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1 BBeaenme

TorambHBIM TpadOM KOJIbIA KBAIPATHBIX MATPHUIL HAJ[ TOJIEM Ha3bIBAETCs Tpad, MHOKECTBOM Bep-
IIMH KOTOPOTO SIBJISIIOTCS CAMU MaTPHIbI, 8 pebpa COeJUHSIIOT B TOYHOCTH T€ BEPIIUHBI, CyMMa
KOTOPBIX SIBJISIETCsT BBIPOXKIEHHON MaTpurieii. Jlo HelaBHEr0 BpeMeHn 3a/a91 OIMUCAHUST AaBTOMOP-
duszmoB ToTasbHOrO rpada O6bL1a OTKpbITa. OHUM U3 MTOIX0J0B K PEIIeHIIO 9TO 3a[a9i MOKET
COCTOSITH B U3YUEHUM UUCEJI, ONPEICTEHHBIX HIKE.

[Iycrb n — HarypaiabHOe unciao u F — Konednoe mosie (M3 ¢ 9JEMEHTOB) XapaKTePUCTUKU He 2.
O6o3naunM 4epes J, MHOKECTBO 1 X n Marpul| panra r Haj mojeM F. Takxke qiga 0 < @ < n u
IPOU3BOJILHON MaTpuiel A € J; 0603HaINM:

di(n) = {B € Jx | A+ B — Boipox/cHal|

Ormerum, uro uncia dg(n) He 3aBucaT or BeiGopa Marpuribl A € J; (HO, KOHEYHO, 3aBUCAT OT
nosst IF).

OxasbiBaeTcsd, 9TO 9TH YUC/IA TECHO CBA3aHbI 3ajadell ONUCAHUs aBTOMOPMU3MOB TOTAJIBHOIO
rpada. 3ajadeil MpoeKTa sABJIsIeTCsl U3y YeHne CBOWCTB THX YUCEI.

1.1 OO0BbeKT muccjegoBaHUA

Hucina d;j(n).

1.2 Ilenap mpoekTa

Usyunrs coiicTsa uncern d;;(n).

1.3 3amaum mmpoekTa

Hammcars mporpaMMmy U BBIMUCINTD ducia d;j(n) 1is MajbIX 3HAYEHNl napaMeTpos.



2 TepmunoJsorus

ITycts F, — xoneunoe noJjie u3 g ssementos. lajee, Mbl Oy/ieM pacCMaTpUBaTh MaTPHUIILI TOJIHKO
naJ| nojiem [, .
Bynem obo3auaTh MHOXKECTBO KBaJIpATHBIX N X 1 MaTpuitr M,.

Onpenenenne 1. J.(n) = {A € M, | rk A = r} — MHO)KeCTBO MaTpPUIL 1 X N PaHTa T

3ameuaHme. B TekcTe MHOTIA OY/IET OIYCKATHCA 3aBUCUMOCTH OT 7, MOJpa3dyMeBas, 9TO y Hac
yKe 3aUKCUPOBAHO HEKOTOPOE 1.

Sameuanue. Takxke nHOrIA OYIET UCIOJIB30BATHCS J, B KOHTEKCTE KOJUIECTBA TAKUX MATPHIL,
a He WX MHOYKeCTBa, TO eCTh TaKas 3alHiCh PaBHOCHIbHA | JT,|.

Onpenenenne 2. Torampubiv rpadoM Kosbia 1 X n Marpuiy naj nojaem Fy, masosem rpad 7, (F, ),
MHOKECTBO BEpIINH KOTOPOI'O COCTOMT M3 BCeX KBajpaTHbIX n X n marpur (V. = M,), a ase

MAaTPHIBl COCIMHEHBI PEOPOM, €C/IM M TOJIBKO €C/IH WX CyMMa BBIDOXKJIEHA, [IPU 9TOM IeTesb U
KpaTHbx pebep B rpade mer (E = {(A,B) € M,, x M,, | A # B,det(A+ B) = 0}).

Omnpenenenune 3. Paccmorpum n X n matpuity A € J;. Torma Beegem
di;(n) = {B € J; | det(A+ B) = 0}|

Sameuanne. B tepmunax ToragabHOro rpada, 9To MOHSTHE MOMKHO IIPOUHTEPIPETUPOBATH TaK.
Pazobbem MHOXKeCTBO BEpIIMH Ha 1 + 1 HelepeceKalomuxcs AoJeil — MaTpuilbl panra or 0 10 n.
Torga d;j(n) Gymer creneHbIO BEPIIMHBI, HAXOASIIEHCA B [0JIe MATPUIL C PAHIOM i B J0JI€ MaTPUII
¢ parrom j. OJHAKO CTOUT CJesiaTh ONOBOPKY Ha Ha TO, UTO €CJU i = j < 71, TO HACTOAIIAsI
crerneHb OymeT Ha 1 MeHbIle, 4eM d;(n), Tak Kak B rpade 1Mo Orpe/Ie/IeHI0 3alpeIeHbl eTId, HO
A BoipoxkjieHa, 3HaunT A + A Toxe BbIpOXKJIeHa U nocuutaercs B dy;(n).

Puc. 1. Hamocmpayus d;;(n) 6 mepmunaz epaga

3ameuanue. MoKHO 3aMeTUTh, YTO B 0003HaueHnH He ydaBcTByeT Marpuiia A. OxkasbiBaeTcs,
aro d,;j(n) He 3aBuCHT OT MaTpunel A, u 370 OyJeT JOKA3aHO Jajee.

Ompepenenune 4. Beenem ornenbnoe 000O3HAUEHUE JIJIs 9UCJIA HEBLIPOXKICHHLIX MATPHIL — Y.
Taxzke uHOTIA OY/IET MCIOJIB30BaTHCs HOTAIW |G Ly |



3 Bcrynienue

s nHadana, HaM HEOOXOIMMO yMETh CUATATh KOJIMYECTBO MATPHUI] ¢ HEKOTOPBIMU CBOWCTBAMM
HaJI KOHEYHBIM TI0JIEM, TIPEYKJIE BCEr0 — 3TO YUCJIO HEBBIPOKIEHHBIX MAaTPUIL U MATPUI (DUKCUPO-
BaHHOIO paHra. VlHbIMU cjloBaMu, 3HATH SBHYIO (POPMYJIY JjIsi BBEJIEHBIX BBINIE Y, u Ji. Takxe,

MBI yCTAHOBUM HECKOJIBKO HECJIOZKHBIX CBONCTB Ipada 1 uncesr d;;.

3.1 HaiiTu 4nciio HeBBIPOXKAEGHHBIX N1 X 1 MaTpul, Hax [F,

YT1BepxkKaenue 3.1.
Tn=("=1) .- (" —¢")

oxasameavcmeo. ByneMm neiicrBoBaTh TaKuM 00pa3oM. BeibepeM mepByIo CTPpOKY MaTPHUIIbI — OHA
MOZKET OBITH JII00OM, 38 UCK/TIOUEHNEM HYJIEBO, TAK KaK TOIJIa MATPHUIA y2Ke Oy/IeT BhIPOK ICHHOM].
Bropas cTpoka ToxKe JI017KHA OBITH HEHYJIEBOI, HO eIlle OHa JIOJKHA ObITH HEIPOIOPIMOHAIbHA,
MePBOii, TAK KaK TOTJA TOXKe OIpeJIe/INTe/h cpa3y OyaeT paBeH Hym0. Tak, y Hac ectb ¢ — 1
c1r1oco6 JIJIst IEPBOI CTPOKK U §'* — ¢ CIIOCODOB JIjIst BTOPOIA.

AHAJIOrTYHBIMU PACCYKICHUSIME, i-Tasl CTPOKa He JOJKHA JIMHEHHO BhIParKaThCd depe3 MpeIbl-
JIyIOIIze, IOSTOMY Y Hac ecTh ¢ — ¢' ' crocobos s Hee.

OueBHIHO, ITO 3TO HEOOXOIMMOE yCJIOBAE HEBBIPOXKIEHHOCTH, HO MOYKHO JIOKA3aTh, ITO OHO JI0-
craTouHo. [Ipeamomoknm, 910 cucTeMa CTPOK JIMHEHHO 3aBUCHMa, TOTJa PACCMOTPUM JIMHEHHYIO
KOMOMHAIUIO (v, ..., 05) # (0,...,0), 3any/sionyio ee U Hail/ileM B Heil HEHy/IeBOil 9JIEMEHT a; C

HauOOIBIIUM HOMepoM. Tak Kak OH HauOoJIbIINi, Bce oy = 0 1t k£ > j, HO TOI/Ia MOXKHO BbIpa-
Q1
J

o)
3uTh A(jy = —jA(l) - = A(j—1) 9epe3 mpeablIyIoNe CTPOKH, 4To ecTh nporusopeune M

J J
3.2 Haiitu 4ucio maTpun, paHra r cpeJy MaTpul, pasmepa n X n Hazg [F,

g mavgasa, HaM oTpedyeTcs HAXOJUTDh YUCJIO k-MEPHBIX IOIIPOCTPAHCTB.

