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Dear Yura & Volodya,
Happy Birthdays! Till 120!

Disclaimer: This talk is not about new algorithms of Convex Optimization.
It is about extending the scope of existing algorithms.

Full version: A. Juditsky, A. Nemirovski, On well-structured convex-concave saddle
point problems and variational inequalities with monotone operators.
https://arxiv.org/pdf/2102.01002.pdf, to appear in Optimization Methods and

Software



Advertising Example

Statistical problem: Given a polyhedral subset X = {x : Rx < r} ofn-dimensional

probabilistic simplex, m x n column-stochastic matrix A, linear form g(z) = g z on
R™, and K I.i.d. observations w;. ~ Axsx Stemming from unknown signal x« € X, we

want to recover g!

Fact [Statistics]: Near-optimal in the minimax sense recovery of gz« reduces to
solving the convex (and thus efficiently solvable) problem

1
i = bi/ . — i/ ‘ Ty —
angégb {w:mngRyQQ [ozln ( g Z.e [Asc]z> + aln ( g ie [Ay]z) + g [y a:]] + Ca}

But: implicit nature of the objective—presence of max,: g,<, : Ry<,—Prevents uti-
lizing highly efficient and reliable “off the shelf” convex programming solvers.

e Applying techniques to be outlined in the talk, the problem can be rewritten equiv-
alently, in a systematic fashion, as

EX> ATt >0,67 > 0 >0
1 T+ _ AT¢e+ — T _
min 5[u_|__|_u_] +Ca: R n A 5 g,rmn <« :u++u-|-a ‘

+.

>0, M e 5 Rfn= —AT¢ =g,r'n <a—p +u;
¢i — pt + aln(a/A1) <0, —¢i — p- + aln(e/A;) <0, Vi

The reformulated problem possesses explicitly given objective and constraints and
can be fed “as is” to “off the shelf” software like CVX.



Well-Structured Convex Problems

& A convex program mi)rg f(x) always has a lot of a priori known structure — other-
Tre

wise, how could you know that the problem is convex?

O A good algorithm, in contrast to black-box-oriented “universal” algorithms like the
Ellipsoid Method, should utilize a priori knowledge of the structure (think about Sim-
plex Method fully adjusted to LP!)

& However: “structure” has no formal definition: we recognize it (say, in LP) only
after we see it...



& One of the outcomes of Interior Point Revolution was discovering a specific
“structure-revealing” reformulation of a convex problem — conic formulation
mxin {cTa: cAr — b € K}

where K Is
—in theory, a regular (closed convex pointed with nonempty interior) cone (mo more

“structure-revealing” than in the standard Mathematical Programming formulation)
—in optimization practice, a cone from Magic Family comprised of direct products of
(a) nonnegative rays R+ (b) Lorentz cones L™ = {x € R" : =, > \/Z” ! 2} and
(c) semidefinite cones S = {X = X1 e R™ " : u!' Xu > 0Vul.
e Conic problems from Maglc family can be solved to high accuracy in few iterations
by “unified” interior point polynomial time algorithms with steadily improving “off the
shelf” implementations.
& For all practical purposes, Convex Optimization is within the grasp of Magic Conic
Programming. Reducing problem of interest to a magic one requires utilizing, on a
case-by-case basis, a priori knowledge of problem’s structure, whatever it means.




& Reduction of problem of interest, given in the Mathematical Programming “maiden
form” as

mlin{fo(:p) C filx) <0,i <m,x € X} (MP)

to a Magic problem is immediate when we have at our disposal semidefinite repre-
sentations of objective, constraints, and the domain of (M P).

