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Hypothesis testing

A statistician observes a sample n¢,...,n,, € R" of i.i.d. random vectors with multinomial
distribution Mult(1, p°) or the aggregated data Y =mn; + --- +n,, ~ Mult(n, p°)

P(n =e¢)=p;, je{l,....r}
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P(n=ej)=pj, je{l,....r}

A simple hypothesis: Hy : p° = p

Common approach: use Pearson’s statistic
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Hypothesis testing

A statistician observes a sample 7, .

distribution Mult(1, p°) or the aggregated data Y =mn; + --- +n,, ~ Mult(n, p°)
P(n=ej)=pj, je{l,....r}

A simple hypothesis: Hy : p° = p

Common approach: use Pearson’s statistic

T

Y, — )2
szzi(] np;) i))f(r—l), n — 0o

-
= P

and reject Hy if and only if Tp exceeds x7_,,(r — 1)
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Hypothesis testing

Other possible choices: power divergence test statistics [Cressie and Read, 1984]:

()]
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= A(A+1)2Yj
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When A = —1 or A = 0, the expression should be understood as a passage to limit
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Hypothesis testing

Other possible choices: power divergence test statistics [Cressie and Read, 1984]:

()]

When A = —1 or A = 0, the expression should be understood as a passage to limit

T

2
= A(A+1)2Yj

=1

Theorem:

T)\i)x2(7“—1), n — oo

Question 1: what is the rate of convergence?

Question 2: can we propose something better?
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Rates of convergence

Kolmogorov distance:
i (Law (€)  Law (n)) = sup [P (€ > 1) B (n > 1)
€

[Yarnold, 1972, Ulyanov and Zubov, 2009|:

di (Law (Th) , x*(r — 1))

INMt) =" D2V 1
~ >0 n(r=1)/2 T

o BMNt) ={y:Ta(y) <t}
o N(t) — # of lattice points inside B*(t)
o V() — volume of BA(t)

N. Puchkin (HSE, IITP RAS) 24.06.2022 4 /30



Rates of convergence

Kolmogorov distance:

dic (Law (£), Law (1)) = sup [P (¢ > £) = P (n > ¢)]

Pearson’s statistic [Gotze and Ulyanov, 2003]:

O (n~1HYr), if2<r <5,

dic (Law (Tp) X = 1)) = O(n'), ifr>6
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Rates of convergence

Kolmogorov distance:

dic (Law (£), Law (1)) = sup [P (¢ > £) = P (n > ¢)]

Pearson’s statistic [Gotze and Ulyanov, 2003]:

O (n~1HYr), if2<r <5,

e T XD =00y s

Remark: the O(1/4/n) rate of convergence cannot be improved when r = 2
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Why the rate O(1/4/n) cannot be improved when r = 27

Consider the case p; = py = 1/2, n is even:

2
T, = Z

j=1
Y, fn/2) (n— Y1 —n/2)?
: w2 ;/2
_ 4 - n/2)?
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Why the rate O(1/4/n) cannot be improved when r = 27

Since Y] ~ Binom(n, 1/2), we have

n no\ ,_n n! n
P(vi=3)= (n/2>4 = w22
N V2mn(n/e)” 4-n 2

mn(n/2e)" ™

Hence, P(Tp = 0) ~ (7n/2)~'/2 while P(x%(1) < 0) =0
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Rates of convergence

Kolmogorov distance:

dic (Law (£), Law (1)) = sup [P (¢ > £) = P (n > )]

Power divergence test statistics [Assylbekov, 2010, Assylbekov et al., 2011]:
O (n_50/73(10g n)315/146)  ifr=3,

i (Law (Tn) , x*(r — 1)) = § O (n=1#6/(7r=3)) | if 4
O (n—l+5/(67“—4)) . ifr
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Rates of convergence

On an event with high probability

T

(V; —np)* A =1 (Y —npy)? (logn)*
T\ = )
A 32:21 np; * 3 jzz:l n2p]2. * n

0(1/v/n)