(- —q) ... (" —¢"")
(" =" —q)... (" — ¢ 1)

Jlemma 3.2. Ha 1 n-MepHBIM IPOCTPAHCTBOM CYIIIECTBYET k-MepHBIX

IIOJIITPOCTPAHCTB

Joxazameavcmeo. Takum Ke criocoboM, KaK Mbl UCKAJIU YUCJI0 HEBBIPOXKJIEHHBIX MATPHIL, MOXKHO
HalTH KOJIMYECTBO JIMHEITHO HE3aBUCUMBIX CUCTEM U3 k BEKTOPOB. OTJH/I“II/IG TOJIBKO B TOM, 49TO
MBI 3aKaHIMBAEM IIPOIECC HA k-OM BEKTOpE, BMECTO TOTO, 4TOObI Habuparh ux n mrykK. [lomydaem
dopmymy: (¢" —1)...(¢" —¢* 7).

Ecyin MBI XOTHM TIOCYUTATH YUCJIO HEYIOPSIOYEHHBIX HAOOPOB (MM MOJMHOXKECTB) BEKTOPOB, TO
HEOOXOIMMO JIOIOJTHUTEIHLHO IMOACTUTh Ha k!, TaK KaK MMEHHO CTOJIBKO IIEPECTAHOBOK MbI MOYKEM
ITOJIyIUTh.

Temepb, MbI 3HAEM, 9TO KaXKJIblil TAKON HAOOP MOPOXKIaeT KaKoe-TO k-MepHOe TOIIPOCTPAHCTRO.
OHaKO peasibHO IOAIPOCTPAHCTB MEHbIIE, IIOTOMY 9TO OJHO IOIIPOCTPAHCTBO MOXKET ITOPOXK-
JIAThCSI HECKOJIBKUMU pa3HbIMU HabopaMu. A UMEHHO, MOXKHO B3SITh JIFOOOI JIMHEHO HE3aBUCUMBbIA
HabOp M3 k BEKTOPOB B 9TOM k-MEPHOM IIOJIIPOCTPAHCTBE U MOJIYIUTh ero basuc. Tak, nCKOMbBIM
KOJIMIECTBOM TOJIITPOCTPAHCTB Oy/IeT KOJUIEeCTBO HADOPOB M3 k BEKTOPOB B N-MEPHOM ITPOCTPaH-
CTBe, MOJEIEHHOE Ha, KOJIUIeCTBO HAOOPOB U3 k BEKTOPOB B k-MEPHOM IIOIIPOCTPAHCTRE.

n_1)... n_ k—1 n
(g ),(j ) (" —1)...

k_1). (gk—gk—1) — k _ k _ qk—1
(1) ,(ﬂ D (gh—1)... (¢ — ¢* 1)




YrTBepxkjaeHue 3.3.
(" =172 (" =g ")

(¢ =1)...- (" —q )

Joxasameavcmeo. Terepb, ecium Mbl 3aduKcupyeM n-MepHOe BEKTOpHOe mpocTpancTtso V = F"

Jr(n) =

1 KaKoi-HUOy/b Oasnuc B HEM, TO BMECTO MATPHWI] paHTa I MOYKHO MOCUYUTATH YHCJIO JIMHEITHBIX
orobpaxkenuit V' — V pamnra r. A orobparkeHue paHra 7 Mbl [MOJyIHM TaK — BO3bMEM 7'-MEPHOE
nojipocrpancTso B " u 3aa/um oToOpazkenue Ha HeM, IPUYEM CJIeJIaeM 9TO CIOPbEKTUBHO, & 3TO
PABHOCHJILHO TOMY, YTO €0 MaTPHUIA UMEET PAaHT, PaBHBIN 4uciay cTosonoB. Vrak, aucio takmx
matpur (orobpazkerne u3 F" B F", mosromy mMarpuna n X 1) eCTh IPOCTO KOJTMIECTBO JIMHEHHO
HE3aBUCUMBIX HAOOPOB U3 I' N-MEPHBIX BEKTOPOB, & MOJ00HBIE OOBEKTHI MBI YK€ HEOITHOKPATHO
cumrasm. x wmcyio pasro (¢" —1)...(¢" — ¢ ).

DTy BEJIMYUHY HY?KHO YMHOXKHUTH HA KOJIMYECTBO BCEX I-MEPHBIX IIOJIIPOCTPaHCTB. Pasymeercs,
€CJIH 33/1aTh OTOOparkKeHNsl Ha Pa3HBIX IMOAIIPOCTPAHCTBAX, TO OHHU 3aBE/IOMO HE MOTYT COBIIQJIATh,
TO ecThb Im @ # Imy) = ¢ F# 1. |

3.3 Hokasarbk, uro BbIOOp Marpuibl A He BimseT Ha d;;(n)

Jlemma 3.4. Jljna mo6wuix marpurn, A, A’ omxoro panra cymecrsyer npegcrasienne A = UAV,
rie U,V — HeKoTopble HEBBIPOXKIEHHBIE MaTPUILHI

Joxazamenvcmeo. JIoBOIBHO OYEBUIHO CJEIyeT U3 KJIACCUIECKHX (DAKTOB JIMHEHHONW ajreOpbl.
[IpuBeienre K yaydIieHHOMY CTYIIEHIaTOMY BHLY 3JeMEHTaAPHBIME ITPEoOPA30BaHUSIMI CTPOK BbI-
pazKaeTcsl YMHOXKEHUEM CJIeBA HA HEKOTOPYIO HEBBIPOXK IeHHYI0 MATpuIrly. OTHAKO MBI MOYKEM I10-
JIVIATD Pa3Hble BUJIBI, HAIPUMED, €JIMHUIILI MOTYT HAXOJIUTHCA B Pa3HbIX croJionax. [losromy,
TpebyeTcst yMHOYKEeHIe Ha MaTPHUILy CIIPaBa, COOTBETCTBYIOINLYIO 9/IEMEHTAPHBIM TPEOOPaA30BAHUSIM
CTOJIOIIOB. [

O6osnaunm 3a f(A) muoxkecrBo marpur B panra j, takux, aro det(A+ B) = 0, To ectb Te
MAaTPHIBI, KOTOPBIE MBI yIn Jjist mojacdeTa d;;(n) ¢ Marpureit A.

YTBepxkaeHune 3.5.

VA, A € Ji |f(A)]=1f(4)]

Boipasum A’ kak UAV u npumennm takoe ke orobpaxenue Kk f(A). Ecm B € f(A), To
det(UAV +UBV) = det U - det(A + B) - det V = 0, snaaur UBV € f(A"). Ho det U, det V # 0,
nosromy UBV € f(A') <= B € f(A). Haxonen, pa3 U,V — HeBBIPOXKJICHHBIE, TO OTOOpaZKEHUE
B +— UBYV o6uekrusno u rk B = rk(UBV') — 1o usBectublii daxr. Jro oznadaer, uro {UBV |
B e J;} = J;, a u3 sroro caenyer, uro |f(A)] = |f(A")]. [ |
B Tepmunax rpada 3T0 03HAYAET, YTO y BCEX BEPIIMH W3 OJIHON O/ OJMHAKOBAs CTEIEHb B
KaKO#-HUOYIb ApyToit o/1e. DToT GaKT OUeHDb MOJIE3€H, OTOMY UTO TEIePh Mbl BIPABE BBIOUPATD
yiobHbIe HaM MaTpuipl A [yist mozacdera d;;(n).

3.4 HaiiTn crenens BepinuHbI rpada

YT1BepxKaeHue 3.6.

j=0
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Joxazamenvcmeo. Ilycth 3acdukcupoBana Marpuiia A — BepIIMHA, CTEIIEHb KOTOPO MbI HIIEM.
Ham Tpebyercs naiitu konumdectBo marpui B, takux, aro A + B BeipoxkeHa. [lepebepem Bce
BBIpOXKIeHHbIe MaTpuilbl C' n pacemorpum B = C' — A. 9T0 eIUHCTBEHHBINH CIIOCOO IMOJIYIUTH
KOHKpeTHYI0 Marpuity C' s Tekymiero A, n Kaxayio marpuity C' Tak MOXKHO 1oy IuThb. [ToaTomy,
KOJINYECTBO MaTpull B B TouHocTu cosnajaer ¢ ducjiom marpur, C. Marpun C'y nHac usBecTHoe
KOJITYECTBO — Yy, |

O/tHAKO 9TO HE COBCEM dYeCTHas CTeleHb BepImHbl. Ecaum rk A < n, TO MbI HOCYATaEM TaKUM
o0pa3oM BepIUHYy camy ¢ co0oit, HO TIeT/In B HalleM I'pade 3amperiensl. [loaTomy, B TakOM cirydae
HAJIO OTHATH 1.

