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Random gradient free optimization xkzﬂwf‘e‘ %

Aim: An efficient procedure to minimize a convex function f(x)
without computing the gradient and Hessian.

[Nesterov and Spokoiny, 2017] offered a “gradient free” procedure
which only relies on the directional derivative of f(x)

Procedure: with u ~ A (0, B™!)

[z + pu) — f(z)
1

- Bu.

T = T — Iy,

The basic tool of study is the average

f(x + pu)e=Bu)/2 gy
fu(w) = Ef(a: + ,LL’U,) = f fe—<B'u,,u>/2 du
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Bayesian setup in statistics 'Zf‘g“}
Let Y denote the observed random data, ¥ ~ IP.

Model (DNN): P € (IP,,,v € T C IR™).

The log-likelihood function (negative fidelity)

e dﬂ)v
L(v) = L(Y,v g
) g

(Y).
Training by MLE: maximizing the random function L(v)

v argmax L(v) = argmax exp L(v).
vel veTl

Target (the best parametric fit/ risk minimization):

*

T argmax [EL(v) # argmax IE exp L(v).
vel vel

Also concavity of L(v) # concavity of exp L(v)
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Stochastic optimization: challenges

B 7 is high or infinite dimensional

B VL(v) and V2L(v) hard to compute
B badly posed, need of regularization

B non-convex and non-smooth problem

B dimension reduction issue (drop-out)

B standard technique: SGD + backpropagation; efficient numerically
but theoretical guarantees are hard to obtain
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This paper %

Bayesian (MCMC-type) methods with Gaussian priors yielding

B Efficient gradient and Hessian free procedure with second order
accuracy

B Theoretical guarantees
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Bayes approach hzx‘:"‘e‘ J

In the Bayes setup v is a random element, v ~ II on the parameter
set 1", a prior with density I1(v).

The posterior describes the conditional distribution of v given Y

N exp{L(v)} II(v) _ exp{Ly(v)}
[exp{L(v)} H(v)dv  [exp{Ly(v)}dv

with L;; = L(v) + log I1(v).

v|Y

Prior I induces a penalty — log I1(v) leading to penalized MLE

Uy = argmax Ly (v) = argmax{L(v) + log IT(v)}.

Formally, Bayes approach replaces the max of L by the soft-max.
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Posterior as softmax
A Gaussian priors A/ (D, G™2) lead to quadratic penalization
Ug = argmax Lg(v) = argmax{L(v) — ||G(v — ’TJ)HQ/Q};
v v
cf. the Moreau—Yosida proximal-point method.

Posterior vg ‘ Y is a random measure with the density

x exp Lg(v).
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Bayes procedure \Zx‘: "6‘ é

1. Select a starting prior 11y = N (g, G5?);Set k =0;
2. Draw an independent sample v(k) .. 'UE\’/? from the prior

N (B, G;.2) . For each vl , compute Ly (viy)) with

L(v) = L(v) = [|Gi(v — oy)||*/2
and the corresponding weight

wi) = exp Li(v}).

3. Use the collection (Ugi), wfn)) for m < M (posterior) to build

the next prior distribution 7y, 1 = N (Dj1, Gk+1) .

4. Increase k — k 4+ 1 and repeat pp. 2 and 3 until convergence.
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Conjugated priors and parameter update \Zx‘: 4 %

A prior is called conjugated if the corresponding posterior belongs to
the same family of measures as prior. This reduces the step of
computing the posterior to parameter update.

Our main result claims that the Gaussian prior for a regular parametric
family yields a nearly Gaussian posterior (nearly conjugated).
Therefore, it suffices to recompute the parameters of normal law.

It is natural and standard to use the posterior mean

~ 1
Upy1 = Vg = A Zwﬁf’vff? ;o Nk = Zuh(r]f) :
k

m

Alternatively, a robust (trimmed) mean could be used.
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Prior precision matrix and the step size

We suggest to apply G% = p; >G? with a fixed G2.

The prior concentrates on the py -vicinity of Dy and the same for
posterior, so, pr has the flavor of a step size.
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Quadratic approximation of L;(v) and Newton step

Let IEL;(v) be (locally) concave. Define D? = —V?IEL;(v;) and
consider a quadratic approximation of Ly (v) around Dy, .