The first term converges to x2(r — 1) with the rate O(1/n), provided that r > 6
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Rates of convergence

Let ¢ : R — R4 be a convex non-negative function such that

¢(1) =¢/(1) =0, ¢"(1)>0

Phi-divergence test statistic:
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Rates of convergence

Let ¢ : R — R4 be a convex non-negative function such that

¢(1) =¢/(1) =0, ¢"(1)>0

Phi-divergence test statistic:

- e

Remark: power divergence statistics belong to the family of phi-divergence statistics
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Berry-Esseen theorem

® £1,...,&, —iid. centered random variables, E¢? = 1, E|¢]? < oo
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Berry-Esseen theorem

® £1,...,&, —iid. centered random variables, E¢? = 1, E|¢]? < oo

@ It holds that

a,beER,
a<b

- 1 E|& 3
sup [P ( <Y< b) - [t < B
=1 \/>
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Berry-Esseen theorem

® £1,...,&, —iid. centered random variables, E¢? = 1, E|¢]? < oo

@ It holds that

N

b
n 1 E 3
sup |P (a < Zeifi b> _ E /20y < \|§71€|

Using the Berry-Esseen theorem, one can prove that

di (Law (Ty) , x*(r — 1)) = O(n/?)

under mild assumptions on ¢
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CLT for weighted sums

@ &y,...,&, —iid. centered random variables with the unit variance and a finite fourth

moment
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CLT for weighted sums

@ &1,...,&, —ii.d. centered random variables with the unit variance and a finite fourth
moment
o 0 ~U(S" 1) — n-dimensional vector of coefficients

e CLT for weighted sums [Klartag and Sodin, 2012|: for any ¢ € (0, 1), with probability
at least 1 — 4, it holds that

b
Y 1 Eét log?(1
sup [P |a<D 06 <b|0) ——— [ e/aa) < CrsBet log*(1/9)
abeR, P V2r n
a< a

where C'kg is an absolute constant
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Multivariate CLT for weighted sums

Theorem (|Ayvazyan and Ulyanov, 2022])

Let &q,...,&, be ii.d. random vectors in RY, E&; = 0, B€,&] = Iy, E|&,||* < co. Denote
the family of convex Borel sets in RY by B and let n ~ N(0, 1) be the standard Gaussian

random vector in R:. Then, for any § € (0,1), with probability at least 1 — & over
0 ~U(S™ 1Y), it holds that

P (zn:%i eB‘O) —P(n € B)
=1

where the constant Cy depends on d only.

sup
BeB

< GBIl g1/ "

N. Puchkin (HSE, IITP RAS)

24.06.2022 13 /30



Randomized phi-divergence test statistic

@ 7ny,...,m, € R" are i.i.d. random vectors Mult(1, p)

@ Define a weighted sum
n
= Z 91(771 -
i=1

o Randomized phi-divergence test statistic:

x¢
e iy S (1 )
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Randomized phi-divergence test statistic

Assumption

The function ¢ is three times differentiable at 1, ¢(1) = ¢'(1) = 0, ¢”(1) > 0, and the third
derivative ¢" is L-Lipschitz on [1 — A, 1 + A] for some A > 0.
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Randomized phi-divergence test statistic

Assumption

The function ¢ is three times differentiable at 1, ¢(1) = ¢'(1) = 0, ¢”(1) > 0, and the third
derivative ¢ is L-Lipschitz on [1 — A, 1 4+ A] for some A > 0.

