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Tensors

We call A € Rm>**Na g tensor, d - dimensionality.
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Tensors

We call A € Rm>**Na g tensor, d - dimensionality.

The curse of dimensionality

» Impossible to store n? entries (n, = - -- = ny = n) for large d.

» Example: for n = 2, d = 300 number of entries is 23°° > 108°
(estimate of the number of atoms in the Universe).



Tensors

We call A € Rm>**Na g tensor, d - dimensionality.

The curse of dimensionality

» Impossible to store n? entries (n, = - -- = ny = n) for large d.

» Example: for n = 2, d = 300 number of entries is 23°° > 108°
(estimate of the number of atoms in the Universe).

The blessing of dimensionality

» ac RN, N=n,...nygcan be reshaped to A € RM"*xNa,
> By breaking the curse, we can use extreme N, e.g., N = 10%°.



Tensor decompositions (d = 2)

Skeleton decomposition of A € R™*";

A=UVT a(is, i) Z:ua(l1 Vo (iz).

RN
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Tensor decompositions




Tensor decompositions (d = 2)

Singular value decomposition (SVD):

a(is, ia) Zoa Ua (ir) Vo (i2).

whereUTU=1I,VTV=1Il,ando, > --- >0, > 0.
» Explicit construction of the best rank-k approximation.
» Robust algorithms for computing SVD.

In tensor diagram notation:

U > VT %M‘ch



Tensor decompositions

TT-decomposition of X € RN
(Oseledets, Tyrtyshnikov, 2009)

Fryeeesld—1q

Xiig= D (h)UMz(lz)Uam('z) UG, (ia).

VIA Qqyeeny0g =1 nf h“ h‘- .- V]r
> TT-rank: r = (1, ..., rg—1) J

: Swmall €
> Storage: O (A“(a) « A

CzF=z.=28d, nNz.- = Ng=\n
Tensor diagram representation of TT

U U? U3 U U>




Tensor networks

Hierachical Tucker decomposition
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Popular tensor networks: ! O>3’ /0\2\
> tensor ring; _’i/
» 2D lattice (PEPS);
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What is the TT rank?

_ . . Rn1><~~~><nd:

Define k-th unfolding matrix of A € m—nbx(ﬂm--hﬁ
Ap = reshape (A, [N1... Nk, Npyq...Ng)). €

For TT-rank we have:

TT-rank(A) = (rank(A,), ..., rank(Ag4_4)) .
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How to compute the TT decomposition?

0
R - . 1 . l ~ -
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TT-SVD error bound

Theorem (l. Oseledets, 2011)

Suppose that
Ar = Rp + Er, rankRp = ry, ||Ek||F:€ka kR=1,...,d—1.

Then TT-SVD computes B with the TT-rank {r,,...,rq_,}:

d—1
A= Bl < | e
k=1
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Compressing neural network

Recall a convolutional layer
Convolutional layer:

kR—1 R—1 mj,

Yoy, ) =>"3"3"C(i,j, s, )X (X + i,y +],5).

i=0 j=0 $=1

Apply a tensor decomposition to the kernel C € RF>*F>MinxMout [1],
Multiple tensor decompositions are applied to C in [2].

[1] vadim Lebedev et al. “Speeding-up Convolutional Neural Networks Using Fine-tuned
CP-Decomposition”. In: 3rd ICLR. 2015.

[2] Kohei Hayashi et al. “Exploring unexplored tensor network decompositions for convolutional
neural networks”. In: NeurlPS (2019).
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Compression via tensorization
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Compression via tensorization

Matrices depend on 2 indices: {W(i, j) iz € R2"x?

To apply TT decomposition

1. Reshape to a multidimensional array: <2 .
R oae

W = reshape(W, [2,...,2]). &
WI,5) = oD (e 81,30
DJ W= (‘(‘T—rwu(\b>>é = ‘Fa.wk(W)
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Compression via tensorization

. . . o . d d d
Matrices depend on 2 indices: {W(i,))}?,_, € R* *?
To apply TT decomposition

1. Reshape to a multidimensional array:
W = reshape(W, [2,...,2]).
2. Permute indices: 2d

W(i17j17 . '7id7jd) = W(i’h srey id7j17 s 7jd)'
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Compression via tensorization

. . . o . d d d
Matrices depend on 2 indices: {W(i,))}?,_, € R* *?
To apply TT decomposition

1. Reshape to a multidimensional array:
W = reshape(W, [2,...,2]).
2. Permute indices: 2d

W(i17j17 . '7id7jd) = W(i’h M) id7j17 ce 7jd)'

3. Apply a tensor decomposition to W.
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Compression via tensorization

. . . .. d d d
Matrices depend on 2 indices: {W(i,))}?,_, € R* *2

To apply TT decomposition
1. Reshape to a multidimensional array:

W = reshape(W, [2,...,2]).
FrE ——
2. Permute indices: 2d

W(ihj’h sy id7jd) = W(i‘lf ceey id7j17 cee 7jd)‘
3. Apply a tensor decomposition to W.

