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Èçâåñòíîå ñîîòíîøåíèå

Ïðåäëîæåíèå

Äëÿ ëþáûõ (x, t) ∈ Z2, ãäå t > 0, âåðíî, ÷òî

(t− x)a2(x, t) = (t+ x− 2)a2(2− x, t)

.
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Êîìáèíàòîðíîå äîêàçàòåëüñòâî ñîîòíîøåíèÿ

• Ñîïîñòàâèì êàæäîìó ïóòè ïîñëåäîâàòüíîñòü ïëþñîâ è

ìèíóñîâ.

• Ïëþñîì áóäåì îáîçíà÷àòü õîä âïðàâî-ââåðõ, ìèíóñîì õîä

âëåâî-ââåðõ.
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Êîìáèíàòîðíîå äîêàçàòåëüñòâî ñîîòíîøåíèÿ

• Ïóòåì ñ îòìå÷åííûì õîäîì âëåâî áóäåì íàçûâàòü ïàðó èç

ïóòÿ øàøêè â êëåòêó (x, t) è ÷èñëà N òàêîìó, ÷òî õîä ïîä

íîìåðîì N øàøêà äåëàåò âëåâî-ââåðõ.
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Êîìáèíàòîðíîå äîêàçàòåëüñòâî ñîîòíîøåíèÿ

Áóäåì íàçûâàòü ïåðåñòðîéêîé ïóòè ñëåäóþùåå îòîáðàæåíèå:

• Ïî ïóòè m ïîñòðîèì ïóòü m̄ ïóòåì èíâåðòèðîâàíèÿ âñåõ

åãî õîäîâ (çàìåíÿåì ïëþñû íà ìèíóñû, à ìèíóñû íà ïëþñû).

• Çà m̂ îáîçíà÷èì ïåðåâåðíóòûé ïóòü m̄.
• Ñîîòâåòñòâåííî ïåðåñòðîéêîé íàçîâ¼ì ñîïîñòàâëåíèå ïóòè

m ïóòü m̂.
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Êîìáèíàòîðíîå äîêàçàòåëüñòâî ñîîòíîøåíèÿ

Äàëåå áóäåì ðàññìàòðèâàòü òîëüêî ïóòè äàþùèå âêëàä â a2
(ò.å. ñ ïîñëåäíèì õîäîì âïðàâî-ââåðõ).

Ðàññìîòðèì íåêîòîðûé ïóòü øàøêè m ñ îòìå÷åííûì õîäîì

(âëåâî) ïîä íîìåðîì N è âûäåëèì â íåì ïîäïóòè A è B.
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Êîìáèíàòîðíîå äîêàçàòåëüñòâî ñîîòíîøåíèÿ

Ïðèìåíèì ïåðåñòðîéêó ê ïîäïóòè A, à çàòåì ê ïîäïóòè B.
Îáîçíà÷èì ïîëó÷åííûé ïóòü çà m′.
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Êîìáèíàòîðíîå äîêàçàòåëüñòâî ñîîòíîøåíèÿ

Ïîñ÷èòàåì â êàêóþ êëåòêó ïðèõîäèò m′:
• Îí ñîäåðæèò ðîâíî t õîäîâ.
• Åñëè m ñîäåðæàë t+x

2 ïëþñîâ, òî m′ ñîäåðæèò t+x
2 − 1

ìèíóñîâ.

• Çíà÷èò m′ ïðèõîäèò â êëåòêó (2− x, t).
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Êîìáèíàòîðíîå äîêàçàòåëüñòâî ñîîòíîøåíèÿ

Ñîïîñòàâëåíèå ïóòè m ïóòÿ m′ áèåêöèÿ ìåæäó ïóòÿìè ñ

îòìå÷åííûì õîäîì âëåâî è äàþùèìè âêëàä â a2(x, t) è
ïóòÿìè ñ îòìå÷åííûì õîäîì âëåâî è äàþùèìè âêëàä â

a2(2− x, t).
Îñòàåòñÿ ïîñ÷èòàòü êîëè÷åñâòî ïóòåé ñ îòìå÷åííûì õîäîì

âëåâî. Ïîëó÷àåì:

t− x
2

a2(x, t) =
t+ x− 2

2
a2(2− x, t).
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�Øàøêè Ôåéíìàíà ñ ïîãëîùåíèåì�

• Ïóñòü øàøêà ñòîèò íà áåñêîíå÷íîé êëåò÷àòîé äîñêå â

êëåòêå (0, 0) è õî÷åò äîáðàòüñÿ äî (x, t).
• Ðàññìîòðèì âñå ïóòè, ñîñòîÿùèå èç õîäîâ âïðàâî-ââåðõ è

âëåâî-ââåðõ, ñ ïåðâûì õîäîì âïðàâî-ââåðõ è íå ïðîõîäÿùèå

÷åðåç êëåòêè âåðòèêàëè x = x0
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�Øàøêè Ôåéíìàíà�

• Êàæäîìó ïóòè ñîïîñòàâèì ñòðåëêó (âåêòîð äëèíû 1),
âû÷èñëåííóþ òàê: ñíà÷àëà îíà ñìîòðèò ââåðõ, à ïðè êàæäîì

ïîâîðîòå îíà ïîâîðà÷èâàåòñÿ íà 90◦.
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�Øàøêè Ôåéíìàíà�

• a(x, tbypassx0) - ýòî ñóììà ñòðåëîê ïî âñåì ïóòÿì ñ

êîýôôèöèåíòîì 2(1−t)/2.
• |a(x, tbypassx0)|2 - ýòî âåðîÿòíîñòü îáíàðóæèòü ýëåêòðîí,
èñïóùåííûé èç (0, 0), â òî÷êå (x, t).
• Ïðèìåð a(1, 3 bypass 0) = (12 , 0)
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Îïðåäåëåíèå ìîäåëè

• Ïóòü øàøêè � ýòî êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü òàêèõ

öåëûõ òî÷åê ïëîñêîñòè, ÷òî âåêòîð èç êàæäîé òî÷êè (êðîìå

ïîñëåäíåé) ê ñëåäóþùåé ðàâåí ëèáî (1, 1), ëèáî (−1, 1).
• Ïîâîðîò � ýòî òàêàÿ òî÷êà ïóòè (íå ïåðâàÿ è íå

ïîñëåäíÿÿ), ÷òî âåêòîð, ñîåäèíÿþùèé ýòó òî÷êó ñ

ïðåäûäóùåé, îðòîãîíàëåí âåêòîðó, ñîåäèíÿþùåìó å¼ ñî

ñëåäóþùåé. turns(s) � îáùåå ÷èñëî ïîâîðîòîâ â s.
• Ñòðåëêà � ýòî êîìïëåêñíîå ÷èñëî

a(x, tbypassx0) := 2(1−t)/2 i
∑
s

(−i)turns(s),

ãäå ñóììà áåð¼òñÿ ïî âñåì ïóòÿì s øàøêè èç êëåòêè (0, 0) â
êëåòêó (x, t), íà÷èíàþùèìñÿ ñ õîäà âïðàâî-ââåðõ è íå

ïðîõîäÿùèì ÷åðåç òî÷êè ïðÿìîé x = x0 êðîìå, áûòü ìîæåò,
íà÷àëüíîé è êîíå÷íîé òî÷êè.

P (x, tbypassx0) := |a(x, tbypassx0)|2.
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Ïåðâûå çíà÷åíèÿ ôóíêöèè a(x, t bypass 0)
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Èçâåñòíûé ðåçóëüòàò

Òåîðåìà (Àìáàèíèñ è äð. 2001)

Äëÿ ëþáîãî öåëîãî t > 0 âûïîëíåíî

a(0, tbypass 0) =


1√
2
, t = 2;

(−1)k(2kk )

(k+1)22k+3/2 , t = 4k + 4, ãäå k ∈ Z;

0, èíà÷å.

Áîëåå òîãî, ∑
t∈N

P (0, tbypass 0) =
2

π
.

