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×àñòèöû ñ íóëåâûì ñïèíîì

Óðàâíåíèå Êëåéíà-Ãîðäîíà

A(x, t+ ε) +A(x, t− ε)− A(x+ ε, t)√
1 +m2ε2

− A(x− ε, t)√
1 +m2ε2

= 0.
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×àñòèöû ñ íóëåâûì ñïèíîì

• Çàôèêñèðóåì m è ε.
• Ïóñòü øàøêà ñòîèò íà áåñêîíå÷íîé êëåò÷àòîé äîñêå â

êëåòêå (0, ε) è õî÷åò äîáðàòüñÿ äî (xε, tε).
• Îíà ìîæåò õîäèòü âïðàâî-ââåðõ, âëåâî-ââåðõ èëè ââåðõ íà

äâå êëåòêè.
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×àñòèöû ñ íóëåâûì ñïèíîì

• Ïóòè øàøêè ìû áóäåì ñîïîñòîâëÿòü ÷èñëî

• Èçíà÷àëüíî îíî ðàâíî 1, ïðè õîäå ââåðõ äîìíîæàåòñÿ íà

−1, à ïðè õîäàõ âïðàâî-ââåðõ èëè âëåâî-ââåðõ 1√
1+m2ε2

.

• A(x, t) � ýòî ñóììà òàêèõ ÷èñåë ïî âñåì ïóòÿì èç êëåòêè

(0, ε) â (xε, tε) äåëåííàÿ íà 2.
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×àñòèöû ñ íóëåâûì ñïèíîì

• Ïóòü øàøêè � ýòî êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü òàêèõ

öåëûõ òî÷åê ïëîñêîñòè, ÷òî âåêòîð èç êàæäîé òî÷êè (êðîìå

ïîñëåäíåé) ê ñëåäóþùåé ðàâåí ëèáî (1, 1), ëèáî (−1, 1), ëèáî
(0, 2).

• Âåñ ïóòè s(weight(s)) � ýòî ÷èñëî ðàâíîå (−1)up
√

1+m2ε2
left+right ,

ãäå up, left, right êîëè÷åñòâî âåêòîðîâ (0, 2), (−1, 1), (1, 1) â
ïóòè ñîîòâåòñâåííî.

Äìèòðèåâ Ìèõàèë Äìèòðèåâè÷ ÍÈÓ ÂØÝ 22 ìàðòà 2024 ã. 5 / 29



×àñòèöû ñ íóëåâûì ñïèíîì

• A(x, t) � ýòî ïîëîâèíà ñóììû âåñîâ ïóòåé ïî âñåì ïóòÿì

èç (0, ε) â êëåòêó (xε, tε).
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×àñòèöû ñ íóëåâûì ñïèíîì

Ïîñòîðîåííàÿ ìîäåëü óäîâëåòâîðÿåò

Óðàâíåíèå Êëåéíà-Ãîðäîíà

A(x, t+ ε) +A(x, t− ε)− A(x+ ε, t)√
1 +m2ε2

− A(x− ε, t)√
1 +m2ε2

= 0.
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×àñòèöû ñ íóëåâûì ñïèíîì

Ãëàâíîå ñâîéñòâî

A(x, t) =

√
1 +m2ε2

2mε
a1(x, |t|+ ε,m, ε).

Ïðèìå÷àíèå a1(0, 4, 1, 1) = 0
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×àñòèöû ñ íóëåâûì ñïèíîì

Ïðîáëåìà

Ó ÷èñëà A(x, t) íåò ôèçè÷åñêîé èíòåðïðèòàöèè...
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Àíòè÷àñòèöû

• A(x, t) = A(x, t,m, ε, δ) � ýòî ôóíêöèÿ, îïðåäåëåííàÿ íà

ìíîæåñòâå εZ2 := {(x, t) ∈ R2 : x/ε, t/ε ∈ Z} è
óäîâëåòâîðÿþùàÿ ñëåäóþùèì äâóì àêñèîìàì:

Àêñèîìà
Äëÿ ëþáûõ (x, t) ∈ εZ2 âûïîëíåíî ðàâåíñòâî

−iδA(x, t)+A(x, t+ε)+A(x, t−ε)−A(x+ ε, t)√
1 +m2ε2

−A(x− ε, t)√
1 +m2ε2

= δx0δt0.