Assumption

The sample size n is sufficiently large, that is,

5|¢1//(1)| (p](]_ _pj) + logn) < 4¢,/(1)\/ﬁpj for all ] € {1, .. ,T}a

5logn < 2pminAv/n, and 1672 + 1612 logn < npmin, Where pyin = min p;

1<j<r
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Randomized phi-divergence test statistic

Theorem (P. and Ulyanov)

Let the aforementioned assumptions be satisfied and let pyin > 0. Then, for any § € (0,1),
with probability at least 1 — & (over @ uniformly distributed on the unit sphere S"~1), it

holds that

ilelﬂg ]P’<7f¢,>t’0>—IP’(Z>t)‘

_ ¢"(1)\? r3/2 + (logn)3/2 n Cy_1rlog®(1/8)  Ly/r(logn)*
~ ¢//(1) NPmin NPmin ¢”(1)np§nin ‘

Here Z ~ x*(r — 1) and C,_1 is the same constant as in (1).
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Key ideas

Step 1. Taylor’s expansion:

r (){?)2 ¢H/(1) r (}(@)3

= J
7:i> - ]; D =+ 3¢//(1) ; ﬁp?
Q(x9)
1
1 r m Jg _m (X]G)S .
+¢”(1) jzlo/[¢ ( +\/ﬁp,> ¢ (1)] N (1—v)°dv
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Key ideas

Step 2. Concentration of measure: there is an event Ey, P(E; |0) > 1 — 2r/n, such that,

conditionally on 6,

2L 2Lr(logn)*
~"(Wn @ (nply,

IR| < U, on Ey
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Key ideas

Step 3. CLT for weighted sums [Ayvazyan and Ulyanov, 2022]:

~>> 2r  C,_1rlog?(1/0)

dg (Law (Q(X0)> , Law (Q(X) < —+ ,
n N Pmin
where X ~ N(0,%) and
% = diag(p) — pp’
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Key ideas

Step 4. Key lemma:

gb"l(l))z r3/2 4 (log n)3/2

i (1w (2030) e =1) 5 (G )
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Key ideas

dx (Law (Q(}Z)) A2 — 1)) = sup [P(Q(X) > t) — PO2(r — 1) > 1)

teR
Simple case: t > 8(r — 1) + 8logn or t < 0 Chi-Squared Distribution
1, 2,4, 8,16, 32 Degrees of Freedom
07
P(XQ(T _ 1) > t) < l/n . Degrﬁof;f:edom
df=2
05 - dr=4
— di=8
Large deviations: > 04 — o
& 03 - '\
" 2
—~ 1 r i
P(QX) > 1) < (2//8) o
NPmin 0.1 7
N ¢///(1) 2 1 00 K}Q\\\_
P(Q(X)<0) S <¢,,(1) > N Prmin 0 4 8 12 16 20 24 28 32 36 40
x value
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Key ideas

Let p = ‘|D—1/2}|| and T = D_l/Q/)\(//p, where D = diag(p), and

¢"(1) = T2/Pmin

S = 3¢ (1) pr Nz

Then

o p? ~x*(r—1)

@ p and S are independent

]:1
3S
=+ P
vV NPmin
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Key ideas

For any t € (0,8(r — 1) + 8logn), let a random variable o; be a root of the equation

2 G'?S
t=o0f +
v/TPmin
from the interval (v/0.5¢,/2t)
3
p°S 2
sup P<p2+ >t>—IP’p>t‘
0<t<8(r—1)+8logn v/ "Pmin ( )

3
p°S 2
= sup IEIP’(p2+ >t‘5>—]P’p >t‘
0<t<8(r—1)+8logn \/MPmin ( )
38 3S
= sup EP <p2 + P > o2 + i
0<t<8(r—1)+8logn /TPmin /TPmin
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Key ideas

Step 5. Gaussian anti-concentration [Gotze et al., 2019]: if &€ ~ N(0,X), then

supP (t < [|€ —a|? <t+e) Same
t>0
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Key ideas

Step 5. Gaussian anti-concentration |Gotze et al., 2019]:
di (Law (7) X (r — 1)) =dk (Law (Q(XB) + R) (= 1))
~ dg (Law (Q(/X/) + ‘I’n) X (r - 1))
- <¢"'<1>>2 92 4 (log )"
~\¢"(1)

NPmin
, Crorlog?(1/8) | Ly/r(logn)’
NPmin ¢”(1)npf’mn
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Thank you for attention!
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