[TonywaeTcst, 9TO BCe BepHIMHBI B Tpade UMEOT MOYTH OJIMHAKOBYIO CTEleHb, TOJTBKO HEBBIPOXK-
JIEHHBIE BEPIIMHBI UMEIOT CTelleHb Ha 1 OOJIbIlle YeM OCTaJIbHbIE.

3.5 Ilepexopn ot d;j(n) K d;i(n)

YrBepxkaenue 3.7.

i#j = dij(n)-|Ti| = dj(n) - |7

Zloxazameavcmeo. Paccmorpum noarpad B ToTagabHOM rpade, Tjae U3 BEPIIMH Mbl OCTaBUM JIOJII
Ji n J;, a u3 pebep ocTaBUM TOJILKO pebpa, Y KOTOPBIX OJNH KOHeIl JIe?KUT B OJIHOH J10J1e, & BTOPOit
B japyroit. [lomyunm aBymoibHbII rpad. MbI yKe ycTaHOBU/IN, 9TO y BCEX BEPIINWH B JIEBOH J10J1€
B 9TOM Tpade oJHaKOBasl cTeneHb (B 3.3), Tak ke Kak U y BepiiuH npasoii jgosm. Torma MoxKHO
ImocyuTaThb YUCJIO pe6ep KaK 9H1CJIO BEPIIUH CJIeBa, YMHO2KCHHOEC Ha CTCIIEHb BEPIINHLBI. I/I.HI/I MOZKHO
¢/IeIaTh TO K€ C JIPYroil CTOPOHBI — YHCJIO BEPIIUH CIIPaBa, YMHOXKEHHOE Ha CTENEHb BEePIITHHBI
cupasa. 13 sroro u cieayer dopmyna: | J;| — 9ro ducsio Bepmmn ciesa, d;j(n) — cremnenb oHOl
BEPIINHBI. [

3.6 Linear derangements

B crarbe [2] ectb ynomuHauue 06 MHTEPECHOM OOBEKTE — KJIACCE MATPHIL, KOTOPbI B OpUTHHAJIE
Ha3biBaeTcd linear derangements, 4To Ha PyCCKUil sI3bIK MOXKHO II€PEBECTH KaK ‘JIMHEHHbIE OecIio-

PSIIKH .
d
Onpenenenue 5. A &L et becriopsiyiok, eciu det A £ 0, Av#v Vv #0

MozkHO chopMyIUpPOBaTH AJILTEPHATUBHOE OIIPEJIE/IEHNAE — Y MATPHUIILI HET COOCTBEHHBIX 3HAYCHUIT
0 (rapaHTUpyeT HEBBIPDOXKJIEHHOCTD) U 1 (rapanTupyer yciosue Av # v).
DTO HOHATUE TECHO CBA3AHO C dy, (7). MBI y2Ke T0Ka3bIBAIN, ITO MOXKEM B3ATH JIOOYIO MATPHUILY
patra n B KadecTBe A, B 4aCTHOCTH MOXKeM B34Th —E. B takom ciyuae, d,, ,(n) paBHO KOIMYeCTBY
B rakux, uro det B # 0,det(B — E) = 0, To ectb Marpuil, y KOTopbix 0 — He COOCTBEHHOE
3HaYeHne, 1 — cOOCTBEHHOE 3HAYEHUE
Ecmu 0603HaUNTH YNCIO JIMHEHHBIX OECIIOPSJIKOB N X N 3a €,, TO Oy/IeT cipaBeuBa (GopMmyJia
dpn(N) = Y — €5, TaK Kax d,,;,, BKIIOYAET COOCTBEHHOE 3HaUeHUE 1, a e, HA0DOPOT MCKIIIOYAET, HAM
HY2KHO UX AOIIOJIHEHUE B KJIaCCE€ HEBBIPOXKACHHBIX MaTPHUIL, 9YMCJIO KOTOPBIX MbI 0603Ha'-H/I.HI/I 3a Yn-
B ynomsmyToil BBIIE cTaThe MPUBOJIUTCH PEKyppeHTHasd (opMmysia i €,, KOTopasd BBITJISIAT
TaK:

e =€, 1 - <qn . 1)qn—1 + (_1)nqn<n71)/2’ eq = 1

Hasmaue takoit popMy/Ibl HaMeKaeT Ha CYIeCTBOBaAHUE PEKYPPEHTHOM hopMyIibl fist dyy, (n).
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3.7 3mnadenme d;j(n) npu i +j <n

YrBepxkeHne 3.8.

Joxazameavcmeo. V3 Kypca JuHerHON aaredOpbl U3BECTHO, 9TO PAHI' Cy0a [/ INTUBEH:
rk(A + B) < tk A 4+ rk B. B namewm ciayqae tk A = i,k B = j, nosromy tk(A+ B) < i+ j <
n <= det(A+ B) = 0. ITosromy nam mozpoiizer yobast Marpuna B, koux J; MTyK. [

Tak, ecsm paccmarpuBarh d;;(n) Kax TaOJIHIYy MM MATPUILY C HHIEKCAMH 4, j, TO MbI y2Ke 3aIl0Jl-
HIJTN BCe g9eiKkn Huzke nuaroHaym. OMHON U3 HAIMX CJIeAYIOMNX Teseil OyaeT BbIBOM (OPMYJIbI
JUIST ST9eeK Ha JIMAroHaJid, TO eCTh TP i + j = n, a Takke s (1,n), 970 BbIIe JUaroHaJIH.



4 Dopwmyna miis di,(n)
Haireit iepBoit 1ieibto OyeT BbiBejieHre siBHON GopMyIbl 17151 dyy, (12).

Teopewma 4.1.

Loxasamenvcmeo. Bynem caurars di(n), a di,(n) morom Beipasum no dopmyie dij(n)J; =
dji(n)J;

B kauectBe maTpunbt A Bo3bMeM enmHUIHYIO, B — 3T0 BCce Marpuilsl parra 1. Marpunbr panra 1

a1
HPEICTABIISIOTCA KaK CTOJIOEI YMHOYKEHHBII Ha CTPOKY, cKaxkem, B = | (bl . bn).
Qp
n
Jlemma 4.2. det(B+ E) =1+ Z a;b;
i=1
Joxazamenvcmeo. Jlokaxkem 110 WHJLYKITHH.
Baza—n=1 = }a1b1+1‘ =a1b; +1
[lepexo: paceMoTpuM JiBa ciIydast: KOIIa IepBasi CTpoKa MaTpuilbl B+ F nmeer Bu/I (1 0o ... 0),

7 KOIJIa UMeET JIPyroil BAJL

1. B TtakoM ciiydae, MOYXKEM PA3JIOKUTH OIPEJIC/IUTE/Ib 110 TIEPBOM CTPOKE

1 0 0 . 0
Clgbg +1 a2b3 R CLan
CLle a2b2 + 1 CLng v CLan ab anb 11 ab
det(B + E) = |asby asby asbs +1 ... asb, = 3_ 2 3 3. ' 3. "
' b nb oo apb, +1
anby anbo anbs oo apb, +1 n?2 n?3 Gnn +

Y HostyquBIIIeiicss MaTPHILbI ONPEJIE/IUTEb paBeH asby + . .. + a,b, + 1 110 TIpeInoI0KeHnIo
unayknuu. 13 sToro ciemayer yrBep:kienne, Tak Kak ai1b; = 0



2. PazobbeM oripe/iesinTelib 10 MepBoil CTPOKE B CYMMY JIBYX

aby +1  arby
a261 Clgbg +1

det(B+ E) =| ash asbs

aby
asb;
= a3b1

anbl

anbl CLan

Cllbz a1b3
a2b2 +1 CLng
(l3b2 CL3b3 +1

aan aan

aq b3
asbs

agbg +1

anbg
a1 bn
a2bn
a3bn

anb, +1

anb, +1

1
a2b1
a3bl

anbl

a'lbn
a2bn

0
a2b2 + 1
agbg

Qp b2

0
CLng
agbg +1

ap, b3

0
agbn
agbn

apb, +1

Y mepBoit MaTpHIILI TIepBasi CTPOKa HeHysieBasi (HyJeBble pa3oOpaHbl B IyHKTE 1), 3HAYHUT

al
MOKHO IIPUOABUTH €€ KO BCEM OCTaJbHBIM CTPOKaM ¢ KOI(PMUIMEHTOM ——, OTYEro OIpe-
a

JCJINTEJIb HEe M3MCHUTCA. Q1 7é O, TaK KaK HHa4€ IIepBad CTPOKa ObLIIa OBI HyﬂeBOfI. TTocuie

TaKOT'O IIpeoOpa30BaHusl MATPUILA CJIEIYIOIIUIT BU/I:

aby
0
0

0

a1b2
1
0

0

a1b3
0
1

0

albn
0
0

Marpurnia BepXHeTperobHasi, 1 ee OlpPeJIeINTeNb PABEH a1b;.

