
Weierstrass Institute for

Applied Analysis and Stochastics

Primal-dual accelerated gradient methods with

alternating minimization

Pavel Dvurechensky

Based on joint works with D. Dvinskikh (WIAS), A. Gasnikov (MIPT), S. Guminov

(MIPT), A. Kroshnin (HSE), A. Nedic (ASU), Yu. Nesterov (CORE UCL), S.

Omelchenko (MIPT), N. Tupitsa (IITP RAS), C. Uribe (MIT)

Optimization without borders, July 12-17, 2021
Mohrenstrasse 39 · 10117 Berlin · Germany · Tel. +49 30 20372 0 · www.wias-berlin.de

15.07.2021



Content

1 Motivation: Optimal Transport

2 Numerical methods for OT distance

3 Accelerated alternating minimization

Optimization · 15.07.2021 · Page 2 (40)



Inspiration from Yurii’s works

First-order methods generate dual information that can be accumulated to

� accelerate the algorithm;

� construct the model of the primal objective;

� extract approximate dual solution

Influential work on the smoothing technique:
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Discrete=discrete optimal transport

� xi ∈ Rd, i = 1, ..., n – support of µ;

� yi ∈ Rd, i = 1, ..., n – support of ν;

� µ =
∑n
i=1 aiδ(xi), a ∈ Sn(1);

� ν =
∑n
j=1 bjδ(yj), b ∈ Sn(1);

� Cij = C(xi, yj), i, j = 1, ..., n – ground cost

matrix;

� Xij = π(xi, yj), i, j = 1, ..., n – transportation

plan;

Optimal transport problem

min
X∈U(a,b)

〈C,X〉 =

n∑
i,j=1

CijXij ,

U(a, b) := {X ∈ Rn×n+ : X1 = a, XT1 = b}.
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Building blocks

E – basis space

P(E) – space of measures on E

C(x, y) – transportation cost

x y
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Image classification

Goal: classify images from MNIST dataset

Basis space – pixel grid

Cost – Squared Euclidean dis-

tance

Measures – histograms of pixel in-

tensities

Run standard SVM based on dis-

tance between images

Cuturi. Sinkhorn distances: Lightspeed computation of optimal transport. NIPS 2013.
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Possible approaches

Find X̂ ∈ U(a, b) s.t. 〈C, X̂〉 ≤ min
X∈U(a,b)

〈C,X〉+ ε,

U(a, b) := {X ∈ Rn×n+ : X1 = a, XT1 = b}.

� Linear programming problem with complexity O(n3 lnn) arithmetic operations

[Pele & Werman, 2009].

� Widespread approach [Cuturi, 2013]. Solve by Sinkhorn’s algorithm an

entropy-regularized optimal transport problem

min
X∈U(a,b)

〈C,X〉+ γ〈X, lnX〉.
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Entropy-regularized OT

Primal problem

min
X∈U(a,b)

〈C,X〉+ γ〈X, lnX〉 = min
X∈U(a,b)

γ(−〈X, ln e−
C
γ 〉+ 〈X, lnX〉)

= min
X∈U(a,b)

γKL
(
X, e−

C
γ

)
.

U(a, b) = {X ∈ Rn×n+ : X1 = a, XT1 = b}

Dual problem

max
ξ,η
−γ

n∑
i,j=1

exp

(
− 1

γ
(Cij − ξi − ηj)

)
+ 〈ξ, a〉+ 〈η, b〉

NB: Regularization introduces error γ〈X, lnX〉 ∈ [−γ ln(n2), 0] =⇒ we need to

take γ = Θ(ε/ lnn).
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Sinkhorn’s algorithm: dual view

Dual problem

max
ξ,η
−γ

n∑
i,j=1

exp

(
− 1

γ
(Cij − ξi − ηj)

)
+ 〈ξ, a〉+ 〈η, b〉

= max
ξ,η
−γ
(
e
ξ
γ

)T
e−

C
γ e

η
γ + 〈ξ, a〉+ 〈η, b〉

Optimality conditions (gradient equal to 0)

diag

(
e
ξ
γ

)
e−

C
γ e

η
γ = a

diag

(
e
η
γ

) (
e−

C
γ

)T
e
ξ
γ = b

Alternating minimization in ξ, η

ξ(k+1) = γ ln
a

e−
C
γ e

η(k)

γ

η(k+1) = γ ln
b(

e−
C
γ

)T
e
ξ(k+1)

γ

.

NB: Adaptive algorithm: no need to know any smoothness parameters.
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Sinkhorn’s algorithm convergence rate

Bounds for the iterates and optimal solution

Denote R := − ln
(
νmini,j{ai, bj}

)
, ν := mini,jK

ij = e−‖C‖∞/γ . Then

maxiu
i
k −miniu

i
k ≤ R and the same bounds hold for vk, u∗, v∗.

