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[ eHepauunAa gokasaTesibCTB
MaTeMaTU4YeCKMX TeopeMm

C NOMOLLbIO A3bIKOBbIX
MopOenen

Epmek Kanywes IOpunin HpoBukoB

Hay4HbIn COTPYOHUK Mnagwunimn Hay4HbI COTPYLHUK



NpoeAa n motmBauua

NneA

Teopembl U X OoKa3aTeNbCTBa MOXHO
3anucbiBaTb Ha hopMasibHOM A3blKe

[lokazaTenbCTBO MOXHO BbICTPO
NPOBEPUTL C MOMOLLIO NPOrpamMmmel

[lokasaTenbcTBa MOXHO
MCKaTb aBTOMaTUYECKU

[ oe elle NpUMeHAETCA

ABTOMaTUYECKMN NMOUCK OOoKa3aTesNnbCTB
Teopem

Bepudmkauna codpta / kenesa /
NPOTOKOJ10B

— WireGuard — vpn
— selL4 — mukpoanpo OS

— CompCert C — BepndmumpoBaHHbIn
KOMNUAATOp A3blika C

— Intel, Google, Airbus
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[Mpumep

theorem add_assoc
begin

intros,
induction c,| —

:Vabc:

N,

(a+b) +c=a+ (b+c) :=

{
apply nat.add_zero,
H
{
rw nat.add_succ,
rw nat.add_succ,
rw nat.add_succ,
rw c_ih,

end

[(MnoTesbl

Mopuenu

> case nat.zero
ab:N

-~ a+b+0=a+ (b+ 0)

case nat.succ

~

abcn: N
c_ih :

a+b+cn=a+ (b+ c_n)]

\::¥a +b + c_n.succ =a + (b + c_n.suiiy

A

proof state



3agada

Input:

Target:

theorem add_assoc : Y a b c : N,

intros,
induction c,
{
apply nat.add_zero,
+y
{
rw nat.add_succ,
rw nat.add_succ,
rw nat.add_succ,
rw c_ih,

(a+b) +c

a+ (b+c)



[Too3apayun
[eHepauuA KaHOMOAaToB LWara gokasartenbcrea oNnA Tekyuwero proof state

theorem add assoc : YVabc:N, (a+b) +c=a+ (b+c):=

— N

intros rw nat.add simp [add_succ, succ_add, nat.add_comm]

N

induction c

N\

Anropuntm nepebopa KaHOMOaToOB = BETBEN O0K-Ba B AepeBe nomcka
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Monoenb GPT-f



GPT-f

[ eHepaumA wara Ook-Ba

[DECL] decl [GOAL] goal [PROOFSTEP] proofstep [EOS]

\ ] | J
| f

Bxon, CreHepupoBaHHaA TakTukKa

ApxntekTypa GPT-3 (837M napameTpoB)

L’ KadecTBo pacteT mMmegjieHHee CTOMMOCTU BblHUCJ1EHUA

Polu, S., & Sutskever, 1. (2020). Generative language modeling for automated theorem proving.
2Polu, S. et al. (2022). Formal Mathematics Statement Curriculum Learning



[Tonck nok-Ba

— Bblbnpaem BepLINHY C
MaKCMMasibHbIM CKOPOM

— Cemnnupyem e = 32 TaKTUK

—[1pmeHAeM KOppeKTHbIe
TaKTUKU

—>-> roJly4aemM HOBbl€ BEpPLUMHbI

Proof Search Tree

root
tactic tactic tactic
logprob=-0.7 logprob=-0.9 logprob=-4.5
T —— Jommmm e
Expansion of goal i+1
goal goal
i i+1
|
I l
tactic | tactic tactic
logprob=-0.9 : logprob=-1.3 logprob=-2.2
|
goal goal goal
Ji k k+1
Cumulative Logprob Queue
goal goal goal . goal goal
root i i+1 j K k+1
0.0 0.9 0.9 2.2 3.1 3.1

Figure 1: Proof search consists in maintaining a proof tree where multiple tactics are explored for
each goal, starting from the root goal. Goals are expanded by cumulative (tactic) logprob priority.
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Score pyHKUMA

AocO
=
—=J P20
—Mar. oXxungaHve «anvHbl» 0OK-Ba Lenn g 5
e
)
| -8
U<g) =Ezbepr(g)b | o \= .. L
B 1 @ o bueked

—lcnonb3yem BepoATHOCTb nNpeackasaHma 6akeTa ¢ NPOMIMTOM

[DECL] decl [GOAL] goal [PROOFSIZE] <bucket id> [EOS]



