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Problem formulation

High-order convex problem

min
x∈E

f(x),

f(x) is convex function with Lipschitz-continuous gradient and Hessian with constants L1, L2

Lipschitz derivative

∥∇f(x)−∇f(y)∥∗ ≤ L1∥x− y∥

∥∇2f(x)−∇2f(y)∥op ≤ L2∥x− y∥2

Lipschitz derivative

∥∇2f(x)∥op ≤ L1

∥∇3f(x)∥op ≤ L2
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Model

Taylor approximation

Ω1(f, x; y) = f(x) + ⟨∇f(x), y − x⟩ , y ∈ E

Ω2(f, x; y) = f(x) + ⟨∇f(x), y − x⟩+ 1

2

〈
∇2f(x)(y − x), y − x

〉
, y ∈ E

Upper and lower bound

|f(y)− Ωp(f, x; y)| ≤
Lp

(p+ 1)!
∥y − x∥p+1

Corrolary

f(y) ≤ Ωp(f, x; y) +
Lp

(p+ 1)!
∥y − x∥p+1
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First-order model

Gradient Method

xk+1 = xk + argmin
h∈E

{
f(xk) + ⟨∇f(xk), h⟩+

L1

2
∥h∥2

}

Step

∇f(xk) + L1h = 0 h = − 1
L1

∇f(xk)

Explicit form

xk+1 = xk − 1
L1

∇f(xk)

Convergence

f(xk)− f(x∗) ≤ O

(
L1R

2

k

)
R = ∥x0 − x∗∥
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Second-order Method

Second-order model

xk+1 = xk + argmin
h∈E

{
f(xk) + ⟨∇f(xk), h⟩+

1

2

〈
∇2f(xk)h, h

〉}

Step

∇f(xk) +∇2f(xk)h = 0 h = −
[
∇2f(xk)

]−1∇f(xk)

Newton Method [1948, L. Kantorovich]

xk+1 = xk −
[
∇2f(xk)

]−1∇f(xk)

Damped Newton Method

xk+1 = xk − hk
[
∇2f(xk)

]−1∇f(xk)
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Cubic Regularized Newton Method

Cubic Regularization [2006, Yu. Nesterov and Boris T Polyak]

xk+1 = xk + argmin
h∈E

{
f(xk) + ⟨∇f(xk), h⟩+

1

2

〈
∇2f(xk)h, h

〉
+
L2

6
∥h∥3

}

Step

∇f(xk) +∇2f(xk)h+
L2

2
∥h∥h = 0 h = −

[
∇2f(xk) +

L2

2
∥h∥I

]−1

∇f(xk)

Convergence

f(xk)− f(x∗) ≤ O

(
L2R

3

k2

)
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Inexact Second-order Methods

Inexact Newton Method

xk+1 = xk − hkB
−1
k gk

Inexact Cubic Regularization [2017, S. Ghadimi et.al.], [2020, A. Agafonov]

xk+1 = xk + argmin
h∈E

{
f(xk) + ⟨gk, h⟩+

1

2
⟨Bkh, h⟩+

L2

6
∥h∥3

}
Inexactness

∥Bk −∇2f(xk)∥op ≤ δ

Convergence

f(xk)− f(x∗) ≤ O

(
δR2

k

)
+O

(
L2R

3

k2

)
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Examples of Inexactness

Gradient Method

Bk = L1I

Diagonal Preconditioning

Bk = diagonal(∇2f(xk))

AdaGrad

Bk = diag
(√
gk ⊙ gk

)
RMSProp

Bk =
√
β2B2

k−1 + (1− β2)diag (gk ⊙ gk)
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Examples of Inexactness

Diagonal Preconditioning

Bk = diagonal(∇2f(xk))

OASIS [2021, M. Jahani et.al.]

Bk = βDt−1 + (1− β)diag
(
zk ⊙∇2f(xk)zk

)
,

where zk is a random vector with Rademacher distribution.

Scaled SARAH + Sclaed L-SVRG [2022, A. Sadiev et.al.]

Bk = βDt−1 + (1− β)diag
(
zk ⊙∇2f(xk)zk

)
,
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Scaled SARAH + Sclaed L-SVRG
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Best performances on logistic loss
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Scaled SARAH + Sclaed L-SVRG
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Examples of Inexactness

L-BFGS

Bk+1 = Bk +
yky

T
k

yTk sk
−
Bksks

T
kB

T
k

sTkBksk

L-BFGS

Hk+1 =

(
I −

yks
T
k

yTk sk

)T

Hk

(
I −

yks
T
k

yTk sk

)
+
sks

T
k

yTk sk
,

where Hk = B−1
k
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Higher-Order Method

Basic step [Nesterov, 2018]

THp(x) = argmin
y

{
Ω̃p,Hp(f, x; y)

}
,

where

Ω̃p,Hp(f, x; y) = Ωp(f, x; y) +
Hp

p!
∥y − x∥p+1.

For Hp ≥ Lp this subproblem is convex and hence implementable.