As v; = argmax,, Li(v), it holds

N

Li(v) = Li(®) ~ —||Du(v — )| */2,
VLg(vg) =0,
VLk(TJk) — VLk(’IA)/k) =~ —Di('l_)k — ’Bk),

and hence Uy 1 = Uj corresponds to the Newton update:

Vi1 — U & Dk_2VLk('I_)k)
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Laplace approximation @
The use of V L;(Ty,) = 0 yields with D? = —V2IEL,(Dy,)
[ 9(u)exp{La(Vc +u)} du
i exp{Lg(ﬁg + u)} du
_ [ 9(u) exp{L¢(V¢ +u) — La(De) } du
feXp{Lg(’BG + ’U,) — LG 'BG }d'u,
_ fg('u,) eXp{Lg(’EG + ’U,) LG 'UG <VLG ’UG >}du
[ exp{Lc(Vc +u) — Lc(Va) — (VLa(Ve), u) }du
St ) exp{—| Dyul|?/2} du
[ exp{—||Dyul?/2} du

hence vy | Y ~ N (vy, D;?).
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Posterior concentration vs convergence 'Zf‘@

The procedure is gradient and Hessian free. Each step delivers a
posterior distribution vy, | Y . We show that

v | Y = N (@, Di?), D} = Di(vy)

and, in particular,
H v | Y concentrates on an elliptic vicinity of U},

B posterior mean U, is a proxi for v, and can be computed from
Bayesian sampling: T, = N, ' > v

B Information from all previous steps can be incorporated in the
Gaussian prior N (Ty, G;%);

B Prior precision matrix G3 can be used to manipulate with the
step size and effective dimension.
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Accuracy lower bound \kztxx;;,é‘ é

Even in the parametric case, the value v* can be estimated with
172 at best.

accuracy n-

Therefore, no sense to continue the procedure if D; > < n~'.

If pr decreases exponentially, only logn steps are required.
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Conditions: Stochastic component

(E) The stochastic component ((v) = L(v) — IEL(v) of
the process L(v) is linearin v :

V(¢ = V((v).

(EDy) There exist a positive symmetric matrix V', and
constants g >0, vy > 1 such that Var(V() < V2

and
2)\2
sup loglEeXp{)\<u’ VQ} < Yo , N <eg.
u€RP |Vl 2
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Condition: Expected log-likelihood IEL(v)

(L) Theset T isopenand convexin IR . Foreach k, the
function IELy(v) is concavein v € 1.

(Lo) Define foreach v € 7°,and any u € IR?, the
directional derivative

of 1 d™
d3(v, u) & %dt_mEL(v + tu) , m=3,4.
: t=0

The functions d3(v,u) and d,(v,u) are well defined
and with D?*(v) = —V?EL(v)

w (’U) — Sup M < 1
" u: |D@)ull<e [|D(V)ull* = 37
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Conditions: Signal-to-noise and effective dimension 'Z’iié g

Define
F(v) = -V?’EL(v), Fg(v)=TF(v)+G>

(V|G) Signal-noise:

Byig(v) = B! (0) V2R (v)

with V2 from (EDy) . There are fixed constants Ay
and py|¢ such that

tr Byig(v) < pvie, |Bvigll < Avieg, veT’.

(D|G) The effective dimension: for a fixed constant C

def

pe(v) = tr{F(v)F;'(v)} <C, wveT”
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Example 1. Nonlinear inverse regression

Consider the model
Y = A(f)+oeey?

with a known non-linear operator A: X — Y¢ for Hilbert spaces X, Y
and a discretized subspace Y¢ C Y.
Examples include

B PDE with elliptic operators, [Nickl et al., 2018]

B Schrédinger equation, [Nickl, 2017]

B Calderdn equation, [Abraham and Nickl, 2019]

f ‘ Y o« exp Lg(f),

1 1
La(f) = =55 IY = AP = SIGFIP.
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Example 2: Nonlinear (generalized) regression, DNN .zf\g,}

Let observations Y;, X; follow the model
Yi ~ Py, € (Pu),
where (P,) is an exponential family with a log-density
(y,u) = logp(y, u) = C(u)y — B(u);
C(u) is anincreasing and B(u) is a convex function.

Include binary-response, Poissonian regression, Cox regression,
reliability and extreme values, ...