& Given family of reqular cones C containing nonnegative rays and closed w.r.t. tak-
ing finite direct products and passing from a cone to its dual,

— C-representation of a set X C R™ is

X={z:3Ju:Az+ Bu—ce K}withK e
— as affine image of inverse affine image of a cone from C.
— C-representation of a function f : R™ — R U {4oc} is C-representation
t> f(x) & Ju:Alz;t]+ Bu—ce KwithK € C

of the epigraph Epi{f} = {[x;t] : t > f(x)} of f.
& Observation: Given C-representations of components of (M P):

{t > fi(x) & Fu; : Ai[z;t] + Biu; —c; e K;},0<i<m&X ={z:Ju: Ar + Bu —c € K}
(M P) can be immediately reformulated as the conic problem

Aop[z; t] + Boug — co
min {t: [ Al O 4 B — e

Ax + Bu —c

EKoxle...meng}
ec

on a cone from C.
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& Reduction of convex problem of interest to C-conic problem heavily utilizes calcu-
lus of C-Representations (CR's) of functions and sets.

¢ Raw Materials of Calculus do depend on C and are comprised by “elementary”
functions/sets with C-representations obtained on case-by-case basis by bare hands,

e.g.

e halfspace:
{lz:t] :t>alz} ={[z;t] : t—alx e Ry}
e hypograph of geometric mean, assuming C contains Lorentz cones:

{z >0,y >0,t < /zy}
0

{[m;y;t] cdr x>0,y > 0,7'215,\/47'2—|—(:1:—y)2 Sx—l—y}
@[[m;y;f—t];[2T;xv—y;a:+y]]€Ri><L3

e sum of k leading eigenvalues of symmetric matrix, assuming C contains
semidefinite cones:
{t>F  N(X)} e {32,8: X 2 Z+5Ip, Z=0,Tr(Z) + ks < t}
[>\1(X) > Ao (X) > Ap(X) are eigenvalues of X € S™]



O Calculus rules are simple, fully algorithmic and completely independent of what C
is. These rules say that all basic convexity-preserving operations with functions and
sets, as applied to C-representable operands, produce C-representable results with
C-representations readily given by those of the operands. This includes
& For sets:
e taking finite intersections, direct products, arithmetic sums, affine and inverse
affine images
e taking convex hulls of finite unionsT, conic hullsT, polarsT
e passing from a set to its recessive cone' and to its support function?
& For functions:
e taking linear combinations with nonnegative coefficients, affine substitution of
variables, projective transformation
e direct summation f;(z;),i =1,...m— f(x1,....,2m) = > ; fi(x;)
e passing from functions f1, ..., fm, F' to their composition F'(f1(-), ..., fm(-)),
under standard monotonicity assumptions ensuring convexity of the composition
e partial minimization, passing from function to its Fenchel conjugate 1

O Operations marked T require mild regularity assumptions like closedness/compactness of some
operands and/or essentially strict feasibility of their C-representations
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& Note: Fully algorithmic calculus of C-representations can be built into a compiler.

For the family of Magic cones, this is what is done by CVX
Michael Grant and Stephen Boyd. CVX: Matlab software for disciplined convex programming

http://cvxr.com/cvx
e CVX is second-to-none in terms of its scope and user-friendliness “go-between’

for processing well-structured convex problems reduced to (or well approximated by)
Linear/Second Order Conic/Semidefinite Programming.

e CVX gets on input high level description of objective and constraints and uses cal-
culus of Magic conic representations (a.k.a. SDR’s - SemiDefinite Representations)
to recognize that subsequent steps in this description are covered by calculus (this
Is where disciplined comes from). If it is the case, CVX automatically applies calculus
rules to end up with semidefinite reformulation of the problem and sends the resulting
“standard form” SDP to SDP solver.

e The solution found by the solver is then “transformed back” to the original “problem
language” and returned to the user.



& CVX is extremely user-friendly.

Example: Inscribing largest volume ellipsoid into polytope {x : Az < b}.

e Human formulation: Given m x n matrix A with rows a! and b € R, maximize Det(X) over
X €8 andc € R" such that || Xail|2 + a/ ¢ < b, i <3 < m.

