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Upper and lower bound

£6) = Ol 9)| < sl =P
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Corrolary

L
) < Q(f,zy) + e +p1)! ly — 2P
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First-order model
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First-order model

Gradient Method

) L
Tpr1 = T + ar}%nﬁm {f(mk) +(Vf(xg), h) + ;HhHQ}
z

Vf(zr)+ Lih=0 h = —Liv‘f(ﬂ}k)

Explicit form

| H
\

Tpp1 = op — 12 V. (@)

Convergence

|
.

fa) - 1) <0 (HE)  R=lm-a')
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Second-order Method
Second-order model

ries = o+ angmin { £(a0) + (9 5@0). ) + 3 (Vi) |
heE

Vi(er) + Vif(a)h=0  h=—[V2f(z)] " V(zx)

| A\

Newton Method [1948, L. Kantorovich]
Tpt1 = o — [V f(28)] IV ()

A\

Damped Newton Method
Thar = T — by [V2F ()] V(@)




Cubic Regularized Newton Method

Cubic Regularization [2006, Yu. Nesterov and Boris T Polyak]
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Cubic Regularized Newton Method

Cubic Regularization [2006, Yu. Nesterov and Boris T Polyak]

ser = g+ anganin {1 (21) + (VF(o0). )+ 3 (V2 el ) + 22l |
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Cubic Regularized Newton Method

Cubic Regularization [2006, Yu. Nesterov and Boris T Polyak]

Tga1 = T + argmin {f(a:k) + (Vf(zk), h) + % <V2f(xk)h, h> + Ig||h||3}
heE

Step

1
Vi) + Ve + Zlhlh =0 k= |V2f) + 2] Vi)

Convergence

o) - 1) <0 (B8
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Inexact Newton Method

1
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Inexact Cubic Regularization [2017, S. Ghadimi et.al.] [2020, A. Agafonov]

Tpa1 = Tp + ar}%rﬁin {f(:zck) + (gk, h) + (Bkh h) + —||h||3}
c
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Inexact Second-order Methods

Inexact Newton Method

1
Tp1 = T — hi By " gg

Inexact Cubic Regularization [2017, S. Ghadimi et.al.], [2020, A. Agafonov|

. 1 L
Tpy1 = T + argmin {f(:zck) + (gk, h) + 3 (Bih, h) + 62||h||3}

hek
v

HBk - v2f(xk)Hop < o

v

Convergence

o - 1) <0 (B) +o (1)

v




Examples of Inexactness

Gradient Method
B, =111




Examples of Inexactness

Gradient Method

By =111

v

Diagonal Preconditioning

By, = diagonal (V2 f(zy,))




Examples of Inexactness

Gradient Method

By =111

v

Diagonal Preconditioning

By, = diagonal (V2 f(zy,))

v

AdaGrad

By, = diag (v/gx © gx)

v



Examples of Inexactness

Gradient Method
B, =111

Diagonal Preconditioning

By, = diagonal (V2 f(zy,))

AdaGrad

| \

By, = diag (v/g © gk)

RMSProp

| \

Bi= /5B, + (1 - B)diag (g1 © g5)

H -
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Examples of Inexactness

Diagonal Preconditioning

By, = diagonal (V2 f(x}))

OASIS [2021, M. Jahani et.al ]

By, = BD;_1 + (1 — B)diag (2 © V> f (k) zk) ,

where zj, is a random vector with Rademacher distribution.

Scaled SARAH + Sclaed L-SVRG [2022, A. Sadiev et.al ]

By, = BD;_1 + (1 — B)diag (2 © V* f (k) z) ,




Scaled SARAH + Sclaed L-SVRG

Best performances on logistic loss
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Scaled SARAH + Sclaed L-SVRG

Best performances on nllsq loss
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Examples of Inexactness
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Examples of Inexactness

T T RT

Yry Bysksy, B

Bk‘+1 = Bk + T ko T k&
Yy Sk 53, Bisy

7\ T T g

Hypyy = (1= 256 g (17— %% ) 4 2%
A T T T

yk Sk yk Sk yk Sk

where Hj, = Bk_1




Higher-Order Method

Basic step [Nesterov, 2018]

Th,(r) = argmin {Qp,Hp(fa ; y)} :
Yy

where

H
Q. (fr239) = Qp(f,259) + p—f’Hy o

For H, > L, this subproblem is convex and hence implementable.
P P p




Higher-Order Method

Basic step [Nesterov, 2018]