BTOpaH MaTpHUlla HaM y2Ke€ BCTpe€4daJiaCb B IPEAbIAYIIEM IITYHKTE, €€ OIIPEe/IC/INTEC/Ib PaBCH

asby + ...+ a,b, + 1. llonydaem BepHOE PaBEHCTBO

ﬂaﬂee HaM HOTpe6y€TCH YMETh HaXOJIUTh KOJIMIECTBO CJICAYIOIINX 00 BLEKTOB:

Onpepenenne 6. S(n, k) — KOJMIECTBO YIOPSIOYEHHBIX OCIEI0BATEIBHOCTE (a7, . . .

a+...+a, =k, a, € F, \ {0}, k €F,

Bamernm, uro Ha S(n, k) BepHa ciejyiolias peKyppeHTHast GhopmyJia:

Snk)= > Sn-1k-a)

a€F,\{0}

,Qp), TIE

To €CTb, MbI MO2KE€M B34dTb IIEPBLIM 3JICMEHTOM IIPOMU3BOJIbHOC HEHYJIEBOE YUCJIO 4, TOI'JJa XBOCT

JION7KeH UMeTh n — 1 9mcso u cymmy k — a.

Taxxke 3amerum, uro eciau k = 0, To MHOXKecTBO {k — a} He cozjepxkuT HyJs, a ecau k # 0, 10

COOEP2KUT POBHO OJUH HOJIbL.

HUcnonb3yst 10T (hakT MOXKHO JIOKa3aTh, uTo ecyiu k # 0, To Bce S(n, k) paBHbl jijist (DUKCUPOBAH-

HOTO N. YTBep:KJEeHNe BEPHO K 1. = 1, TOrja MHOXKECTBO HCKOMBIX Hab0poB — 310 mpocto {(k)}.

Hanee mo numykiun: B cymme mnpucyrcrsyer S(n — 1,0), a ocTagbHble YIeHbl — 9TO HEKOTOPbIE



S(n —1,i), tae ¢ # 0, a OHK BCe paBHBI 110 IpeIoIoKeHuoo. 3Hauut, upu k # 0 S(n, k) npocro
COCTOSIT U3 OJIMHAKOBBIX CJIAIaeMBbIX

Jasee, MbI Oy/1eM HCIIOIB30BATH TOILKO obo3uaderus S(n,0),S(n, 1), tae S(n,1) := S(n, k), k #
0

W3 nanucanHoro BbIIIE CIEAYIOT CJIELYIONue (hOPMYIIbL:

S(n,0)=(¢g—1)S(n—1,1)
S(n,1)=Sn—-1,0)+ (¢ —2)S(n—1,1)

Eciu cioxure S(n, k) mo Becem k or 0 10 ¢ — 1, T0o mosiydaTcsi Bce MOCIIEIOBATETHHOCTH U3 1
HEHYJIEBBIX 371eMeHTOB, Koux (¢ — 1)" mryk. MoxKHO permuTh ypaBHeHne u BbipasuTh S(n, 0)

S(n70) + (q - 1)5(71, 1) = (q - 1)n
S(n,0)=(q—1)" (¢~ 1)S(n, 1)

[Moxcrasum 510 S(n,0) B dopmyny s S(n, 1) u morydaum:
S(n.1) = (g= 1" = (g = S —1,1) + (g = S(n—1,1) = (g — 1" = S(n —1,1)

(¢—1)"—(=1)"
q

Joxazameavcmeo. Baza — n = 1 Bepna

Jlemma 4.3. S(n,1) =

[Tepexo:
S(n,1)=(g—1)"" = Sn—1,1) =
-1 n—1 _ -1 n—1
(q_l)n—1_<<q ) ( ) ):
q
-1 n—1 1"
<q_1>n71_(q ) _( ) —
q q
(¢—D" = (="
q
u
Onpepnenenne 7. F,(n, k) — aucyio nocyienoBareabHoCTel (ay, . . ., Gy ), TAKAX 9TO

a +...+a, =k, a; € Fy, a TakKe cpean a;~TbIX POBHO 2z HyJIeit

Jlemma 4.4. F,(n, k) = (n) S(n—z,1) upu k # 0

z

n
Joxazameavcmeo. Boibepem no3unum Juid 2 HyJIei ( ) criocobamu. Ha ocrasibHbIe 1TO3UITUN pac-
z

CTaBUM T — Z HEHYJICBBIX YMCEJI. Nx CyMMa JOJIZKHa OBbITD paBHa k, TaK KaK Yy HYJIEBbIX YMCCJI

CyMMa HOJIb, & Tak Kak k # 0, ux qucio pasuo S(n — z, 1) [ |

Temneps, IIycTh y HAC €CTH HOCIEIOBATEILHOCTD C1, . . . , ¢, € cyMMOit —1 (B moste F, ). Haiigem wucito
c11oco0oB BBIOpaTH a;, b; Tak, 9To ¢; = a;b;

Ecmu ¢; = 0, To y nac ectb 2q — 1 criocob BeIOpaTh a;, b;, Tak Kak MoaxoiadaT napsl Buga x 0,0« y.
T U Y MOXKeT ObITh JH0ObIM, oHako napa (0,0) JexKuT u Tam, 1 TaM, MO9TOMY €€ HAJI0 BbIYECTh
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Ecimu ¢; # 0, To noxxoasaT nape! Buja - (27 - ¢;), rae @ — moboe, OIHAKO T He MOYKET ObITh HYJIeM,
TaK Kak oH Heobpatum. [losTomy mosrydaem g — 1 Bapuant

N3 cTonbiia u cTPOKM MOYKHO BBIHOCUTDH HEHYJIEBBIE CKAJIAPBI, TIOITOMY KarKJasd MaTpHUIla panra 1
npejicrasigercd ¢ — 1 ciocobamu. Hajio jponosHuTe IbHO 1IO/IENTH HA ¢ — 1.

Haxkomnerr, moxkem BoesuHO cobpaTh HOpMyILy

dnl(”) L (n) (q — 1)n_z — <_1)n_z (2(] o 1)z(q . 1)n—z

_q_lz:O o q

[Tepebupaercst 4ucsio Hysell, BHIOUPAETCst OCIIeI0BATEIbHOCT U3 Z HyJell, u jasee ectb 2q — 1
BAPUAHTOB JIJIs HYJICBBIX U ¢ — 1 JjIsi HEHYJIEBBIX 9JIEMEHTOB.

Ocraercs 10C/IeIHUI HIOAHC — MATPUILI paHra HOJb. K cyacTbio, dbopMyia UX U TaK He ydd-
TBIBAET, IOTOMY YTO HyJIeBasi MATPUIIA MOXKET MOCUUTATLCS TOJBKO B CJIAIAEMOM Z = 7, OJ[HAKO
F,(n,—1) = 0 u Bce ciaraemoe npu z = n OygeT paBHO HYJIIO

Ho 310 erne He Bce — CyMMy MOXKHO yIPOCTUTh

> (n) ((g=1D)"7=(=1D)"")2¢-1)*(¢—-1)" "=

Zo (:) (20 =1)"((a=1)"7)" - ;H)H (Z) (24— 1) (q— 1" =
ano (:) (2¢ = 1)*(¢* —2¢ + 1) — i (Z) (2g — 1)(1 — g™ =

(29—14+¢ —2¢+1)"—(2¢—1+1—¢q)" =¢" - ¢"
[Tonywaercs criemyrorias dhopmyia

2n n 2n—1 n—1
qg - —(q q —q
@ —q q—1

Hemnocpeacrsenna ta ¢popMmysia, KOTOPYIO MbI HCKAJIH —

) — (e _ =N 0@ =) =)

Ji (- g 2=E
(@ =" )"~ )" — ) ... (" — ") _

q(q" — 1)
"(¢" = )" —¢*) .. (¢"—¢"")

p =" " - =) (" ="

Bameuanne. Popmysa nposepena Ha (n,q) € {(2,2),(2,3),(2,4),(2,5),(3,2),(3,3),(3,4), (4,2)}
Iy TeM IOJIHOTO Iepebopa n X n Marpur Hag F,

Samevyanue. 3uadenus GhOpPMyJIbl HA HEKOTOPBIX N U (

n q ‘ 2 3 4 )
2 4 18 48 100
3 96 3888 46060 300000
4 | 10752

11



5 AJbTepHATHUBHOE JI0KA3aTEJIHLCTBO (hopMyJIbl dy,(n)

HeckonbKo MecsIeB ciycTs Mmocjie BBIBOJIA MPEIbLIyTeit (popMyJIbl s IpHyMaJ 0oJjiee pocToe 1
KOPOTKOE JI0Ka3aTeIbCTBO. CUnTan HEOOXOAUMBIM TOIETHUTHCS.