Sinkhorn’s convergence rate

Sinkhorn’s algorithm requires no more than

k ≤ 2 +
4R

ε′
= O

(
1

γε′

)
iterations to find B(uk, vk) s.t. ‖B(uk, vk)1− a‖1 + ‖B(uk, vk)T1− b‖1 ≤ ε′.

Here K := e−C/γ and B(u, v) := diag
(
eu
)
K diag

(
ev
)
.

Small feasibility error turns out to be enough to make the objective small.

D., Gasnikov, Kroshnin, Computational Optimal Transport: Complexity by Accelerated Gradient

Descent Is Better Than by Sinkhorn’s Algorithm. ICML 2018.
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Sinkhorn’s algorithm summary

� Entropy-specific.

� Complexity 1
γε or rate 1

γk .

� Adaptivity.

� May be unstable for small γ.

Can we propose something else?
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Drawbacks of entropy regularization

� Blurring in the transportation plan.

� Dense transportation plan.

Lower image: Blondel et al., 2017
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Regularized optimal transport as a particular case

min
x∈Q⊆E

{f(x) : Ax = c} ,

where

� E – finite-dimensional real vector space;

� Q – simple closed convex set;

� A : E → H , b ∈ H ;

� f(x) is γ-strongly convex on Q w.r.t ‖ · ‖E . i.e. for all x, y ∈ Q,

f(y) ≥ f(x) + 〈∇f(x), y − x〉+
γ

2
‖x− y‖2E .

To obtain entropy-regularized optimal transport problem, set

� E = Rn2

, H = R2n, ‖ · ‖E = ‖ · ‖1, Q = Sn2(1);

� f(x) = 〈C,X〉+ γ〈X, lnX〉; (we can use another regularizer, e.g. ‖X‖22)

� {x : Ax = c} = {X : X1 = a, XT1 = b}.
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Related work

Desired features:

� accelerated

convergence rates

O(1/k2) separately for

f(xk)− f∗ and

‖Axk − b‖;

� line-search;

� entropy friendliness.

ALGORITHM RATES LS ENTR.

BECK & TEBOULLE, 2014 ×
√ √

CHAMBOLLE & POCK, 2011 × × ×
MALITSKY & POCK, 2016 ×

√
×

TRAN-DINH & CEVHER, 2014
√

×
√

YURTSEVER ET AL., 2015
√

×
√

PATRASCU ET AL., 2015
√

×
√

GASNIKOV ET AL., 2016
√

×
√

LI ET AL., 2016
√

×
√

LAN ET AL., 2011 × ×
√

OUYANG ET AL., 2015 ×
√

×
OUR ALGORITHM

√ √ √

A series of related works [Alacaoglu, Tran-Dinh, Fercoq, Cevher, 2017], [Tran-Dinh,

Fercoq, Cevher, 2015-2018], [Tran-Dinh, Alacaoglu, Fercoq, Cevher, 2018] achieve

similar results.
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Dual problem

min
x∈Q
{f(x) : Ax = c} = min

x∈Q

{
f(x) + max

λ∈H∗
〈λ,Ax− c〉

}
= max
λ∈H∗

{
−〈λ, c〉+ min

x∈Q
{f(x) + 〈λ,Ax〉}

}
Dual problem

min
λ∈H∗

{
ϕ(λ) := 〈λ, c〉+ max

x∈Q
{−f(x)− 〈λ,Ax〉}

}
.

∇ϕ(λ) = c−Ax(λ), x(λ) := arg max
x∈Q
{−f(x)− 〈λ,Ax〉} .

∇ϕ(λ) is Lipschitz-continuous

ϕ(λ) ≤ ϕ(ζ) + 〈∇ϕ(ζ), λ− ζ〉+
‖A‖2E→H

2γ
‖λ− ζ‖2H,∗.
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Inspiration from Yurii’s paper on Smoothing technique

Many algorithms proposed by Yurii are primal-dual: a linear model of the objective is

produced that gives information about the dual variables.

Main idea: apply Accelerated Gradient Method to the dual, use the primal-dual

connection x(λ) to reconstruct the primal variable.

Main obstacle: unbounded dual feasible set.
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Adaptive Primal-Dual Accelerated Gradient Descent

Require: Accuracy εf , εeq > 0, initial estimate L0 s.t. 0 < L0 < 2L.

1: Set i0 = k = 0, M−1 = L0, β0 = α0 = 0, η0 = ζ0 = λ0 = 0.