T, (z) = argmin { Oy, (f,23)}
Yy

where

H
Qp,Hp(fvx; y) = Qp(fa‘x; y) =+ ﬁ”y - x”p-i—l_

For H, > L, this subproblem is convex and hence implementable.

v

Convergence

few) - 1(a) <0 (2222




Superfast Second-Order Method

Nesterov 2018/ Nesterov 2020

1: Choose 7 € E and define Ay = O(kPT1)
2. Define ¢y(z) = #Hx — zoPH
3: for k=1,...,N do

4:  Compute vy = argminyy(x) and y, =
zeE

Ag k+1
Ak+1 T+ A, Vks where

ap+1 = Apy1 — Ag

5. Compute xx11 = Ty, (yx) and update

Y1 = Vi) + a1 [f(org1) + (VF(@g1), T — Tpg1)]

6: end for



Superfast Second-Order Method
Nesterov 2018/ Nesterov 2020
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Superfast Second-Order Method
Nesterov 2018/ Nesterov 2020

Convergence rate




Hyperfast Second-Order Method

Gasnikov, Bubeck et.al. 2019/ Kamzolov, Gasnikov 2020

1: Define Ag=0,29=9y9=0
2. for k=0,...,N—1 do
3:  Compute a pair Ay11 > 0 and ygy1 € R? such that

% < Aet1 Ly s = ell”” <P ;
(p—1)! p+1
where
Try1 = Tr, (k)
and
Nett + /024 + D1 A A, -
Af+1 = 5 y Yk = Aprt Tk + Ak+1vk7

Apt1 = Ag + agga

4. Update vpy1 = v — ap1 V f(Th41)



Hyperfast Second-Order Method

Gasnikov, Bubeck et.al. 2019/ Kamzolov, Gasnikov 2020
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Hyperfast Second-Order Method
Gasnikov, Bubeck et.al. 2019/ Kamzolov, Gasnikov 2020

Convergence rate

where O(-) means accuracy up to a logarithmic factor

Theoretical Line-search complexity

H *||p+1
k < 30plogp + log (M>
£




Proximal-Point Method With Segment Search

Nesterov 2020

1: Setvozxer,Hp>OD,A0:0

2 for k=0,....k=N—1 do

3:  Compute 2} € Ty (zy). If <Vf(:c2),uk> >0, then g, = Vf(xg),

4:  Else, z} € Ty, (vp). lf (Vf(z}),ur) <0, then g, = Vf(xk)

5. Else, find 0 <7} <72 <1, T} € Ty, (x) + 1pwi) B, T € Ty, (x + TPuk) such that:

a)ay <0< By b)wear(ri —77) < h(TP),

where oy, = (Vf(T}), ur), By = (VF(TR), up), v = 52

6: h(x) - special function for step-size computation. !
Compute g = ’Yka(Tk) (1 =) VA(TE) B, ars1 = wTh + (1 —w)T7
7. Compute agy1 > 0 from yp ’““ - = h(zky1) and Agi1 = Ag + ag41
8:  Compute vg11 = Vg — Apt10k and U1 = Vkt1 — Thtl-
9: end for



Proximal-Point Method With Segment Search
Nesterov 2020




Proximal-Point Method With Segment Search

Convergence rate

Theoretical Line-search complexity

1 H,||z* ||+
k§2+—1og<M>
b

2e




Experiments

MNIST Logistic regression

Problem

M

M
fla) = 223w, 6) = 22> log (14 exp(—nia &)
=il =1

where M = 5000, d = 784 for MNIST

Implementation Time

| \

Method Time Time/iteration
Cubic Newton Method | 1073 sec. | 10.73 sec./iter.
Basic Tensor Method | 1079 sec. | 10.79 sec./iter.

Superfast Method 1102 sec. | 11.02 sec./iter.
ProxPointSS Method | 1746 sec. | 17.46 sec./iter.
Hyperfast Method 1579 sec. | 15.79 sec./iter.




Experiments

MMNIST Logistic Regression
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Experiments
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Figure: Comparison of regularized Newton methods and Damped Newton method for logistic regression
task on MNIST dataset (10 models for ¢ vs. other digits problems with argmax aggregation).



Contacts

Code is available
https://github.com/0PTAMI/OPTAMI
kamzolov.dmitry@mbzuai.ac.ae \
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