Explanation: We represent a candidate ellipsoid as £ = {c¢ + Xu : [Jul]]2 < 1} with X > 0. The
constraints on X and c state that £ C {x : Az < b}, and Det(X) is proportional to the volume of E.

e CVX formulation:
[m,n]=size(A)

cvx_begin
variable c(n,1)
variable X(n,n) symmetric
X == semidefinite(n)
for i=1:n
norm(A(i, :)*X)+A(i,:)*c <= b(i)
end
maximize det_rootn(X)
cvx_end

Note: CVX is enough intelligent to know SDR of —Det!/*(X), X € S} (-det rootn(X) in CVX), same

as SDR’s of tens of other useful functions.



& Our goal: To define conic representations of “well-structured” convex-concave
functions and monotone vector fields and to develop calculus of these representa-

tions, with the ultimate goal to reduce the associated Saddle Point problems and
Variational Inequalities to conic programs.

& Convention: From now on we fix a family C of regular cones in Euclidean spaces

which contains nonnegative rays, L3, and is closed w.r.t. taking finite direct products
and passing from a cone K to its dual K*.

(1) Unless otherwise is explicitly stated, all cones below belong to C.
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Terminology: A conic constraint Az — b € K is called essentially strictly feasible
(e.s.f. ), if the cone K can be represented as K = M x P with regular M and poly-
hedral P in such a way that

37 : Az — b € [intM] x P.
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Conic Representations of Convex-Concave Functions [Jud&N. 21]

Definition. Let X', Y be nonempty convex sets given by C-representations:

X={x:3F Az +B{—cc Ky}, Y={y:3In:Cy+ Dn—ec Ky}

and lety(xz;y) : X x Y — R be a continuous convex-concave function. 1) is called
C-representable (Cr) on X x Y, if it admits a C-representation (CR):

V(o € X,y €)1 y(niy) = inf {fTy+t:Pf+tp+ Qu+ Rx — s €K}

27

We call the above CR essentially strictly feasible (e.s.f. ), if the conic constraint
Pf+tp+ Qu+ [Rx —s] e K
in variables f,t,u is e.s.f. for every x € X.

Motivation: In the situation of Definition, the set

V= {[z; fit] iz € X, fly+t>Y(z;y)Vy € V} M
is convex, and by usual Fenchel duality in y-variable, one has
W(ziy) =infp {ffy+t:(z fit) eV} V(z,y) € X xY (1)

CRis obtained from (!!) by replacing W (which by itself can be too complicated to be Cr) with a
(perhaps, smaller) Cr set which still ensures (!!).
Note: The convex set W is a natural candidate to the role of the epigraph of convex-concave function
Y on X x Y —look what happens when Y = {0}.
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X={zr:3: Az + B —ceKy}, Y={y:In:Cy+ Dn—ec Ky}
V(z e X,y e)) d(aiy) = Inf (fly+t: Pf+ip+Qut Re—scKj

& Main Observation: Assume Y is compact with e.s.f.CR . Then the problem

mir {mx) _ maxm;y)} (P)
yey

reX
reduces to the explicit C-conic problem

{ Pf+tp+Qu+ Rz —seK }
min
‘/L‘?g?f)t?u?)\

t—efx: CTA+ f=0,DTA=0,1€Kj (Q)

Ar+ B —ce Ky

“reduces” meaning that the z-component of a feasible solution { = (x,&, f,t,u, \)
to (Q) is a feasible solution to (P) with the value of the objective of (P) at x being
< the value of the objective of (Q) at ¢, and the optimal values in (P) and (Q) are
the same.