Çàìå÷àíèå: Ïîñëåäíåå âûðàæåíèå � ýòî âåðîÿòíîñòü

ïîãëîùåíèÿ ýëåêòðîíà â íà÷àëüíîé òî÷êå.
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Îñíîâíàÿ ëåììà

Ëåììà (Ì.Ä. 2022)

Äëÿ ëþáîãî öåëîãî n > 2 âûïîëíåíî:

a(0, 2n bypass 0) =
1√
2

n−2∑
j=2

a(0, 2(n−j) bypass 0)a(0, 2j bypass 0).
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Äîêàçàòåëüñòâî ëåììû

Ïîñòðîèì îòîáðàæåíèå F :
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Äîêàçàòåëüñòâî ëåììû

Òîãäà ïðè j < n− 1 èìååì

−
√

2 a(p) = −i(−i)turns(p)21−n =

= i(−i)turns(m)21/2−n+ji(−i)turns(l)21/2−j = a(m)a(l),

òàê êàê ïóòü p èìååò òàêóþ æå äëèíó è íà îäèí ïîâîðîò

áîëüøå, ÷åì l è m â ñóììå.

Åñëè æå j = n− 1, òî
√

2 a(p) = a(l)a(m), òàê êàê ïóòü p
èìååò òàêóþ æå äëèíó è íà îäèí ïîâîðîò ìåíüøå, ÷åì l è m
â ñóììå.
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Äîêàçàòåëüñòâî ëåììû

Òîãäà, ñóììèðóÿ ïî âñåì ïóòÿì p, ïîëó÷àåì:

−
√

2 a(0, 2n bypass 0) =

n−2∑
j=1

a(0, 2(n−j) bypass 0)a(0, 2j bypass 0)−

−a(0, 2(n− 1) bypass 0)a(0, 2 bypass 0) =

=

n−2∑
j=2

a(0, 2(n− j) bypass 0)a(0, 2j bypass 0).
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Ïåðâîå äîêàçàòåëüñòâî òåîðåìû

Åñëè n � ÷åòíîå áîëüøå äâóõ, òî

a(0, 2n bypass 0) =
−1√

2

n−2∑
j=2

a(0, 2(n−j) bypass 0)a(0, 2j bypass 0) =

=
−1√

2

n−2∑
j=2

j ÷åòíîå

(−1)(n−j)/2−1
( n−j−2
(n−j)/2−1

)
((n− j)/2)2n−j−1/2

·
(−1)j/2−1

( j−2
j/2−1

)
(j/2)2j−1/2

=

=
(−1)n/2−1

(
n−2

n/2−1
)

(n/2)2n−1/2
.
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Ïåðâîå äîêàçàòåëüñòâî òåîðåìû

Åñëè æå n � íå÷åòíîå áîëüøå äâóõ, òî

a(0, 2n bypass 0) =
−2√

2

n−2∑
j=2

a(0, 2(n−j) bypass 0)a(0, 2j bypass 0) =

=
−2√

2

n−2∑
j=2

j ÷åòíîå

0 ·
(−1)j/2−1

( j−2
j/2−1

)
(j/2)2j−1/2

= 0.
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Âòîðîå äîêàçàòåëüñòâî

Ïóñòü A(q) =
∑∞

n=1 a(0, 2n bypass 0)qn. Òîãäà èç ëåììû:

A(q) =
−1√

2
A(q)2 + qA(q) +

q√
2
.

Ðåøàÿ ïîëó÷åííîå óðàâíåíèå îòíîñèòåëüíî A(q) ïîëó÷àåì:

A(q) =
q − 1±

√
1 + q2√

2
.
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Åùå îäíî ñîîòíîøåíèå

Òåîðåìà

Äëÿ ëþáûõ öåëûõ x0 6 0 è n > max{1− x0, 2} âûïîëíåíî

a(x0, 2n+x0 bypassx0) =

n∑
x=2

2−x/2Im a(x0+x, 2n−x+x0 bypassx0) =

= −
n−1∑
x=2

2−x/2−1Re a(x0 + x, 2n− 2− x+ x0 bypassx0).
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