PA (DNN): f(x) = f(z,v*). Yields the log-likelihood

:Zg(yi,f(xi,v ZY{C (Xi,v)) — B(f(Xi,v)) }.
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Important ingredients of the posterior @
B MAP and posterior mean

vpap = argmaxexp Lg(v) = Ug
v

_ aet Jvexp Lg(v)dv
o, 9 .
“ [ exp Lg(v)dv

B Concentration set A :

(A) déf fAC exp LG('U)d’U
P J 4 exp Lg(v)dv

B Credible sets A(«)
lP(UGGA )Y) =1-q

B Elliptic credible sets AQ|G {’U HQ( Vg — UG) H < za}
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Important definitions \kztxx;;,é‘ 3

Penalized MLE (pMLE): with Lg(v) = L(v) — |Gvl?/2
ve = argmax Lg(v), vj = argmax ELg(v)
Full information matrix (operator)
F(v) = -V’ EL(v),
Fg(v) = —V’ELg(v) = F(v) + G?,
and
D% = Fg(vs), D% = Fa(ve).
Effective dimension

po(v) = tr(Fg (v)F(v)), P =pa(vl), Bo=palPa).
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Inference for the pMLE v /é j

Fisher expansion for pMLE: on a set {2 of high probability
~ N _ 2 _
|P6(B6 ~v5) — D'V < /52 106 Ve

with V¢ = VLg(vy) .

Wilks expansion

‘QLG('TJG) —2La(vs) — || D5 Ve

< /2 Ipavel”

‘mg(aG) - 2L6(v) - || Dee - )| < /22 |05 Ve
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Gaussian approximation of the posterior \kztxx;;,é“ 3

B 3
sup P(UG—506A|Y)—1P,(D(_;1’Y€A)‘SP_G
AeBs(RP) n
_ 3
sup lP(vG—’lN)GeA|Y)—1P,(D(_;1’Y€A)‘ S Po
A€B(RP) n

where B(IRP) stands for all Borel sets while B4(IR”) all centrally
symmetric Borel sets in IR? .
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and more results

B rate of estimation of pMLE
B posterior concentration and contraction rate
B use of posterior mean in place of MAP
B credible sets as frequentist confidence sets
W prior impact
B empirical or full Bayes approach for prior selection
All for
B finite samples

B explicit error terms via effective dimension instead of full
parameter dimension
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Critical dimension @
Most of results requires the upper bound on the effective dimension
pe = tr(F;'IF)

pc K< n

However, the main result on Gaussian approximation of the posterior
only valid under

pe < n
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Deviation bound for the gradient
By (E), the stochastic component ((v) = L(v) — IEL(v) is linear
in v and V({ = V((v) does not depend on v .

Theorem Under condition (EDy) , there exists a random set (2(x)
with IP(£2(x)) > 1 — Ce™™* such that on this set

D¢ < =(Bria x).

where By = D5'V2Dg' and

2(Bvia,x) = \/tr By|g + \/ 2% Amax(Bvc)-
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Concentration of the qMLE v ¢

Let v}, = arginf, ELg(v) and D% = D?*(vy) + G?.

Theorem Let HDEVC” < 2z(By|c,x) onarandom set {2(x) with
P(2(x)) >1—e™. Let

Ac(re) € {v: |Do(v —vg)|| < x6}
(1-p)rg > 2(Byia,x).

Then on (2(x)

|6 (56— vi) | < o
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Idea of the proof xkzﬂwf‘e‘ J

Local set

Ag(re) = {v: [ Da(v - vg)|| < ra}.

Use local smoothness of —IEL¢(v) to show that for v € Ag(rg)
* * 2
—{EL¢(v) — ELc(v)} ~ || Da(v —vg)| /2,
~VELg(v) =~ Di(v — v)

Use convexity of IELq(v) to show that
HV]ELg('U)” Z rgq¢, v € Ag(rg).
Use HD&IVCH < z(By|a, x) to show

VL(v) = VEL(v) + V( #0, v ¢ Ag(re).
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Posterior contraction. Standard approach \Zx\ "6‘ é

Concentration sets of the posterior in nonparametric models using

B Empirical process theory, large deviations of the log-likelihood and
covering numbers and chaining arguments

B small ball probability
B local smoothness
See e.g.

B Ghoshal, S., Ghosh, J. K., van der Vaart, A. W. (2000)
Convergence rates of posterior distributions. Ann.Statist., 28,
500-531.

B van der Vaart, A. W., van Zanten, J. H. (2008) Rates of contraction
of posterior distributions based on Gaussian process priors. Ann.
Statist., 36, 1031-1508.
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Concentration set of vg — Vg { Y contraction

Define the elliptic set {u: || Dul| < o} with D? = D(¥¢).
Consider the random quantity

aet J|Bul>ro exp{LG('TJG + u)}du

plxo) fl\f?uIISro exp{L¢(Vg + u) pdu

Theorem Let, for some fixed values ry and x > 0, it hold

Coro > 2v/pa(v) + Vx, veTr.