= For every ¢ > 0, every feasible e-optimal approximate solution to (Q) induces
feasible e-optimal approximate solution to (P).
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X={zx:3F: Az + B —ceKy}, Y={y:In:Cy+ Dn—ec Ky}
V(ZUEX,yEy)iw(w;y)=}Q1;{ny+tiPf—l-tp-l—QU-I-Ra:—sEK}

Reason for Main Observation:

min max ) = min maxinf { fT t: P t Rx — K
xeX ye)y ”gb(x y) zeEX ye)y f,t,u{f y—l_ f+ p+QU+ . € }

= min inf {[maxny] —|—t:Pf—|—tp—|—Qu—|—Ra:—s€K}

zeX f,tu yey

Yy,n

CUEX,f,t,u

= inf min {—e’ X : CT)\—I—f:O,DTAzo}] +t:Pf+tp+Qu-+ Rx —s EK}
xeX, f tu _)\EK;

[by Conic Duality]
_ inf f— T - Pf4+itp+Qu+ Rr—seK
r€X AEKS, £ t,u CCTA+f=0,D"\=0
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& Fact ['Symmetry”]. Essentially strictly feasible CR
Viz e X,y €Y) :y(z;y) = inf {ny—l—t - Pf4+tp+ Qu—+ Rr — s eK}

,t,’U,

of continuous convex-concave function iy (x;y) : X x Y — R induces explicit CR

r __ DT~ 7 T~ __ T~ __
V(& e X) : d(5,§) = inf {fTiJH: =R uttsu=00 “—O’}

fia pTa=1,PTa =& u e K*
of the “symmelric entity” — convex-concave function
O(Z,G) = (%) X xY =YX X =R

implying, in the case of compact X with e.s.f. CR, explicit C-conic reformulation of the
problem

r;meaf( Y(y) = Q’él)r(\ Y(x;y)
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Calculus of Cr Functions: “Generic”’ Raw materials

& The following continuous convex-concave functionsy(-;-) : X x)Y — R are Cr with
explicit CR’s:

e Y(x;y) = a(x) where a(z), Doma D X, is given by explicit CR
e Y(x;y) = —b(y) where b(y), Domb D Y, is given by explicit e.s.f. CR
e Bilinear functions v¥(z;y) = alz + bly + 2L Ay + ¢

e Generalized bilinear functions. Let U € C, and E be embedding Euclidean
space of the cone U. Then the following functions are Cr with explicit CR’s:

a) functions of the form ¢ (z;y) = (F(x),y) : X x U* — R, where
e X is given by explicit CR
e '(x) : X — E is continuous with U-epigraph {(z,U) : U — F(xz) € U}
given by explicit CR.

b) functions of the form ¢ (z; u) = (z,G(y)) : U x Y — R, where
e ) is given by explicit CR
e G(y) : Y — FE'is continuous with U*-hypograph {(y,U) : G(y) — U € U*}
given by explicit e.s.f. CR

c) functions of the form ¢ (x; y) = (F'(x),G(y)) : X x Y — R, where

e X and ) are given by explicit CR’s
e F'(x) : X — U is continuous with U-epigraph given by explicit CR
e G(y) : Y — U*is continuous with U*-hypograph given by explicit e.s.f. CR

16



lllustration: Let C contain semidefinite cones, X = R™M*X" Yy = Sj_. The function

v(x;,y) = TF(CCTCByl/Q) A XY =R
is a Generalized Bilinear function of type c¢) given by the data

U=58Y, F(z) =a"z, Gy) = y'/>.
The corresponding Calculus rule results in

V(x € R™*", ¢y € 81) :
( ( feS",BeR™ e S 28" )
, t="Tr(y),z =< I
Y(x;y) = inf Tr(fy) +t: < (v),z2B8+6 T
f:tauz(zvﬁvv) f /3 >— O < z >— O
\ B vy |~ x| In | T

\G
~"

/
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Calculus of & Functions: “Ad Hoc” Raw materials

A. The function
X

Y(x,y) = —

Ry xRy — R
z4+y+1 \f \y,t

admits CR

¢<w;y>=5['t[9{fy+t: u>0, [%'%] = 0, [t_lf_ﬁl{l{slzo }
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B.Let X C R™, Y C R}\{0} are Cr, and ) be compact. The function

Y(x;y) = In (Zexyz> A XY —R
=1
admits representation
v@y) = inf{fly+ifize"™Vi&t> —u-1}

This is CR, provided that C contains the exponential cone

E =cl{[t;s;r] : t > se™/* & s > 0}.
Note: “For all practical purposes,” E is SDr. Formally: conic constraints involving E are polynomially
reducible to semidefinite (in fact, even linear) constraints.