2: repeat {Main iterate}

3: repeat {Line search}

4: Set Mk = 2ik−1Mk, find αk+1 s.t. βk+1 := βk + αk+1 = Mkα
2
k+1. Set

τk = αk+1/βk+1.

5: λk+1 = τkζk + (1− τk)ηk.

6: [Update momentum] ζk+1 = ζk − αk+1∇ϕ(λk+1).

7: [Gradient step] ηk+1 = τkζk+1 + (1− τk)ηk ∼
ηk+1 = λk+1 − 1

Mk
∇ϕ(λk+1).

8: until

ϕ(ηk+1) ≤ ϕ(λk+1) + 〈∇ϕ(λk+1), ηk+1−λk+1〉+
Mk

2
‖ηk+1−λk+1‖22.

9: [Primal update] x̂k+1 = τkx(λk+1) + (1− τk)x̂k.

10: Set ik+1 = 0, k = k + 1.

11: until f(x̂k+1) + ϕ(ηk+1) ≤ εf , ‖Ax̂k+1 − b‖2 ≤ εeq .

Ensure: x̂k+1, ηk+1.
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Convergence theorem

Assume that the objective in the primal problem is γ-strongly convex and that the dual

solution λ∗ satisfies ‖λ∗‖2 ≤ R. Then, for k ≥ 1, the points x̂k, ηk in our Algorithm

satisfy

f(x̂k)− f∗ ≤ f(x̂k) + ϕ(ηk) ≤ 16‖A‖2E→HR2

γk2
= O

(
1

γk2

)
,

‖Ax̂k − b‖2 ≤
16‖A‖2E→HR

γk2
= O

(
1

γk2

)
,

‖x̂k − x∗‖E ≤
8

k

‖A‖E→HR
γ

= O

(
1

γk

)
,

where x∗ and f∗ are respectively an optimal solution and the optimal value in the

primal problem.

Complexity O
(

1√
γε

)
.
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APDAGD summary

� General regularizers.

� Complexity 1√
γε or rate 1

γk2 .

� Adaptivity.

� Extra dimension-dependent factor in the complexity for the OT problem.
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Comparison with existing results

� Sinkhorn’s algorithm, [Altschuler, Weed, Rigollet, 2017]

O

(
n2‖C‖3∞ lnn

ε3

)
.

� Sinkhorn’s algorithm, [D., Gasnikov, Kroshnin, 2018]

O

(
n2‖C‖2∞ lnn

ε2

)
.

� Accelerated Gradient Descent, [D., Gasnikov, Kroshnin, 2018], [Guminov, 2019]

O

(
n2.5‖C‖∞

√
lnn

ε

)
.

Altschuler, Weed, Rigollet, Near-linear time approximation algorithms for optimal transport via Sinkhorn

iteration. NIPS 2017.

D., Gasnikov, Kroshnin, Computational Optimal Transport: Complexity by Accelerated Gradient Descent Is

Better Than by Sinkhorn’s Algorithm. ICML 2018.
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Comparison with Sinkhorn’s algorithm

MNIST dataset, average in 10 randomly chosen images.
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Comparison with Sinkhorn’s algorithm 2

MNIST dataset, average in 5 randomly chosen and scaled images,

n ∈ [282 = 784, 2242 = 50176], ε = 0.1.
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Summary

� Adaptive idea 1: Alternating minimization in the dual a.k.a. Sinkhorn’s algorithm

� Complexity

O

(
1

γε

)
.

� Very fast convergence for large γ, unstable for small γ.

� Empirically faster than in theory.

� Adaptive idea 2: adaptive to Lipschitz constant AGD in the dual

� Complexity

O

(
1
√
γε

)
.

� Stable for small γ.

� Still based on Lipschitz constant of the gradient.

Can we combine alternating minimization and AGD?
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Block structure

We consider minimization problem

min
λ∈RN

ϕ(λ).

� The space RN is divided into n disjoint subsets (blocks) Ip, p ∈ {1, . . . , n}.

� Sp(λ) = λ+ span{ei : i ∈ Ip}, i.e. the affine subspace containing λ and all

the points differing from λ only over the block p.

� λi – components of λ corresponding to the block i and∇iϕ(λ) – gradient

corresponding to the block i.

� Assume that for any p ∈ {1, . . . , n} and any ζ ∈ RN the problem

min
λ∈Sp(ζ)

ϕ(λ) has a solution, and this solution is easily computable.

� ϕ(λ) is Lϕ-smooth: ∀ λ, η ∈ RN ‖∇ϕ(λ)−∇ϕ(η)‖2 6 Lϕ‖λ− η‖2.
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Changes in APDAGD

Instead of gradient step ηk+1 = λk+1 − 1
L∇ϕ(λk+1) we consider the

Gauss-Southwell rule + block minimization:

Choose ik = arg max
i∈{1,...,n}

‖∇iϕ(λk+1)‖22. Set ηk+1 = arg min
η∈Sik (λk+1)

ϕ(η).