NTepaTmnBHOE 00y4YeHME

Mpenobyyaem HavanbHyio mogens 0,

3anyckaem rnouck Ook-B Ha oby4atouen BbI6OpKe

— [lobaBnAem Ook-Ba B 06yyeHume

— OcTaBfnAemM camble KOPOTKME O0K-Ba

O6y4aem (, Ha HOBOM Habope JaHHbIX -> 0,

o (@) NIRI



PesynbTaThbl

‘D'aTaceTbl ] mathlib-valid minif2f-valid
L B Al et At~ Nmmmt A i, 70 aemeenT : pass@1
— mathlib — 6ubnnoTeka pasnnyHbIX 70 e s
pasgenos matematukn T 40
65 B B
—> miniF2F — 3apa4yn ¢ pasnnyHbIX T
onvMnuan
60
MeTpuku: 30/\/\/
>> 2 4 6 8 2 4 6 8

— pass@k — nonA noKasaHHbIX TEOPEM
C k-v nonbITKK



bofblne A3bIKOBbIEe MOOEeNn



ABTOohopmanunsaumna ¢ nomowbio LLM

TeopeMbl HA eCTECTBEHHOM A3blKE

Natural language version: $Natural_Language_Statement.
9 COd ex [ Translate the natural language version to an Isabelle version: J
- 25.2% NOMHOCTbIO NpaBUsbHbLIN
nepesop,
3 Model valid test
- ~86% CUHTaKCU4YeCKN NpaBubHbIN
PACT [21] 23.9%  24.6%
FMSCL [38] 33.6% 29.6%
— HoBble TeopeMbl a51d 0by4eHunA Base model (M) [26] 23.3% 99 9%
After 1 expert iteration (M;) 36.1%  34.0%
— WTepaTnBHoe obyyeHne After 2 expert iterations (M2) 37.3% 35.2%

*Wu, Yuhuai, et al. "Autoformalization with large language models." arXiv preprint arXiv:2205.12615 (2022).
13



Draft, sketch, and prove

Draft, Sketch, and Prove**

Formal sketch Verified formal proof
Statement Informal proof have cl: “1%28 = n*4” have cl: “1%#28 = n*4”
We k th t d ,b . ,b = b, using assms using assms
If gcd(n, 4) =1 and heicg?\,l 28a=g,f ,ga_ Jkma.0)=a <proof> by (smt (z3) prod_gcd_lcm nat)
= then have cZ “n = 1*28/4" then have c2: “n = 1*28/4"
lCm(n, 4) 28: Thenn=1-28/4 =17, s v siaaaz
show that n is 7. ————————————" | RS i S N .- yawo .
completing the proof. B ~ then show ?thesis . then show ?thesis
................................................................................ . EaE
4 . :
Informal . [ Autoformalizer Off-the-shelf
...... P"°°f erter . % s Prover
Draft informal proof Generate formal sketch Prove remaining gaps

**Jiang, Albert Q., et al. "Draft, Sketch, and Prove: Guiding Formal Theorem Provers with Informal Proofs." arXiv preprint arXiv:2210.12283 (2022).



Informal Statement: Show that for any real number a, 10a < 28a? + 1.

Informal Proof:
It suffices to show 0 < 28a® — 10a + 1. First, consider completing the square for 28a* — 10a and

observe that (a — %)2 =a®—22a+(5/28)*. Since 0 < (a — %)2, we get 0 < a®— 2a+(5/28)>.

Multiplying by 28 and simplifying gives 0 < 28a* — 10a + (25/28). Since 25/28 < 1, the result
follows.

Formal Statement:

theorem algebra binomnegdiscrineq 10alt28asqgpl:
fixes a :: real
shows "10 » a < 28 x a"2 + 1"

Formal Proof Sketch:

proof — (* it suffices to show 0 <= 28a"2 - 10a + 1 *)

have c0: "0 < 28a"2 - 10a + 1"

proof - (x observe that (a — (5/28))°2 = a"2 - (10/28)a + (5/28) "2 x)
have cl: "(a - (5/28))"2 = a"2 - 10/28a + (5/28) 72" < ... >
(* we get 0 <= a"2 - (10/28)a + (5/28) "2 *)
have c2: "0 < a*2 - 10/28a + (5/28)"2" using cl < --- >
(* Multiplying by 28 and simplifying gives 0 <= 28a"2 - 10a + (25/28) *)
have c3: "0 < 28a"2 - 10a + 28((5/28)"2)" using c2 < --- >
have c4: "0 < 28a"2 - 10a + 28((5/28)*(5/28))" usingc3 < --- >
have c5: "0 < 28a"2 - 10a + (25/28)" usingcd4 < --- >
(* Since 25/28 < 1, the result follows. x)
show ?thesis using c5 < -+ >

ged
show ?thesis < :-- >

ged




PesynbTaThbl

#Successful Proofs

2001

150+

100

501

MiniF2F Problems Solved (out of 488)

—— DSP with human proofs

——— Ablation: no in-line comments
—— Ablation: no informal proofs
—— Ablation: no automated provers