& Here is the CR of a function E(x) approximating exp{x} in the range —700 < x < 700
(the range of exponent which “lives in computer”) within relative error < 3.e-11:

} [2%]

t> B(e) = | Do 57
0

E"U,O,’U,l,’UQ,’U,Q,,U,Tl,TQ,7'3,8,’(1]1, ey W14 .
—700 <z <700

35765 T 1 < uwo, 0 <wui < /Mo, 0 < wuz < \/uo, 0 < uz < /uruz,uo < /u3

2 2
a 5 2 a 1963 78871 1973 ™ 71
(32768 + 3) < v, v° < M, (32768 T 855 ) S TRy S 2 g o U o

2 2
wi > 8%, w2 2 wy, ..., W14 > w%:g) t > ’UJ%4
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C.Letp>1, X CR™andY C R} be Cr,and 6;(z) : X — R4, 1 <4 < m, beCr. Then the function

1/p
Y(z;y) = <29§’(w)yi> XA XY =R

=1
admits representation

V(i) = inf { Ty 411120, 20,67 f; = wbi(a),i < m}
[ﬁ: =p tp- 1)%1}

which is CR, provided p is rational.
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D.Let XY C R™*"and Y C Sﬁ be SDr. Then the function

vz, y) = 2\/Tr(:cTy:U) A XY —R

admits SDr

21

Yo € Xy € 9)utain) = inf { T +o: |t = o

xl ‘ tl,
This is how D works in Robust Markowitz Portfolio Selection

min max [—rTm + 2u acTy:B] (M)
reX ye)y

where x € R™ is composition of portfolio, r is the vector of expected returns, u > 0 is

“safety parameter,” y is the uncertain covariance matrix of the returns running through the
set

Y={yeSt > [alybir+bryal] < pii<I,y <y<y;} [< actsentrywise]
(M) is equivalent to the explicit SDP

) Sr{gi}nM { —rTz+pls+ >, Tr(ap) + Tr(Myyy — M_y_)] :
[ YD [aﬁaib;f’; + biToziazﬂ + My — M_ ‘ x ] <0 }

2T s
aziO,ZSI,MiZO,QjEX




Calculus of Cr Functions: Calculus rules

& The following operations with Cr operands yield Cr convex-concave functions with CR'’s readily given
by CR’s of the operands:
e Direct summation:

{i(xi;yi) - Xi x Vi = R,0; > 0},<k
= (X1, s TG YLy s YK) = D 0tbi(is yi) L [ X X XR] X V1 X .o x V] = R

e Taking conic combinations:

{Yi(z;y) : X xY =R, 0; >0}i<k
= YP(x,y) =), 0i(z;y) : X XY =R
e Affine substitution of variables:

{A(z) =Az+a: X - XT,B(y) =By+b: Y > YT, (&n) : X7 x YT = R}
= (z;y) = Y1 (A(z), B(y)) : X xY =R

e Projective transformation in z-variable:

{¢(z;y) X xY = R}
= Xy ={(z,a) :a>0,alzc X} &Y ((z,0);y) = ap(z/a;y) : XT xY =R

22



& The following operations with Cr operands yield Cr convex-concave functions with CR’s readily given
by CR’s of the operands:
e Superposition in x-variable:

X VR S5Z: G, RRoUcC
Vy(z;y) 1 Z2 XY & andU-monotoneinz:y € V,2,2' € 2,2 — 2 € U = ¢4 (2;y) < v+(¢; y)
X(x) : X — Z : with & U-epigraph {[z; 2] € X x Z: z — X (x) € U}

= P(zy) = ¢Y+(X(2);y) 1A XY =R
e Partial maximization in y-variable:
X, V,0(x;y) : X xY—->R: Cr