Momentum step ζk+1 = ζk − αk+1∇ϕ(λk+1), βk + αk+1 = Lα2
k+1

ϕ(ηk+1) ≤ ϕ(λk+1) + 〈∇ϕ(λk+1), ηk+1 − λk+1〉+
L

2
‖ηk+1 − λk+1‖22

[ηk+1 = λk+1 −
1

L
∇ϕ(λk+1)] = ϕ(λk+1)− 1

2L
‖∇ϕ(λk+1)‖22

βk+αk+1 = Lα2
k+1 → ϕ(ηk+1) = ϕ(λk+1)−

α2
k+1

2(βk + αk+1)
‖∇ϕ(λk+1)‖22

Coupling step

λk+1 = τkζk + (1− τk)ηk → τk = arg min
τ∈[0,1]

ϕ (ζk + τ(ηk − ζk))

λk+1 = ζk + τk(ηk − ζk)
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Primal-dual accelerated alternating minimization

1: β0 = α0 = 0, η0 = ζ0 = λ0 = 0.

2: for k > 0 do

3: Set τk = arg min
τ∈[0,1]

ϕ (ηk + τ(ζk − ηk))

4: [Coupling step] Set λk = τkζk + (1− τk)ηk

5: [Gauss-Southwell] Choose ik = arg max
i∈{1,...,n}

‖∇iϕ(λk)‖22.

Set ηk+1 = arg min
η∈Sik (λk)

ϕ(η).

6: Find αk+1, βk+1 = βk + αk+1 from

ϕ(λk)−
α2
k+1

2(βk + αk+1)
‖∇ϕ(λk)‖22 = ϕ(ηk+1)

7: [Update momentum] Set ζk+1 = ζk − αk+1∇ϕ(λk)

8: [Primal update] Set x̂k+1 = αk+1x(λk)+βkx̂k
βk+1

.

9: end for

Ensure: The points x̂k+1, ηk+1.
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Convergence theorem

Assume that the objective in the primal problem is γ-strongly convex and that the dual

solution λ∗ satisfies ‖λ∗‖2 ≤ R. Then, for k ≥ 1, the points x̂k, ηk

f(x̂k)− f∗ ≤ f(x̂k) + ϕ(ηk) ≤ 4nLϕR
2

k2
=

8n‖A‖2E→HR2

γk2
= O

(
n

γk2

)
,

‖Ax̂k − b‖2 ≤
8n‖A‖2E→HR

γk2
= O

(
n

γk2

)
,

‖x̂k − x∗‖E ≤
4n

k

‖A‖E→HR
γ

= O

(
n

γk

)
,

x∗, f∗ – resp. an optimal solution and the optimal value in the primal problem.

Assume that algorithm is applied for a non-convex and Lϕ-smooth objective ϕ(·).

Then

min
i=0,...,k

‖∇ϕ(λi)‖22 6
2nLϕ(ϕ(λ0)− ϕ(λ∗))

k
.

Uniformly optimal in terms of k method for smooth convex and non-convex problems,

no knowledge of the convexity and parameters like Lϕ.
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Collaborative filtering

The unknown ratings r̂ui associated with the user u and the item i are sought as a

product x>u yi, where the vectors xu and yi are the optimized variables. We assume

that we are given rui – observed preference rates associated with some users and

items.

min
x,y

F (x, y) =
∑

observedu,i

cui
(
rui − x>u yi

)2
+ λ

∑
u

||xu||22 + λ
∑
i

||yi||22.
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Applications to OT

A smooth dual problem

min
y,z∈RN

ϕ(y, z) = γln

 N∑
i,j=1

exp
(
−(yi + zj + Cij)/γ

)+ 〈y, r〉+ 〈z, c〉.

Estimate for R

‖(y∗, z∗)‖2 6 R :=
√
N/2

(
‖C‖∞ −

γ

2
ln min

i,j
{ri, cj}

)
.

Complexity for OT by AGD

O

(
N5/2

√
lnN‖C‖∞
ε

)
cf. Sinkhorn O

(
N2
√

lnN‖C‖2∞
ε2

)
.
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Experiments with OT distance
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Conclusion

Motivated by Optimal Transport we considered

� Alternating minimization

� Accelerated alternating minimization (AAM)

Obtained results

� AAM that is uniform for convex and non-convex optimization and adaptive to

smoothness

� Complexity bounds for the OT problem
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Happy Burthday, Vladimir Yurievich!

Thank you!
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