Nrak, HaM HaJI0 HANTA KOJTUYECTBO HEBBIPOXKJEHHBIX MATPUII, TAKUX, YTO IPU CYMMHUPOBAHUU C
MaTpurieit A panra 1 mosryauTcs BbIpOXK/IeHHas. Bo3bMeM B KadecTBe A MaTpPHILy C €IMHCTBEHHOMN
eJINHUTICH B JIeBOM BepxHeM yriry. Tora

by +1 by ... 1 0
det(A+B)=]| ba b ...[=|b11 bn ...|+detB

[TepBoe ciraraemoe, 1mocjie TOro, KaK Mbl Pa3JI02KUM OIIPEJIEIUTEIIb 110 CTPOKE, OYIET SIBJISIETCS TEM,
9TO, HA3BIBAETCs donoanumenvrodl munop K saementy (1,1). Bymem ucnosnp3oBars obo3HadeHmE

M; ;.
BcenomuaunMm kiaccndeckuit pakT — aBHasg popMmyIia st obparHoit MmaTpuiisl. Hac Oyier naTepeco-
BATh ee JeMeHT Ha mo3unun (1, 1).

1
det B

Bi% = (—=1)"""M,; = M1 =By -detB

[ToncTaBisieM 9TO BbIpaKeHUE B UCXOJIHYIO (DOPMYITY
det(A + B) = det B + By{det B=det B- (By{ + 1)

Hac waTepecytor marpuiiel B, mpu KOTOPBIX 3TO BbIpakeHrne paBHO Hym0. det B # (0, 3HaguT
JOJIZKHO OBITH BepHO Bi I = —1. Kak HafiTl KOJIMYECTBO TAKIX MATPHIL?

BaMmeTnM, 4T0 oTObpaxkenne B — B~ GHeKTHBHO I HEBBIPOKIEHHBIX MATPHI], & 3HAYUT MOK-
HO UCKATh He Cpeju OOpaTHBIX MaTPHIl, a CPe/i OOBIYHBIX HEBBIPOXKJIEHHBIX MaTpuil. Ipyrumu
CJIOBAMU, MOYKHO HAfiTH MPOCTO MATPUIBI, Y KOTOPHIX Ha mosuiwu (1,1) crout —1 u ckaszars,
YTO MATPUIIBI, JIJIA KOTOPBIX HAIKM MATPUIILI ABJISIOTCA OOPATHBIMU IOJIXOIAT II0J] yCJIOBHE, U
HOJIXO/IAT TOJIBKO OHHU.

Ho rakue marpurpr mocuurars jerko. [locrasum wa (1,1) umciao —1, mocse 9T0ro BCIO HEPBYIO
CTPOKY 3aIlOJTHUM JIIOOBIME drcIaMu. MbI yKe He MOJTyduM HUKAK HYJIEBYIO CTPOKY, pa3yMeeTcd,
TaK KakK Ha 1mepBoil mosuruu crout —1. /lasiee, neiicTByeM Kak B JIOKA3aTe/JILCTBE (POPMYJIbI JIJIst
YUC/Ia, HEBBIPOXKJIECHHBIX MaTpuil. i ¢-Tofl cTpOKM HYKHO, YTOOBI OHA HE BbIparka/ach 4depe3
IpeIBLIYIIIE i — 1, TT09TOMYy ecThb ¢" — ¢' ' croco6oB mtst Hee.

—q)...(¢"—¢"")

n

Hosyaaem dopmyiry — ¢" (¢ . OHa B TOYHOCTH COBITQJIAET C TOH, KOTOPYIO MbI

MIOJIyYMJIN paHee.
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6 Popmyna gnga d,_, . (n)
Hammeit ciemyrtoreit mesbio 6yeT BbIBO, (DOPMYJIbI HA Caydail ¢ + J = n

Teopewma 6.1.

(" —1% . (" —¢ )= ("= ¢ (" —q"")
(¢"=1)...(¢"—q")

Joxazamenavcmeo. Ham Oyner ymobHO cauTaTh, 9TO B nMeeT paHr 7, a He n — 7, TIOITOMY HOCTH-

dn—r,r (n) -

taeM dy_y ;. dyp_p IPH HEOOXOAUMOCTH MOYKHO HOJIYHIHTD, BOCIOIb30BABIIICH (hopMyIIoil d;j(n) =
dji(n)J;(n)
Ji(n)

Urak, B numeer panr r, A Bo3bMeM Kak JUATOHAJBHYIO MATPUILy C N — T €JIMHUIIAMA B HAYAJIE.

JmbOo cjiesiaB 3aMeHy r Ha 1 — 7.

Jlemma 6.2. det(A + B) paBeH HIZKHEMY [IPABOMY YIJIOBOMY 7 X 7" MUHODY MaTpHIlbl B

Joxazamenvcmeo. Jlokaxkem 1o naayKiuu 1o n. GakT BepeH JJjisd n = 7, TaK KaK TOrJla MaTpHUIa
A TpoCTO ABJISIETCs HYJIEBOi, a MUHOD MATpUIbl B ecTh Bech ompejennTteib. [lepexos:

bll +1 612 ce bln bll b12 c. bln 1 0 ce 0
b21 b22 +1 ... an _ 621 b22 +1 ... an n b21 bgg +1 ... b2n
bnl bn2 bnn bnl bn2 bnn bnl bn2 bnn

) )

Y 1epBoit MATPUIIbI €CTh 7 4+ 1 CTpOKa U3 UCXOJHON MaTpPHIbl 3, KOTOopas UMeeT paHr 7, 3HATHT
3Tu 1 + 1 CTPOKM JIMHEWHO 3aBUCUMBI, = OIPEJEUTENb MEPBOIl MATPUITHI pPABEH HYJIIO.
Bropyto maTpuily packiajbiBaeM 10 [epBOil CTPOKe U mojydaem marpuity (n— 1) X (n — 1), ais

KOTOPO! MOXKHO IIPUMEHUTD IIPEIIOJIOKEHNE NHITYKITUN. |

Tenepb HAM JIOCTATOYHO MOCUUTATH YUCJIO MaTpuIl B, Takux 410 Tk B = r 1 ee cOOTBETCTBYIOIIHi
MUHOD paBeH HYJIIO.
J17151 9TOro BOCIIOJIB3yeMCsl PAHTOBBIM HJIM CKeJIETHBIM pasyioxkenueM (rank factorization) jis B

Onpenenenue 8. /[yt maTpuriel B panra r u pazMepa n X n Ha30BeM PAHTOBBIM Pa3JI0XKEHUEM
npejcraBienne B Bujge B = P(Q), rme P — marpunia n X r MOJHOrO panra, () — MaTpuma 7 X n
IIOJTHOT'O PaHTa,

3ameuanmne. Eciu nexkoropsie matpuiibl P u () UMeOT Takue pa3Mephl U MOJIHBIN PAHT, UX MPO-
u3BeJIEHUEe UMeeT TakKoil ke paur, To ectb tk PQ =1 VP, Q)

Jlemma 6.3. [lsa marpunpt B cymectByer |G L, | pa3sinaHbIX PAHTOBBIX PA3JIOKEHNUIT

Joxazamenvcmeo. s Hadasa 3ameTnm, 910 ecyin B = P(), TO MOYXKHO ITOJIyIUTh HOBOE PAHI'OBOE
pasJiozxkenne, ec caenath B = P(RR™)Q = (PR)(R™'Q), Tak Kak yMHOMKeHHe Ha HeBbIPOKICH-
HYIO MaTPHUILY CJIEBa U CIIPABa HE BJIUSET Ha paHT. TaK MOXKHO CIeIaTh s JTI000H HEBBIPOK ICHHOMN
MATPHUIIBI, TIOITOMY PA3JIOKEHUN > ;..

C sipyroit cTOpoHbI, OT J11060r0 pasiaoxkenus B = P(Q moxno nepeiitu Kk B = P'Q’ Takum o6paszom.
JlokaxkeM 3To.

