, A topological approach to evasiveness, Combinatorica
4 (1984), 297�306.

[2] H.W.Lenstra, M.R.Best, P. E.Boas, A sharpened version of the Aanderaa-Rosenberg

conjecture, Mathematisch Centrum Amsterdam, Report 30/74 (1974).

[3] R.Oliver, Fixed-Point Sets of Group Actions on Finite Acyclic Complexes, Comment.
Math. Helvetici 30 (1975) 155�177.
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Ñëó÷àéíûå áëóæäàíèÿ íà ìåòðè÷åñêèõ ãðàôàõ

Âñåâîëîä ×åðíûøåâ
ÌË ÀÒèÏ, ÔÊÍ ÍÈÓ ÂØÝ (Ìîñêâà)

vchernyshev@hse.ru

Àííîòàöèÿ: Ëåêöèÿ áóäåò ïîñâÿùåíà èçó÷åíèþ ñëó÷àéíûõ áëóæäàíèé íà ìåòðè÷å-
ñêèõ ãðàôàõ. Ìåòðè÷åñêèì íàçûâàåòñÿ ãðàô, â êîòîðîì êàæäîå ðåáðî íå ïðîñòî êàêîå-
òî îòíîøåíèå ìåæäó âåðøèíàìè, à ïðåäñòàâëÿåò ñîáîé îòðåçîê ãëàäêîé ðåãóëÿðíîé
êðèâîé. Ñîîòâåòñòâåííî, êàæäàÿ òî÷êà íà ðåáðå ìîæåò áûòü êîíå÷íûì ïîëîæåíèåì
äëÿ ñëó÷àéíîãî áëóæäàíèÿ. Âûáîð íàïðàâëåíèÿ äâèæåíèÿ âîçìîæåí òîëüêî â âåð-
øèíå. Ñêîëüêî ìîæåò áûòü âîçìîæíûõ êîíå÷íûõ ïîëîæåíèé ó òàêîãî áëóæäàíèÿ? ß
ðàññêàæó î òîì, êàê ñâÿçàíà òåîðåìà Ïèêà ñ ðàñïðåäåëåíèåì ïðîñòûõ ÷èñåë è êàêîå
îáà ýòè ðåçóëüòàòà èìåþò îòíîøåíèå ê ìåòðè÷åñêèì ãðàôàì.

Ïàòòåðíû â ïåñî÷íîé ìîäåëè

Íèêèòà Êàëèíèí
ÑÏáÃÓ, ÂØÝ ÑÏá (Ñàíêò-Ïåòåðáóðã)

nikaanspb@gmail.com

Àííîòàöèÿ: Ïåñî÷íàÿ ìîäåëü � îñíîâíîé ïðèìåð ñàìîîðãàíèçóþùåéñÿ êðèòè÷íîñòè
è ïðîñòàÿ ìîäåëü äëÿ ïðîïîðöèîíàëüíîãî ðîñòà. ß ïîêàæó êàðòèíêè ïàòòåðíîâ, êîòî-
ðûå âîçíèêàþò ïðè ðåëàêñàöèè íåáîëüøèõ âîçìóùåíèÿõ ìàêñèìàëüíîãî ñòàáèëüíîãî
ñîñòîÿíèÿ è îáñóæó ñìåæíûå âîïðîñû äèñêðåòíîãî ãàðìîíè÷åñêîãî àíàëèçà è òåîðèè
÷èñåë.

Âîêðóã öâåòíîé òîïîëîãè÷åñêîé òåîðåìû Òâåðáåðãà

Ãàÿíý Ïàíèíà
ÏÎÌÈ ÐÀÍ, Ëàáîðàòîðèÿ ×åáûøåâà è ÌÊÍ ÑÏáÃÓ (Ñàíêò-Ïåòåðáóðã)