0 20 40 60 80 100
#Autoformalization Attempts Per Problem

#Successful Proofs

2001

150

100

501

MiniF2F Problems Solved (out of 488)

Human informal proof drafts
Minerva (540B) proof drafts
Minerva (62B) proof drafts
Minerva (8B) proof drafts
Codex proof drafts

0 20

40 60 80 100

#Autoformalization Attempts Per Problem

Draft, Sketch, and Prove

miniF2F-valid miniF2F-test

Human informal proof

Codex informal proof

8B Minerva informal proof
62B Minerva informal proof
540B Minerva informal proof

42.6%
40.6%
40.6%
43.9%
42.6%

39.3%
35.3%
35.3%
37.7%
38.9%
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Hawun HabaooeHus



HabnwogeHua

— OTkpbITaa mogenb GPTNeo

— BaxkHo: npenoby4eHne Ha BCriomoraTesibHbIX 3agadax

— Fine-tuning Ha yenoBe4ecknx 0OK-X

GPT-f (121m) 35.1%
GPT-f (837m) 46.9%
GPTNeo (125m) 31.3%
Ours
GPTNeo (1.3b) 39.2%



OwnbKkn

~80%

O6wana gonA
HEKOPPEKTHbIX
TaKTUK

32.2% — TaKTUKU C
HEen3BeCTHbIMU
noeHTunukaTopamm

20.2% — owunbkKn napcuHra

ocTa/ibHOe — cemMaHTun4eckKume
OLLNOKN
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/-— General fencing theorem for continuous functions with an estimate on the derivative.
Let “f' and ‘B’ be continuous functions on ‘[a, b]' such that

* 'fas<sBa';

* 'B° has right derivative "B'’ at every point of “[a, b)";

* for each x € [a, b)' the right-side limit inferior of “(f z - f x) / (z - x)°
is bounded above by "B'".

Then ‘f x = B x° everywhere on ‘[a, bl . -/
lemma image_le_of_liminf_slope_right_le_deriv_boundary {f : R - R} {a b : R}
(hf : continuous_on f (Icc a b))
{BB'": R-R} (ha: fasBa) (hB: continuous_on B (Icc a b))
(hB' : V x € Ico a b, has_deriv_within_at B (B' x) (Ici x) x)
-- “bound® actually says “liminf (f z - f x) / (z - x) = B' X
(bound : VX € Icoab, Vr, B" x<r-3fzin #[>] x, slope f x z < r) :
V ix¢, x EIccab-fx=Bx:=
begin
have Hr : Y x € Iccab, YV r>0, fxsBx+r* (x-a),
{ intros x hx r hr,
apply image_le_of_liminf_slope_right_lt_deriv_boundary' hf bound,
{ rwa [sub_self, mul_zero, add_zero] },
{ exact hB.add (continuous_on_const.mul
(continuous_id.continuous_on.sub continuous_on_const)) },
{ assume x hx,
exact (hB' x hx).add (((has_deriv_within_at_id x (Ici x)).sub_const a).const_mul r) },
{ assume x hx _,
rw [mul_one],
exact (lt_add_iff_pos_right _).2 hr },
exact hx },
assume X hx,
have : continuous_within_at (A r, B x + r x (x - a)) (Ioi @) 0,
from continuous_within_at_const.add (continuous_within_at_id.mul continuous_within_at_const),
convert continuous_within_at_const.closure_le _ this (Hr x hx); simp
end

AN



Grisha reads enough books

-V (x : N), X %6 =18 » x = 3

KaHounaaTthbl:
Intros n ds
intros z hz PasnunyatoTca
TOJIbKO Ha3BaHNAMN
intros h1 h2 nepemMeHHbIX
INtros X n




Grisha reads enough books

theorem grisha_reads_enough_books theorem grisha_reads_enough_books (x : N)
(books_per_month : N) : X %6 =18 - X = 3 =
books_per_month x 6 = 18 - book_per_month = 3 := begin
begin .
intro h,
intros,
linarith,
rw [« bind_singleton, erase_comm _ nilpotent]; apply end

erase_lead_iff.elim_right; refl
inductioncorners (try {refl} {refl} _)

simp [clear_def, nat.add_mod]

rw [show 3 x Q 12 = Q; simp [gcd_eq_two_iff]; intros;
[try { }, ringl; split; simp



3akroyeHnme

H3bikoBble MOOENN OTHOCUTENBLHO HEMMOXO0 CnpaB/ATCA
C 3apgayveu

He xBaTaeT BHewHen namAaTn gaa aPEKTUBHOIO NCMOb30BaHNA
neMm

Mooenun 4yBCTBUTENbHbI K NEPENMEHOBAHNIO NEPEMEHHbIX

Trade-off mexxay pasmepom Mmogeniv (CTOMMOCTBLIO MHApepeHca) u
KayeCcTBOM reHepaummn TakTukK
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