Mg 3naeM, uro PQ = P'Q’. 41 xoresn 6b1 yOpaTh HEKOTOpBIE CTOJIONLI B (), TaK YTOOLI OCTAJIOCH
r U OHHU OBLIN JIMHEHO HEe3aBHUCHUMbBI. DTO BO3MOXKHO CJeaTh, Tak Kak rk () = r. Te xKe cToI0I1BI
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Ha10 yoparh B Marpute ('. Eciau sanucars MaTpuiibl 6J109HO, TO CTAHOBUTCS OYEBUJIHO, YTO TaK
MBI IPOCTO TepdAeM HEKOTOPBIC PABEHCTBA B CUCTEME YpPaBCHCHUM.

=

()" P ()"
[ o= | ) — @ @ = | -
()" pL ()"

Sy

p

Teneps () — 3T0 KBaJIpaTHasT MATPUIA, U OHA HEBBIPOXKJIEHA, TIO9TOMY MOYKHO JIOMHOXKUTH Ha €e
00paTHYIO.

PO=PQ — P=P (Q’ <Q> 1)

[Toyuniu npeacrasienue B suge P = P'R. Tenepn cienaeMm To ke ¢ MaTpuleil P — BLIKHHEM
CTPOKHU TaK, 9TOObI UX OCTAJIOCH I" U OHU OBLIN JIMHEWHO HE3aBUCUMBI U JIOMHOXKHUM € 00€UX CTOPOH

Ha 0OpaTHYIO.

(PRQ=PQ — P(RQ)=PQ — RQ=Q — Q=R"'¢

N3 sroro drakra ciiejryer, 9T0 ¢ HOMOIILIO “BCTABKM HEBBIPOXKJICHHON MaTpPUIIBI U €e 00paTHOM
B IIEHTP MOXKET OBITDH IMOJIyY€eHO JTI000e PA3JIOKEHNE, a 3HAYUT B HEPABEHCTBE BBIIIE JTOCTUTACTCH
PaBEHCTBO. [ |

Dror (hakKT 1MO3BOJISIET HAM MOCYUTAHHOE UHCIO Pa3J/IoKeHuil nojgesntb Ha |GL,.| u moaydursb
HMCKOMOE YHCJIO MATPHIL.

U

V),Q = (X Y), pae V,Y umeror pasmep 1 X r;

[IpeacraBum marpuns: P u () 6gouno: P = <

UxX UY
VX VY
det(VY') 6611 pasen mysio, ato pasrocuabHo det V = 0 nm det Y = 0

U, X umeror pasmep n — r X r. x npoussenenue pasuo PQ = ( ) Hawm nyzkn0, 9T00bBI

ITocunraeM Koam4IecTBO cJIeAyromux BCIIOMOraTe/JIbHbIX 00 BEKTOB:

1. Marpurnpl, y kotopbix det V # 0 u rk P = 7.

Qopmyna 15 Yncsia HEBBIPOXK/IEHHBIX MaTPUIL HAM y2Ke M3BeCTHA, BblOepeM 00k V' uepes
unee. OcTajibHBIE YHC/IA MOXKHO BBIOPATH COBEPIIEHHO JIIOOBIME, TAK KaK y HaC yKe eCTh T
HE3aBUCUMBIX CTPOK, 3HAYUT PAaHT > I, HO CTPOTO OOJIbIIIEe OH, pa3yMeeTcsd, ObITh He MOYKET,
TaK KakK y Hac Bcero r ctosiornos. [lomyaaem

f(nv T) = (qT — 1) LI (qT — qrfl) . q”("*r)

2. Marpurpr, y koropbix det V =0wu rk P = r.

VX MOXKHO MOJIyIUTh, BBIYEB U3 OOIIEr0 YUC/Ia MATPUI] DAHTa I BbhIpaskeHue u3 myHkTa (1).
gn,r):=TJ.(n) — fln,r)=(¢"—1)«...-(¢" — qr’l) —(¢"=1)-...-(¢" — g - q’"(”””)

DopMyJIbl BEPHBI B TOM dHCIe i () = (X Y), TaK Kak () UMeeT TOT K€ BUJI ¢ TOYHOCTHIO JI0

TPpaHCIIOHUPOBaHUA.
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Hakomeri, MbI TOTOBBI HOCUUTATDL YUCI0 pasiaokennii. CHadasa yareMm pasioxkenus, rjae det V = 0
u det Y # 0. Ix gucso pasuo g(n,r) « f(n,r). AHAJIOIMIHO CIUTAIOTCS PA3/IOKEHHsI, TJIe
det V #£ 0,det Y = 0, mosToMy 9TO BhIpaskeHUe MOXKHO YABOUTH. OCTaloTCs pa3jIoKeHnsd, I1e
detV = detY = 0, ux uncio — 1o g(n,r)?. CxiagpsaeM ux Bee, gemuM Ha |GL,| n nomyaaem
OTBET

dn—r,r(n) _ 2. f(n7 T) ) (\Z‘(n) — f<n7 T)) + (Z"(n) B f(na T))Q _

Yr
2. f(n,r) ) u7r(n) -2 f(n,T‘)Q +«7r(n)2 -2 u7r(n) ) f(nvr) +f(n7T)2 _
r
Jr(n)? = fn,r)? (" =1)?-.. (" —¢)? =" (@ =) (¢ g
T (¢ =1D-...-(¢—q
(" =12 (" =g = (" =" ") .- ("= ")
(=1 - (¢ —q)

Bameuanwne. g (n,q,i,5) € {(3,3,1,2),(3,3,2,1),(4,2,1,3),(4,2,2,2),(4,2,3,1)} dbopmymna
SKCIIEPUMEHTAJILHO [TPOBEPeHa,
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7 Kanonnmueckuii Bua Marpunpl Haa F, m cBga3b ¢ d;,

B sr1oit cexmum OyjieT onmchIBaTHCS HOBasl TEXHUKA, KOTOPasi MO3BOJIUT IMOJICIATHIBATE dj, I
1 >1

Ob6parumcest K myHKTY 3.6. Tam Mbl 00Cy:KIajii CBsI3b MATPHUIL ¢ COOCTBEHHBIM 3HAaUYeHHEM 1 u
dypp. DTO paccyXkaeHne MOKHO 00OOIIUTH — PaCCMOTPETh KJIACC MATPHIL paHTa i ¢ COOCTBEHHBIM
sHaderreM 1. MoIHOCTE 9TOr0 MHOXKECTBa €CThb d,,;

Kaxk MbI moMHIM, 11 cCOOCTBEHHBIE 3HAYEHUS, 1 PAHT COBIIAIAIOT Y MATPHUIIL, CBSI3aHHBIX OTHOIIIEHIEM
oobust, To ectb A = CBC ™! st meBpipoxaennoit C. OTciona BOSHAKAET HIEs — B3ATh U3 KaK-
JIOrO KJjiacca Mojio0usi 1O OJ[HO Marpurle (KAHOHUYECKOMY MPEJCTABUTEIIO), PEIIUTh, TTOIXO/AT
JI OHA HaM, U €CJIM IIOIXOIUT, TO B3ATh BECh KJIACC IETUKOM.

Bompoc BbIOOpa KAHOHHYIECKOTO IPEJICTABUATENSI CBOAUTCS K IPUBEIEHUIO MATPHUIIBI K HAmOOJIEEe
IIPOCTOMY BHLy cMeHOM Oasmca. Haji mojieM KOMIIIEKCHBIX YHCEesI 3TOT BOIPOC PEIIeH W OTBET Ha
HEro MINPOKO U3BECTEH — KOPJIaHOBa HOpMaJbHast (popMa.

HO, OKa3bIBa€TCdA, U HaJl KOHEIHBIMU IIOJISIMHA 9TOT BOIIPOC PAa3pEHINM.

Ounpenesienne 9. (CompoBoXKIa0MAsi MATPUIIA )

[ycrs f(t) = t" — an_1t"" ' — ... — a1t — ap. Torma compoBoxKTalonieil MaTpuIeil MHOrOUIeHA f
Ha3bIBAETCSI
00 ... 0 ag
10 ... 0 a
Cp=101 0 as
00 ... 1 a,—1

Teopema 7.1. (@Ppoberuycosa Hopmasvras Gopma)
IIyemv A € M,(F) — npoussoavhas mampuya. Toeda A moorcem 6vimov npusedena k 6.404HO-
duazorarvromy 6udy ¢ baokamu 6uda

C;, E 0 ... 0 0
0 ¢ E ... 0 0
0 0 Cf ... 0 0
0 0 0 ... C E
0 0 0 ... 0 C

rdxrd

2de f — nenpusodumvil Gaxmop Tapaxkmepucmuteckoz0 MHO204AEHE Mampuyvl, d = 1 — ezo cme-
nenv, T — nexomopoe noaodicumenvroe wucao, Cy — conposootcdaroujas mampuya f. Popma ynu-
KAAOHA C MOYHOCTIBIO JO Nepecmanosky 6A0K08.