gaiane-panina@rambler.ru

Àííîòàöèÿ: Âîçüìèòå òåîðåìó Ðàäîíà (âñÿêîå ìíîæåñòâî èç d � 2 òî÷åê d-ìåðíîãî
ïðîñòðàíñòâà ìîæåò áûòü ðàçäåëåíî íà äâà íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâà, ÷üè âû-
ïóêëûå îáîëî÷êè ïåðåñåêàþòñÿ), ïîòðåáóéòå á�îëüøåé êðàòíîñòè ïåðåñå÷åíèÿ, îñëàáü-
òå àôôèííûé âàðèàíò äî ïðîèçâîëüíîãî íåïðåðûâíîãî, äîáàâüòå öâåòà � ïîëó÷èòñÿ
öâåòíàÿ òîïîëîãè÷åñêàÿ òåîðåìà Òâåðáåðãà. Îæèäàåìî, ÷òî òðåáóÿ áîëüøå, ïðèäåòñÿ
äîïîëíèòåëüíî çàïëàòèòü. Èíòåðåñíî, ÷òî äîáàâëåíèå öâåòîâ áåñïëàòíî.
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Ó ýòîé òåîðåìû åñòü äâà äîêàçàòåëüñòâà � ïåðâîå (Áëàãîåâè÷, Öèãëåð, Ìàòøêå),
÷åðåç ýêâèâàðèàíòíûå ïðåïÿòñòâèÿ, è âòîðîå (Âðå÷èöà, Æèâàëåâè÷) � ÷åðåç ñòåïåíü
ýêâèâàðèàíòíûõ îòîáðàæåíèé.

ß ðàññêàæó îáà äîêàçàòåëüñòâà, ïîêàæó îäèí îñòðîóìíûé êîìáèíàòîðíûé ïðèåì,
ìíîãî ãäå ðàáîòàþùèé â çàäà÷àõ �òèïà Òâåðáåðãà� è ïðåäñòàâëþ îäèí ñîâñåì íîâûé
ðåçóëüòàò (Éîéè÷, Æèâàëåâè÷, Ï.)

Îñíîâû ïðèêëàäíîé òîïîëîãèè

Ôåäîð Ïàâóòíèöêèé
ÌË ÀÒèÏ, ÔÊÍ ÍÈÓ ÂØÝ (Ìîñêâà), Ëàáîðàòîðèÿ ×åáûøåâà ÑÏáÃÓ

(Ñàíêò-Ïåòåðáóðã)
fedor.pavutnitskiy@gmail.com

Àííîòàöèÿ:

1. Ââåäåíèå â ïåðñèñòåíòíûå ãîìîëîãèè.
Ïðè ðàññìîòðåíèè ãîìîëîãèé ôèëüòðîâàííîãî ñèìïëèöèàëüíîãî êîìïëåêñà, åñòå-

ñòâåííûì îáðàçîì âîçíèêàåò ïîíÿòèå ïåðñèñòåíòíîñòè. Â ïåðâîé ÷àñòè ëåêöèè ìû
îáñóäèì åãî ñòðîãîå àëãåáðàè÷åñêîå îïðåäåëåíèå è òåîðåìó îá èíòåðâàëüíîì ðàç-
ëîæåíèè ïåðñèñòåíòíîãî ìîäóëÿ. Âî âòîðîé, áîëåå ïðèêëàäíîé ÷àñòè, ïðåäëàãàåòñÿ
ðàññìîòðåòü òèïè÷íûå ïðèìåðû ôèëüòðîâàííûõ êîìïëåêñîâ, âîçíèêàþùèõ ïðè ðàñ-
ñìîòðåíèè îáëàêîâ äàííûõ â Rn à òàêæå íàãëÿäíûå ïðåäñòàâëåíèÿ ïåðñèñòåíòíûõ
ãîìîëîãèé â âèäå áàðêîäîâ è ïåðñèñòåíòíûõ äèàãðàìì.

2. Mapper � àëãîðèòì òîïîëîãè÷åñêîãî àíàëèçà äàííûõ.
×àñòî äëÿ âûÿâëåíèÿ ñòðóêòóð è çàêîíîìåðíîñòåé â äàííûõ âûñîêîé ðàçìåðíîñòè

áûâàåò ïîëåçíûì èõ ìàëîìåðíîå ïðåäñòàâëåíèå. Àëãîðèòì Mapper ñòðîèò ïîäîáíîå
ïðåäñòàâëåíèå äàííûõ â ôîðìå ðàñêðàøåííîãî ãðàôà ñ äîïîëíèòåëüíîé ñòðóêòóðîé.
Ìû ðàçáåðåì ïîñëåäîâàòåëüíîå ïîñòðîåíèå ýòîãî ãðàôà, âàæíîñòü âûáîðà ôèëüòð-
ôóíêöèè è ðàññìîòðèì íåêîòîðûå ïðèìåðû óäà÷íîãî ïðèìåíåíèÿ Mapper'à.