Y € Rﬁ, X IR{Z : compactwithCr Y = {[w; 2] : Fv: Aw+ Bz+ Cv —d € K}
such that for all [w; h] € Y conic constraint Bz + Cv + [Aw — d] € K in variables z, v

is e.s.f.
{na]xyw(x; [w; 2]) is continuous on X x {W := {w : 3z : [w; 2] € V}}
zlw;z|€
= Y(z;w) := ma]x P(z; [w;2]) : X xW =R
zZl|w,z|€

Note: By Symmetry, Calculus extends to projective transformation and superposition in y-variable and
partial minimization in x-variable.
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& The following operation with Cr operands yields Cr convex-concave function with CR readily given
by CR’s of the operands:
e Taking Fenchel conjugate:

X, V,o(x;y) : X xY — R: Cr given by e.s.f. CR’s, with compact X', Y
and with e.s.f. conic constraint DT\ = 0 & \ >k O in variable A

= ¢+(p,q) = maxmin [pTz + ¢y — ¢(z;y)] : R" x R™ = R
reX yey
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Illustration: We have build CR for
X

SN 2
v(x;y) : I ' R7 — R.

By Calculus, this CRinduces CR’s of functions of the form

B a(x)
a(z) + B(y) +1

[, B : nonnegative concave with G- hypographs]

- Doma x Dompg — R
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Conic Representations of Monotone Vector Fields

& Preliminaries. Let X C £ = R" be a nonempty convex set and F'(x) : X — E be a vector field.
F'is called monotone on X, if (F'(x) — F(y),z —y) > 0 Va,y € X,
Variational Inequality induced by F, X reads

Find x. € X such that (F(z),x —z«) >0Vx € X VI(F, X)

Convention: From now on, if otherwise is not explicitly stated, vector fields F' : X — E in question
are assumed to be monotone and continuous on their convex domains X. In this case,
Solutions to VI(F, X') are exactly the points x. € X such that (F(z.),z — z.) > 0Vz € X.
Solutions do exist when X is compact
¢ Inaccuracy of a candidate solution z € X to VI(F, X') is quantified by dual gap
evi[z|X] = TE%(X<F(?J),$ D)

Basic examples of monotone vector fields:

e Gradient field F'(z) = V f(x) of C! convex function f : X — R

e Vector field F(u;v) = [Vu(u;v); —Vyp(u;v)] stemming from C! convex-concave function
Y(u;v) i X :=UXV — R,

In the first case, solutions to VI(F, X') are the minimizers of f on X, in the second — saddle point of
vonU x V.
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Observation [Nesterov&N’94]: Given a continuous monotone vector field ' : X — R, X C E = R",
let

I X]={ltigiz] ERX EXE:xe€X,t—(g,y) > (F(y),z—y) Vy € X}

Then
A. ¥[F, X] is a convex set which contains all triples [(F'(x),z); F'(x); x], x € X; this set is closed
provided X is so. Besides this, T[F, X] is t-monotone:

[t;g;x] € T[F, X] andt >t = [t;g;x] € T[F, X].
B. Fore > 0, let

X.(e) ={[g;t] e EXR: ig)g[t —(9,9)] <€},

so that X.(¢) is a nonempty closed convex set. Then for every e > 0, feasible e-solutions to VI(F, X)
— points x € X with ey1[x|X] < e — are exactly the points

x:3(t,g): [t g x] € T[F,X] & [t;g] € Xi(e). M

Note: Were we given CR s of ¥[F, X] and of X.(¢), (!) would reduce finding e-solution to VI(F, X)
to solving C-conic problem. CR of X.(¢) “is cheap” — it is readily given by e.s.f. CRof X. In contrast,
T[F, X] can be too complicated to admit explicit CR..