Convergence

f(xN )− f(x∗) ≤ O

(
HpR

p+1

Np

)
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Superfast Second-Order Method
Nesterov 2018/ Nesterov 2020

1: Choose x0 ∈ E and define Ak = O(kp+1)
2: Define ψ0(x) =

1
p+1∥x− x0∥p+1

3: for k = 1, . . . , N do
4: Compute vk = argmin

x∈E
ψk(x) and yk = Ak

Ak+1
xk +

ak+1

Ak+1
vk, where

ak+1 = Ak+1 −Ak

5: Compute xk+1 = THp(yk) and update

ψk+1 = ψk(x) + ak+1[f(xk+1) + ⟨∇f(xk+1), x− xk+1⟩]

6: end for
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Nesterov 2018/ Nesterov 2020
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Superfast Second-Order Method
Nesterov 2018/ Nesterov 2020

Convergence rate

f(xN )− f(x∗) ≤ O

(
HpR

p+1

Np+1

)
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Hyperfast Second-Order Method
Gasnikov, Bubeck et.al. 2019/ Kamzolov, Gasnikov 2020

1: Define A0 = 0, x0 = y0 = 0
2: for k = 0, . . . , N − 1 do
3: Compute a pair λk+1 > 0 and yk+1 ∈ Rd such that

1

2
≤ λk+1

Lp · ∥xk+1 − yk∥p−1

(p− 1)!
≤ p

p+ 1
,

where
xk+1 = TLp(yk)

and

ak+1 =
λk+1 +

√
λ2k+1 + 4λk+1Ak

2
, yk =

Ak

Ak+1
xk +

ak+1

Ak+1
vk,

Ak+1 = Ak + ak+1

4: Update vk+1 = vk − ak+1∇f(xk+1)
5: end for 16/25



Hyperfast Second-Order Method
Gasnikov, Bubeck et.al. 2019/ Kamzolov, Gasnikov 2020
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Hyperfast Second-Order Method
Gasnikov, Bubeck et.al. 2019/ Kamzolov, Gasnikov 2020

Convergence rate

f(xN )− f(x∗) ≤ Õ

(
HpR

p+1

N
3p+1

2

)
where Õ(·) means accuracy up to a logarithmic factor

Theoretical Line-search complexity

k ≤ 30p log p+ log

(
Hp∥x∗∥p+1

ε

)
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Proximal-Point Method With Segment Search
Nesterov 2020

1: Set v0 = x0 ∈ E, Hp > 0  D¸ A0 = 0
2: for k = 0, . . . , k = N − 1 do
3: Compute x0k ∈ THp(xk). If ⟨∇f(x0k), uk⟩ ≥ 0, then gk = ∇f(x0k),
4: Else, x1k ∈ THp(vk). If ⟨∇f(x1k), uk⟩ ≤ 0, then gk = ∇f(x1k)
5: Else, find 0 ≤ τ1k ≤ τ2k ≤ 1, T 1

k ∈ THp(xk + τ1kuk)  D¸ T 2
k ∈ THp(xk + τ2kuk) such that:

a)αk ≤ 0 ≤ βk b)γkαk(τ
1
k − τ2k ) ≤ h(T 2

k ),

where αk = ⟨∇f(T 1
k ), uk⟩, βk = ⟨∇f(T 2

k ), uk⟩, γk = βk
βk−αk

,
6: h(x) - special function for step-size computation.

Compute gk = γk∇f(T 1
k ) + (1− γk)∇f(T 2

k )  D¸ xk+1 = γkT
1
k + (1− γk)T

2
k .

7: Compute ak+1 > 0 from
a2k+1

Ak+ak+1
= h(xk+1) and Ak+1 = Ak + ak+1

8: Compute vk+1 = vk − ak+1gk and uk+1 = vk+1 − xk+1.
9: end for
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Proximal-Point Method With Segment Search
Nesterov 2020
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Proximal-Point Method With Segment Search

Convergence rate

f(xN )− f(x∗) ≤ Õ

(
HpR

p+1

N
3p+1

2

)

Theoretical Line-search complexity

k ≤ 2 +
1

p
log

(
3Hp∥x∗∥p+1

2ε

)
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Experiments
MNIST Logistic regression

Problem

f(x) =
1

M

M∑
i=1

ℓ(x, ζi) =
1

M

M∑
i=1

log
(
1+ exp(−ηix⊤ξi)

)
,

where M = 5000, d = 784 for MNIST

Implementation Time

Method Time Time/iteration

Cubic Newton Method 1073 sec. 10.73 sec./iter.

Basic Tensor Method 1079 sec. 10.79 sec./iter.

Superfast Method 1102 sec. 11.02 sec./iter.

ProxPointSS Method 1746 sec. 17.46 sec./iter.

Hyperfast Method 1579 sec. 15.79 sec./iter.
22/25
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Experiments
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Figure: Comparison of regularized Newton methods and Damped Newton method for logistic regression
task on MNIST dataset (10 models for i vs. other digits problems with argmax aggregation).

24/25



Contacts

Code is available

https://github.com/OPTAMI/OPTAMI

My contacts

kamzolov.dmitry@mbzuai.ac.ae
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