An introduction into Ollivier Ricci curvature

Norbert Peyerimho�
Durham University (England)

norbert.peyerimho�@durham.ac.uk

Abstract: Yann Ollivier proposed in 2009 a curvature notion for Markov chains on metric
spaces, based on optimal transport of probability measures associated to a random walk.
In the special setting of graphs, this concept provides a curvature notion on the edges
and depends on an idleness parameter of the random walk. Interestingly, there are many
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publications covering various practical applications of this curvature notion ranging from
cancer research to the internet topology. In this talk, I will motivate and introduce this
notion and discuss some speci�c properties of Ollivier Ricci curvature.

Øåëëèíã ïîëèýäðàëüíûõ, ñèìïëèöèàëüíûõ è
ìàòðîèäíûõ êîìïëåêñîâ

Ãðèãîðèé Ñîëîìàäèí
ÌÈ èì. Íèêîëüñêîãî, ÐÓÄÍ (Ìîñêâà)

grigory.solomadin@gmail.com

Àííîòàöèÿ: Èäåÿ ñïåöèàëüíîãî óïîðÿäî÷åíèÿ (øåëëèíãà) ãèïåðãðàíåé âûïóêëîãî
ìíîãîãðàííèêà â Rn âîçíèêëà â ðàáîòå Øë�åôëè 1901 ãîäà ïðè äîêàçàòåëüñòâå ôîð-
ìóëû Ýéëåðà-Øë�åôëè äëÿ åãî ãðàíèöû. Â ðàáîòàõ XX âåêà Ôþð÷, Áèíã, Ðóäèí è
äðóãèå ïîñòðîèëè ðàçëè÷íûå ïðèìåðû PL-êëåòîê, íå äîïóñêàþùèõ øåëëèíã. Â 1971
ãîäó Áðþããåññåð è Ìàíè ïðèâåëè èçÿùíóþ êîíñòðóêöèþ äëÿ ïîäîáíîãî óïîðÿäî-
÷åíèÿ íà ãðàíè÷íîì êîìïëåêñå âûïóêëîãî ìíîãîãðàííèêà. Çàìå÷àòåëüíûå ñâîéñòâà
øåëëèíãîâûõ ñèìïëèöèàëüíûõ êîìïëåêñîâ ïðèâåëè ê ïîÿâëåíèþ äàëüíåéøèõ ïðè-
ëîæåíèé ýòîãî ïîíÿòèÿ â êîììóòàòèâíîé àëãåáðå è ãåîìåòðè÷åñêîé êîìáèíàòîðèêå.
Äëÿ ñïåöèàëüíîãî êëàññà ìàòðîèäíûõ ñèìïëèöèàëüíûõ êîìïëåêñîâ ëåêñèêîãðàôè÷å-
ñêîå óïîðÿäî÷åíèå ìàêñèìàëüíûõ ñèìïëåêñîâ, èíäóöèðîâàííîå ëþáûì ïîðÿäêîì íà
ìíîæåñòâå âåðøèí, ÿâëÿåòñÿ øåëëèíãîì. Ýòî óñëîâèå âûäåëÿåò ìàòðîèäû ñðåäè âñåõ
ñèìïëèöèàëüíûõ êîìïëåêñîâ, òàê êàê â îáùåì ñëó÷àå çàäà÷à ñóùåñòâîâàíèÿ øåëëèí-
ãà ÿâëÿåòñÿ ñëîæíîé (NP-ïîëíîé). Â õîäå ÷àñîâîé ëåêöèè ÿ ïîñòàðàþñü äàòü êðàòêèé
îáçîð áàçîâîé òåîðèè øåëëèíãà è ìàòðîèäîâ. Âñå îïðåäåëåíèÿ áóäóò äàíû â õîäå ëåê-
öèè, ïðåäâàðèòåëüíûõ çíàíèé íå òðåáóåòñÿ.