3ameyanue. MoKHO BUJIETH MOJHYIO aHAJOIUIO C »KOP/IaHOBOI HOpMaJsibHOW ¢opMmoit. B 1act-

HOCTH, €CJIU XapaKTEPUCTUIECKUIT MHOTOUYIEH PACK/IQIBIBAETCA Ha JIMTHEITHbIE MHOKUTEN, TO MBI
nosryanm 2KHO.

Omnpepestenne 10. 3anummen i HEIPUBOANMOTo GakTopa f €ucia r, KOTOPble COOTBETCTBYIOT
ero omokam: A = (A1,...,A\g), A1 = ... = Az ByJem nHaswBarh 910 pasbueHneM MHOTOUJICHA.
Ob6oznauenne — Ay. Cama dopma ognosHatdHO 3amaercs MmuozkectBoM {(f, Af) | f € Irr(f), f |

x(A)}
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3ameuanwme. llo anasornu ¢ »Kop1aHOBOI HOpMAaJILHOI (DOPMOIT BEPHO, UTO g deg f -

/\ f| = n,
rae CyMMa BeIETCd 110 BCEeM HEIIPUBOAMUMBIM (baKTOpaM.

8 @opmyaa Auas d,

Teopewma 8.1.

don(n) =" "+ —¢""—q-D(¢"—¢)... (" —¢"")

oxasamenvcmeo. Tak, HaM HY?KHO OIUCATH MATPUIIBI paHTa 2, UMEIOIe COOCTBEHHOE 3HAUEHNE
1 B TepMuHAX XapaKTEPUCTUIECKOIO MHOIOUJICHA. YCJIOBHE HA HAJUINE COOCTBEHHOTO 3HAUCHUS
1 IOBOJILHO TIPOCTO peau3dyercd — MOTpedyeM, YTOObI XapaKTEPUCTUICCKUIT MHOTOYJICH MATPHUIIBI
nenmicst Ha (6 — 1).

Tak:ke HETPYJIHO 3aMETHTDb, UTO Yy MATPUIILI PaHra 2 XapaKTePUCTUYECKUNl MHOTOYJIEH JIOJI?KEeH
nenurnes Ha t" 2. Moxuo ckazarh, uro dimIm A = 2 = dimKer A = n — 2, a anrebpantdeckas
KPATHOCTH COOCTBEHHOT'O 3HAYUECHUS > T€OMETPUIECKON

Ocraerca xa(t) = t" 2(t — 1)(t — a), THe @ — 9TO KaKoe-TO UHCJI0, B TOM UHCIe, BO3MOXKHO, 0
win 1. B mamem cioydae MHOTOUIEH PA3JIOXKUICH HA JIMHEIHbIe MHOKUTETN, 3HAYAT Mbl MOXKEM
10Jib30BaThcd 7KopmanoBoit HopMmaJsibHOI (opmoit. Heobxoammo ToJIBKO aKKypaTHO pa3o0paThb
CJydau @ U BBISICHUTH, B KAKUX OyJeT paHr 2.

Hanuuame coberBennoro 3nadenus 1 rapanTupyeT panr xotd Obl 1. B ciydae ¢ cobcTBeHHBIM 3HA-
genneM (), KayKJIblii COOTBETCTBYIONIMI eMy OJIOK pa3mepa k Oy/eT yBesmdauBaTh panr Ha k — 1.

1. a=0

Yr00bI OJIyYUTh PAHT 2, HaM NPUJIETCA B3ATh OJUH OJIOK pa3Mepa 2 ¢ COOCTBEHHBIM 3HAYe-
auem 0. [Mogyuanres sux {(0,(2,1,1,...)),(1,(1))}

10 0 . 0
0010 0
0 0 0 0
0000 0
2.a#0,a#1
B Takom ciaydae, Mbl 0b6s3anHbl B3aTh TosbKO Bux {(0, (1,...,1)),(1,(1)),(a, (1))}, Tak kax

coOCTBeHHBbIE 3HaUYeHUs 1, a y2Ke J1aloT paHr 2

1 0 0 0
0 a¢{0,1} 0 0
0 0 0 0
0 0 0 0

3.a=1

3/ech, MBI MOXKeM B3sATh pasbuenue i eaununbl (1,1), a moxkem (2) — onn OyayT oba
JIABATh PAHT 2, HO JIJIsl HyJIs MbI BCe TaK Ke JOJKHbBI 6path (1,...,1)
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—_
[a)
(e
—_
—_
(e
[an)

010 0 010 0
0 0 0 000 0
000 0 000 ...0

[Tponymepyem i Bujbl B TakoM ke opsiike — (1), (2), (3), (4)

Tenepn, KorJa y HAC €CTH KJIACCHI MATPHUIL, HAM OCTAeTCd TOJBKO HAWTHU YHUCJIO MATPUIL B KaXKJIOM
KJ1acce, U y Hac OyJieT roroBa popmysia i do,. s 9T0r0 HamMm nmoTpedyIoTcst HEKOTOPhIE 3HAHUS
aJredpbl

Pacemorpum gieiicreue rpymmsl G L, HA MHOXKeCTBE MaTpHIl paHra 2 coupsikerusmu: (g, h) +—
ghg™'. Ham HaJ0 HajfiTH pasMepbl HECKOJIBKHX OPOUT TaKoro jedcrsus. JIas 9TOro BOCIIOJIB3Y-
emcs dopmyioit |Gz| = |G|/]St(z)|. Pasmep rpynmnst GL,, Mbl 3HaeM. Ocraercs yMeTh HAXOIUTD
KOJIMIECTBO ¢ TAaKuX, uT0 ghg™ ' = h <= gh = hg, TO €CTb CKOJIBKO HEBBIPOZKIEHHBIX MATPHUIL
KOMMYTHUDYIOT ¢ jaHHoi. [lesraTh Mbl 910 OysieM “B 100”7, TO €CTh 3alUIeM IIPOU3BEJIECHUE TPOU3-
BOJIbHOI MATPUIIGI HA JIAHHYIO B OJTHOM IOPSJIKE U B JPYTOM, U IOCMOTPUM, KAKN€ ONPDAHUIEHUsT
HA MATPUILy 9TO PABEHCTBO 3a/1aeT

T11 Ti2 T13 ... 11 0 12 0
Tr31 X322 T33 ... 21 0 T929 0 ...
(1).X: 0 0 0 - 31 0 T32 0 . :X.(l)

U3 knerku (2,3) BUAHO, 9TO Toy = xz3. VI3 (1,2) Bumgso, uro 15 = 0, a u3 (1,3) BusHo,
9TO Ty = T13, TO ecTh r13 = 0. U3 kierok (1,4),(1,5),... BUIHO, YTO T1q4 = T15 = ... =
0. Cummerpuuno siesia obcroar ¢ (2,1) u (3,1) — orcioma BuaHO, 9TO T9y = x33 = 0, u
AHAJIOTUYIHO CO BCEM ITIEPBBIM CTOJIOIOM — OH HYJIEBOI, HaYMHAs CO BTOPOro 3jementa. V3
TPETHETO CTOJIONA, HAYMHAS C TPEThEro JIEeMEeHTa, BUJIHO, 9TO T;o = 0 Vi > 3. To ke camoe
CO BTOpO# CcTpoKO# — u3 Hee x3; = 0 Vi > 4. UTo HacueT ocTajabHBIX 3JIEMEHTOB, TO OHU
00 He YYaBCTBYIOT B MPOU3BEJACHUH, OO HE JAIOT HUKAKON MHMOpMaum, Kak T1; = T11
B (1,1). [Toyvaem Takoil B MaTPHUIIHI

A0 00O
0 p *
0 0 u 0
0 0 =x
0 0 x A

rJIe 3Be3/I09KH — Jiio0ble uncsa. OHaKO y HAC eCTh €Ile YCJIOBUE HA HEBBIPOK IEHHOCTL. Ote-
BUJIHO, 9TO A # 0, 4 # 0, moToMy 9TO TOT/Ia y HAC Oy/IyT HyJIeBble CTOJONBI. Tenepsb ompe-
JIeJIATE]Th MOYKHO PA3/I0KUATH [0 TEPBOMY W BTOPOMY CTOJIONAM W TPETheil CTPOKe, OTKY/Ia
[OJIYIaeTCsd, UTO 3Be3JI0YKN He BJIUSIOT Ha OIPeJIe/INTeh U OCTAeTCsI TOJIBKO MOTPebOBaTh,
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qT00BI HoaMaTpuiia A ObL1a HeBBIPOK IeHHON. OTCI0ma MOXKHO cOOpaTh (DOPMYJIY [JId THCIA
MaTpuil X , KOTOpPbIe HaM IIOIXOIAT