Used for FC [3] and conv. layers [4].

[3] Alexander Novikov et al. “Tensorizing neural networks”. In: NIPS. 2015, pp. 442-450.
[4] Timur Garipov et al. “Ultimate tensorization: compressing convolutional and fc layers alike”.
In: arXiv preprint arXiv:1611.03214 (2016).



Are there more tensor decompositions?

There is another
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Separation of variables (d > 2)

Canonical decomposition (Hitchcock, 1927)
a(ir, o, ) = Zua(h (i2) Wa (i)

» Minimal possible r is called rank.
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Separation of variables (d > 2)

Canonical decomposition (Hitchcock, 1927)

r
a(i, ... ig) = Y uP(i)uP(iz) . .

a=1

» Minimal possible r is called rank.

e U, W, Ul

ulP(ia).
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Separation of variables (d > 2)

Canonical decomposition (Hitchcock, 1927)

S g
a(is, . .. ,ig z:u“)(l1 WD (iy) ... uD(ig). .
pUVT=
> Minimal possible r is called rank. —
» Decomposition is unique under mild conditions. (u S) (VS D
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Separation of variables (d > 2)

Canonical decomposition (Hitchcock, 1927)

r
a(i, ... ig) = > _uPD(i)uP(iz) ... @ (i).
a=1

» Minimal possible r is called rank.
» Decomposition is unique under mild conditions.
» Set of tensors with rank < r is not closed.
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Uniqueness

Definition
Kruskal rank kR(A) is maximum value of k such that any k columns of
a matrix A are linearly independent. —

Let A = [U, V, W] with (u,(/)vl/ havg R coRuwmwns)

R(U) + R(V) + R(W) > 2R + 2,
then the decomposition is unique up to column permutation and
diagonal scaling of U,V, W.
Alo..aow:& wake.
U S

oW 0D, D, =T
v=oVP v V2 2
w = W01
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How to compute canonical decomposition?

j(Ua v, W) = ||A - [[Ua v, W]]HF - UrT]VI,rl)V

Alternating least squares
1. Optimize over U with fixed V, W
2. Optimize over V with fixed U, W
3. Optimize over W with fixed U,V
Proceed iteratively.

16



Complexity of matrix multiplication
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Complexity of matrix multiplication [5]

G G| [A AJ][B B,
G C| |A A |B; B,
“Row-by-column”:

C, = A,B, + A, B,
C, = AB, + AB,
C; = AsB, + A,Bs
C,=AB, +A,B,

8 multiplications and 4 additions

[5] Strassen, V. (1969). Gaussian elimination is not optimal. Numerische mathematik, 13(s),
354-356.



Complexity of matrix multiplication [5] P

A
r)’A,%I -
G Cz] {A1 Az} [31 Bz} o
= *
[C3 Gy As A, |Bs B @ (V\% >
“Row-by-column”: Strassen:
My = (A +A,)(B: + By,)
C, = A:B, + A, B, AT
C2 = A182 + A284 M3 = A1(BZ - Bl.)
— M, = A,(B; — By)
€3 = AB1 +ABs Ms = (A +A;)B,
C4 = A3Bz + AhBA Mg = (A3 — A1)(B: + B)
T .. M; = (A, — A,)(Bs + By)
8 multiplications and 4 additions Co= My + M, — Mg + M,
C = M; + Ms
C =M, +M,

Cy =My + M — M, + Ms

7 multiplications and 18 additions

[5] Strassen, V. (1969). Gaussian elimination is not optimal. Numerische mathematik, 13(s),
354-356.



Complexity of matrix multiplication [5]

G G] [A A][B B
G G| |A Al |B; B,
“Row-by-column”:
Cy = AB, + AB, % G = Zm A B
G = ABz+A2BWL |- 4
C; =A;B, +A,B
C, = AsB, + A,B, Xije = E Wi Uy, WSea
8 multiplications and 4 additions K/ (CP AQCOW“P)

C-L:: Q’ Wiy (ZZ))&P‘)(Z’USKL%>

[5] Strassen, V. (1969). Gaussian elimination is not optimal. Numerische mathematik, 13(s),
354-356.