Self-dual binary codes from small covers and simple
polytopes

Li Yu
Nanjing University (China)

yuli@nju.edu.cn

(This lecture is based on a joint work [5] of the speaker
with Bo Chen and Zhi Lü)

Abstract: In the �rst part of the lecture, we will �rst explain some basic notions of binary
codes. Then we explain a general method (invented by V. Puppe [9]) of constructing self-
dual binary codes from the equivariant cohomology of closed manifolds with some specical

6



involutions. It turns out that any self-dual binary code can be obtained in this way (proved
by Kreck�Puppe [8]).

In the second part of the lecture, we explore the connection between simple polytopes
and self-dual binary codes via the theory of small covers. These are important class of
closed manifolds occurring in toric topology. We will �rst show that a small cover Mn over
a simple n-polytope P n produces a self-dual binary code through the method of Puppe if
and only if P n is n-colorable and n is odd. These self-dual binary codes can be described by
the combinatorics of P n. Moreover, we construct a family of binary linear codes BkpP

nq,
0 ¤ k ¤ n, for a general simple n-polytope P n and discuss when BkpP

nq is self-dual.
A spino� of our investigation gives us some new ways to judge whether a simple n-

polytope P n is n-colorable in terms of the associated binary codes BkpP
nq. In addition,

we discuss some applications to doubly-even binary codes.

References:

[1] C. Allday and V. Puppe, Cohomological methods in transformation groups, Cambridge
Studies in Advanced Mathematics, vol. 32. Cambridge University Press, London (1993).

[2] A. Brøndsted, An introduction to convex polytopes, Graduate Texts in Mathematics,
90, Springer-Verlag, New York-Berlin, 1983.

[3] V. Buchstaber and T. Panov, Torus actions and their applications in topology and

combinatorics, University Lecture Series, vol. 24, Amer. Math. Soc., Providence, RI,
2002.

[4] B. Chen and Z. Lü, Equivariant cohomology and analytic descriptions of ring isomor-

phisms, Math. Z. 261 (2009), No. 4, 891�908.

[5] B. Chen, Z. Lü and L. Yu, Self-dual binary codes from small covers and simple poly-
topes, Algebraic & Geometric Topology 18 (2018), No. 5, 2729�2767.

[6] M. Davis and T. Januszkiewicz, Convex polytopes, Coxeter orbifolds and torus Actions,
Duke Math. J. 62 (1991), 417�451.

[7] M. Joswig, Projectivities in simplicial complexes and colorings of simple polytopes,
Math. Z. 240 (2002), no. 2, 243�259.

[8] M. Kreck and V. Puppe, Involutions on 3-manifolds and self-dual binary codes, Homol-
ogy, Homotopy Appl. 10 (2008), no. 2, 139�148.

[9] V. Puppe, Group actions and codes. Can. J. Math. 153, 212�224 (2001).

[10] E. M. Rains and N.J. Sloane, Self-dual codes, Handbook of coding theory, Vol. I, II,
177�294, North-Holland, Amsterdam, 1998.

7



Generalized Tonnetz
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Abstract: In his seminal work on music theory �Tentamen novae theoriae musicae ex

certissismis harmoniae principiis dilucide expositae� (1739), Leonhard Euler introduced a
lattice diagram � Tonnetz � representing the classical tonal space. In more recent interpre-
tations this diagram is identi�ed as a triangulation of a torus with 24 triangles representing
all the major and minor traids. Motivated by Euler's Tonnetz, we introduce and study the

Figure 1: Combinatorially non-isomorphic complexes of Tonnetz type.

combinatorics and topology of more general simplicial complexes Tonnn,kpLq of Tonnetz
type. We will show that for a su�ciently generic choice of parameters the generalized ton-
netz Tonnn,kpLq is a triangulation of a pk � 1q-dimensional torus T k�1. In the proof we
construct and use the properties of a discrete Abel-Jacobi map, which takes values in the
torus T k�1 � Rk�1{Λ where Λ � A�

k�1 is the permutohedral lattice.

Key words and phrases: Simplicial covering spaces, simplicial (co)homology, permutohe-
dron, a�ne Weyl group, minimal triangulations, sphere packings and lattices.
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