In the sequel, we intend to replace in (!) the set T[F, X] with a smaller Cr set which still is “rich enough”
for our ultimate goal.
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F : X — E = R"™: continuous monotone vector field on convex domain

TEX]={[t;g;x] ERXEXE:xe X, t—{(g,y) > {(F(y),x—y) Vy € X}

= Xi(e) ={lg;t] e EXR: igg[t— (g, 9] < e}

Definition. C-representation of (F, X') is a conic constraint
Xe+Gg+tlI'4+Uu—a€e K
in variablest € R, g,z € E, u € R* with t-monotone projection
T :={[t;g9;x] : Ju: Xe+Gg+tT +Uu—ac K}
of the solution set on the space of t, g, x variables satisfying the inclusions

{[t; F(x);z] :t > (F(x),z),x € X} CT C %[F, X]
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Conic Form of Variational Inequality with C-Representable Monotone Vector Field

Theorem [Jud&N’21] Assume that X C E = R™ is nonempty convex compact set given by e.s.f.CR :
X={x:3Jv:Ax+ Bv—->beL}
and that continuous monotone vector field F' : X — E admits CR given by conic constraint

Xe+Gg+tT'+Uu—a€ K
in variables t, g, x, u.

Then for every e > 0 finding e-solution to VI(F, X') reduces to finding feasible solution to an explicit
feasible conic constraint

Xe+Gg+tI'+Uu—acK, ATA =g, B'AX=0,t—b'A<e XeL* (H

in variables t, g, z, \. Specifically, x-component of feasible solution to () is a feasible e-solution to
VI(F, X).
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Calculus of CR’s of Monotone Vector Fields: Raw materials

& The following monotone vector fields F' : X — E are Cr with explicit CR’S:

e Affine monotone field F(z) = Az +b: E - E [A+ AT > 0]

e Gradient vector field F(x) = Vf(z) of C! convex function f : X — R, provided that X is convex
compact set and the epigraph {(x,t) : x € X,t > f(x)} of f on X is given by e.s.f.Cr

e Monotone vector field F(u;v) = [Vuy(u;v); =Vo(u;v)] : U x V — R™T™ associated with
C! convex-concave function 1, provided that ¢/, V are convex compact, and U, V', are given by
e.s.f.CR’s

e Rational monotone univariate vector field F'(x) = pgg . X = [0,1] — R (p,q are algebraic
polynomials, ¢ > 0 on X)

L=
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Calculus of CR’s of Monotone Vector Fields: Calculus Rules

& The results of the following monotonicity-preserving operations with Cr monotone vector fields are
Cr , with CR’s readily given by CR’s of operands:

e Restriction on C-representable set
e Direct summation
e Taking linear combinations with nonnegative coefficients

e Affine substitution of variables: CR’s of X and of continuous monotone vector field F' : X — R™
explicitly induce a CR of the field

Gly) = ATF(Ay+b) : Y ={yeR": Ay+be X} - R" [A:m xn,Y # 0]
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& lllustration: Consider Convex Nash Equilibrium problem, where n > 2 players make selections
x; € X;, with r convex compact sets X;. As a result of these selections, loss of i-thS player is a
known C! function ;(x1, ..., zn), i < n.

e Nash Equilibrium z* € X = &7 x ... x A, is given by

:C;k S ArgEn)?in'gb@'(CCi, "'7x;<—1>wiax;<—|—l7 ...,CL‘;;), 1 S ( S n
LA

— a selection where no player can reduce loss by unilateral action.
e Nash Equilibrium Problem is called convex, if
a) 1; is convex in x; and jointly concave in all z; with 5 =4, 1 <14 < n, and
b) p(x) 1=, ¢i(x) is convex.
In this case, the vector field
F(x1,...,20n) = [V, 1(x); ...; Ve ()]
is monotone, and Nash Equilibria are exactly the solutions to VI(F, X).

O Fact [Jud&N'21] CR of F' is readily given by CR’s of the monotone vector fields associated with
convex-concave functions 1);(-) and with the convex function ¢ and as such can be obtained by utilizing
the related components of our Calculus.
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