GLy3-(q—1)*-¢*"°

T11 T12 13 N Tr11 QT12 0
aro1 QTo2 AX23 ... To21 QT92 0

(2)- X = — =X (2)
0 0 0 c. T3] ax39 0

B (1,2) Bumgno, uto 15 = axie. Tak Kak a no yciaosuio # 1, x1o = 0. [asnee, u3 mepoit
CTPOKHM BUJIHO, 9TO faJjiee xr1; = 0. AHAJOIMIHO B IIEPBOM CTOJOIE — X9 = T31 = ... = 0.
W3 BTOPOIT CTPOKHM M BTOPOTO CTOJIONA BUJIHO, UTO Xo3 = Tog = ... = 0,230 = x33 = ... = 0.
[Ipo ocranmbuble 371eMeHTHI HUYEro He m3BecTHO. [loydaem Bu:

0 ... 0
0 0

o O X

0
I
0

0 0
Amnamornano, A # 0, u # 0,det A # 0, u mosrygaem dbopmyiy:

GLy2-(q—1)*+ (q—2)

11 T12 13 .- r11 T2 0
To1 X29 X23 ... To1 T29 0 ...
(3) X = = =X. (3)

0 0 0o ... r31 T3z 0

JIerko yBUJIETH, YTO 3JIEMEHTBI B 2 X 2 BeJIyIIell OMaTPHUIE MOT'YT OBITH JIIOOBIME, TaK Ke
KaK U B CJeIyIomei 3a Heil (n — 2) X (n — 2) mojMarpuiie, a Bce OCTABIINECs — TO €CTh
9JIEMEHTBI U3 [EePBOil 1 BTOPOIl CTPOK 1 IIEPBOIO M BTOPOIO CTOJIONA, KPOME 11, T12, L21, £22
JIOJIZKHBI ObITH PABHBI HYJIIO

* x 0 0
* x 0 0
00

Do A
00

Yro0bl MaTpuIla ObLIa HEBBIPOXK/IEHA, HYKHO YTOOBI OIPEJIENTEb KAaXKJI0r0 U3 OJIOKOB He
OBLII paBeH HYJIIO, IO3TOMY TOJIydaeM TaKylo popMysTy

GLy-GL, 5
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T11 + XT21 T12+ Toa X1z + Tag ... 11 T11+2x12 0
T2 T2 T23 - To1 To1 + Tog 0

(4).X: 0 0 0 - T3] X317 + T39 0 ... :X.(4)

U3 paBencrBa T1s + Tos = x11 + T12 B Kiaerke (1,2) ciemyer, 9to o177 = Ta9. U3 paBencrsa
B (1,1) man (2,2) MOXKHO 3aKJIIOYNTh, 9TO T9; = 0. VI3 mepBoro ctosbna BUIHO, UTO T3 =
241 = ... = 0. Co 3HAHWEM PTOr0 MOYKHO HOJIYIUTh, UTO T3y = Ty = ... = ( U3 BTOPOrO
cToibIa, TaK Kak cjaraeMble W3 IEPBOIO CTOJIONA, KOTOPBIE TaM 3alliCaHbl, PABHBI HYJIO.
Takum ke crocoboM JIOKA3bIBAETCsI, YTO MepBasi ¥ BTOpasi CTPOKKM MaTPHIIbI PABHBI HYJIIO,
HaunHas ¢ Tperbero Homepa. Ocraercs Kierka (1,2), Ipo KOTOPYIO HUYEro He W3BECTHO, U
Kak 00BIIHO, (N — 2) X (n — 2) nogMarpuma

A x 0 0
0 XN O 0
0 0

A
0 0

VI3 BTOPOIT CTPOKHU 9TOW MATPHUIIBI BUIHO, ITO A # () JjIsi HEBBIPOKIEHHOCTHU BCEil MATPHIIBL.
Ecnu o neit pasiokuTh OlpeienTelib, TO 3Be309Ka yiier, => OHa MOXKeT ObITh JIFO0O.
U, det A # 0, xonevHo

GLnf2 : (q - 1) *q

Hakoner, monb3sysch popmysiaMu 71 pasmepa OpOUTHI 1 1tepexo/jia oT d;; K dj;, BBIBOJAUM (hopMyJTy
1t daoy,(n). Takeke, 1t ynporneHnsi BBIKJIQJIOK, HAM [IOTPEOyeTcs: IpoCcToil hakT

Jemma 8.2. ¢"(¢"™ —1)GL, = GL,,

Zoxasamenvcmeo.

GL,=("-1)...(¢" ¢ ") = ¢"GL,= (""" —q)... (""" —¢") =
= """ =D =("" -1 ... (¢"" = ¢") =GLun
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GL, GL, GLy, GLy

dpa(n) = —2 B
n2(n) GLn—S(q _ 1)2q2n—5 + GLn_Q(q — 1)2((] ) + GLn_QGLQ * GLn—2(q - 1>q

GL -1 q—2 1 1 B
cmn2(@—1vw2*‘@—1?*&&—4Xf—qy*m—1m)‘

GL <_ 1 A 1 N N 1 ) B
GL,o\ (¢—12¢"2 (¢—1?2 q(g+1)(g—1)% (¢—1)q)
+ 3

GL, —q—=1+¢"*(¢q=1D)(q+1)+¢" " +(¢=D(g+1)¢"*
GLy s " 2(q—1)*(qg+1) B
GL, —q=1+¢" (¢ -1 +q¢"°+¢" (¢ - 1)
GL, » ¢2(q —1)%(q+ 1) a

GL, ¢"+q¢" ' —q"*—q—1
GL,—2 q"2%(q—1)2(q+1)

%wzmwﬁﬁzqu%%?:
(@" =) -(¢"—¢" - (@ -1 —q) _
(1) (" - 1)(q —q) -
GLy "+¢"' —¢""—q—1(¢"-¢*) ... (" —¢"") _
G Ly ¢ (¢" = 1)(¢" —q)

@+ =" =g - D" —¢)?.. (" =)
¢ = 1) (=)
(@ +¢" —¢" =g =D " =) (" =" ) (" =) (" — ¢
g2 =1) (=g )
¢+ =" = D" =) (" =)

Bameuanwme. [Ipu n = 3,9 = 2, 3,4 dpopmy/a SKCIEPUMEHTAILHO IIPOBEPEHA.

3ameuanwue. [1o100HBIM 00pPa30M MOXKHO, CY/d 110 BCEMY, BBIBECTH SIBHYIO (DOPMYJTY JIJIs JTIOOOTO
dipn, TJI€ T — PUKCHPOBAHHOE TUCJI0, HO, pa3yMeEEeTCsl, IPUJIETCS Pa3dupaTh HAMHOI'O OOJIbIIIE CIyYaeB
U COBEPINATEL OOJIbINE BBIMUCIUTEHLHON PAOOTHI.

CaencrBue. do,(n) > dy,(n), npudem do,(n) = di,(n) <= n=2,q=2

ﬂonasamenbcmso.

Jlemma 8.3. ¢" ' —¢"2—1 > 0mnupun,q > 2,n,q € N. PaBeHCTBO JIOCTHrAeTCs TOJIBKO MIPH

n=24q=2

Jloxasameavcmeo. ¢* ' — ¢ 2 —1=¢""*(¢—1)—1>0, tak kak ¢" 2> 1,(¢— 1) > 1.
Ecii ¢ > 2, o ¢ — 1 > 1 u HepasencTso 6yser crpornm. Ecm ¢ = 2, 1o 2”72 = 1 TojbKo 1npu
n = 2. To, aro npu n = 2, ¢ = 2 paBEeHCTBO BBIIIOJIHEHO, IIpoBepgaeTcs mpocToil moacranopkoit. M
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don(n) =" " +¢" " =" —q-1)(" =) ... (" —¢"") >
"N =) (" =) ("= ") =din(n)

3ameuanne. B cucreme KoMIbioTEpHOIT aJIredphl sage, KOTopas MO3BoJIsAeT 1o Tuity Ppobenmy-
COBOI HOPMAJILHOI (DOPMBI HAXOIUTh YHUCJIO COOTBETCTBYIOIIUX MaTPHI] U PeIlaTh IPOYNe BHIUHUC-
JINTEJIbHBIE 3aJ1a9i, MHOIO Obl/Ia HAIIMCAHA ITPOTrPaMMa, BBITUCIAIONALA day, (n) B BHUJEe MHOTOYJIEHA
npu 3aaHHoM n. [lomydernbie hopMyJibl COBIAIN C MOTYIEHHBIME TEOPETUYIECKU HA HEOOJIBITTUX
3HAYEHUSIX 7.
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