Then, on the random set {2(x) from Theorem 31, with pe = pa (V)

p(ro) < exp{—(pc +x)/2}.
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Sketch of the proof. Step 1

Let vg = arginf,, Lg(v) . The use of VLg(vg) = 0 allows to

represent

p(ro) =

Jipugre ¥P{Lc (Ve + 1) — Le(Vc) pdu
JiBut<xo exp{ La(Vg +u) — Lo(Ve) pdu

iBujsr, ©P{Lo(D6 + u) — Le(De) — (VLa(Dg), u) pdu
Sy utze &P La(Bc + 4) = La(®a) — (VLe(Da), u) du
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Step 1. cont. 'Zf‘g”}
Fix v € Ag(rg) - Consider f(v) = IELg(v). As
((v) = L(v) — EEL(v) islinearin v, it holds
Lg<’U + u) LG <VLG >
= f(v+u)— u) — (Vf(v),u).
Therefore, it suffices to bound the ratio

def fuc exp{f(v +u) — f(u) — <Vf(v), u>}du
fyexp{ (0 +w) — f(w) — (V/(0), u)}du

for the elliptic set U = U(v,1o) = {u: ||[D(v)u|| < o} uniformly
in v from the set {’UZ HDG (v — vg) H < rG} ; see Theorem 31.

p(v)
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Step2: [, exp{f(v+u)— f(u) — (Vf(v),u)}du %

First we present some bounds for the denominator of p(v). Local
smoothness of f(v) = IELg(v) implies

/uexp{f(vjtu) <Vf >}du

| De (v)u*
~ [ exp| ————— ) du,
/u (-3 )

Moreover,
det Dg(v) | Da(v)ul|?
—(277)5/2 /uexp<_. G . _> du = lP(HD 'y” < ro
for v ~ N(0, I,) . The choice Ty > /pa(v) + v/2x yields
P0G (00| < 50) > 1
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Step3: [ exp{f(v+u)— f(u) — (Vf(v),u)}du %
f(v) = EL(v) is concave and —(V2f(v)u,u) = || D(v)ul®.
Forany u with || D(v)ul| =1 > rg

fw+u) = f(v) = (Vf(v),u) — [|Gul*/2

< —Co([| D(v)ullro — r5/2) — [IGu?/2

= —Co([ID(v)ullro — r5/2) — | D (v)ul*/2 + || D(v)ul?/2.

with Co > 1/2 and D%(v) = D*(v) + G?.
Now we can use the result about Gaussian integrals:

det DG
(2m)p/? /D - exp{— (|| Dulro — r5/2 — | Deull* + | Du|*) /2} du
ul||>ro

< Ce(Pa(v)+%)/2.
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Bernstein von Mises Theorem \;Zx‘: "é‘ j

B van der Vaart, A. W. , van Zanten, J. H. (2008)

B Leahu, H. (2011). Gaussian models

B Castillo, I. , Nickl, R. (2013, 2014). General results.
B Panov and Sp (2015). Semiparametric problems

Contraction results and local quadratic approximation of the
log-likelihood. The Gaussian approximation in a weak sense.
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The case of a symmetric set \kztxx;;,é‘ J

Theorem Suppose that It holds on (2(x) with D% = D2(v¢)

sup | P(vg— B € AY) = P'(Dgly € 4)| < CO(xo)
A€Bs(IRP)
sup lP(UG —vg€eA ’ Y) — 113’(1551'7 € A)’ < Cd3(ro)
AEB(RP)
with
3 3/2
ba(re) S —= < Pe
n n
6 3
o) g 0 g e
n n
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Sketch of the proof L 3

Fix any centrally symmetric set A . First we restrict the posterior
probability to the set A(rg) = {u: || Dul|| < ro}. Then we apply the
quadratic approximation of the log-likelinood function L(wv) . Denote
Arg) = AN f~l(r0) . Obviously, A(ry) is centrally symmetric as well.
Further,

[ exp{Lc(Vg +u) }du
Jrr exp{ L (Ve + u) }du

Jawy) &P La(Vc + u) = La(Ve) — (VLa(Va), u) pdu
= fﬁ(ro) eXp{LG('l~JG +u) — Lg(vg) <VLG ve) u>}du

lP(vG—'T)GeA‘Y):

+ p(xo)
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Sketch of the proof. I \kztxx;;,é‘ J

Fix v € Ag(rg) . Thenfor A C U centrally symmetric
/Aexp{f(v +u)— f(u) — <Vf(v),u>} du

2 (- o) [ (DY

/Aexp{f('u—l—u) — f(u) — <Vf(v),'u,>}d'u,

< (14 O(TO))/

Dea(v)ul|?
| Dg(v) H)du,
A

exp :

where {(rg) = 403 + 40, .
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