(1)

Àêñèîìà ∑
x,t∈εZ

|A(x, t)|2 <∞. (2)
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Àíòè÷àñòèöû

Ïðîïàãàòîð A(x, t,m, ε) � ýòî ïðåäåë

A(x, t,m, ε) = lim
δ↘0

A(x, t,m, ε, δ). (3)
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Àíòè÷àñòèöû

G = Γ(1/4)2

(2π)3/2
(êîíñòàíòà Ãàóññà)

L = 1
πG
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Àíòè÷àñòèöû

Òåïåðü A(x, t,m, ε) èìååò ñìûñë ñðåäíåãî çíà÷åíèÿ çàðÿäà â

èíòåðâàëå äëèíû ε âîêðóã òî÷êè x â ìîìåíò âðåìåíè t > 0,
åñëè ÷àñòèöà ìàññû m áûëà èñïóùåíà èç íà÷àëà êîîðäèíàò â

ìîìåíò âðåìåíè 0 (èëè àíòè÷àñòèöà áûëà ïîãëîùåíà òàì).

Èíòåãðàëüíàÿ ôîðìóëà

A(x, t,m, ε) = lim
δ↘0

ε2

4π2

∫ π/ε

−π/ε

∫ π/ε

−π/ε

eipx−iωtdωdp

2 cos(ωε)− 2 cos(pε)/
√

1 +m2ε2 − iδ
.

Óæå íàïîìèíàåò íàì òàêîâóþ äëÿ a1.

A(x, t,m, ε) =

√
1 +m2ε2

2mε
a1(x, |t|+ ε,m, ε).

Äìèòðèåâ Ìèõàèë Äìèòðèåâè÷ ÍÈÓ ÂØÝ 22 ìàðòà 2024 ã. 13 / 29



Àíòè÷àñòèöû

• Ðåøåòêà (ðàçìåðà T ) � ýòî ôàêòîðìíîæåñòâî

{(x, t)|x/ε, t/ε ∈ Z, 0 6 x, t 6 εT}�∀x, t : (x, 0) ∼ (x, εT )&(0, t) ∼ (εT, t).

• Âåðøèíû ðåøåòêè íàçûâàþòñÿ ñîñåäíèìè, åñëè ó íèõ

ñîâïàäàåò îäíà êîîðäèíàòà, à äðóãàÿ îòëè÷àåòñÿ ëèáî íà ε,
ëèáî íà ε(T − 1).
• Ðåáðî � ýòî îòðåçîê, ñîåäèíÿþùèé ñîñåäíèå âåðøèíû.

Ðåáðî íàçûâàåòñÿ âåðòèêàëüíûì, åñëè îíî ïàðàëëåëüíî Oy,
è ãîðèçîíòàëüíûì, åñëè ïàðàëëåëüíî Ox.
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Àíòè÷àñòèöû

• Îðèåíòèðîâàííûé ïóòü íà ðåøåòêå � ýòî

ïîñëåäîâàòåëüíîñòü a1, a2, ..., an ðàçëè÷íûõ âåðøèí ðåøåòêè

òàêàÿ, ÷òî äëÿ ëþáîãî i = 1, ..., n− 1 âåðøèíû ai è ai+1

ñîñåäíèå.

Àíàëîãè÷íî îïðåäåëÿåòñÿ öèêë, ñ äîïîëíåíèåì, ÷òî a1 = an
è n > 2 (à îñòàëüíûå âåðøèíû ðàçëè÷íû).
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Àíòè÷àñòèöû

• Ïåðåñòàíîâêà íà÷àëüíîé âåðøèíû öèêëà � ýòî óäàëåíèå

ïåðâîé âåðøèíû èç ïîñëåäîâàòåëüíîñòè, çàòåì öèêëè÷åñêàÿ

ïåðåñòàíîâêà âåðøèí è äîáàâëåíèå ïîñëåäíåé âåðøèíû

ïîëó÷èâøåéñÿ ïîñëåäîâàòåëüíîñòè â íà÷àëî.

• Çàìêíóòûé ïóòü � ýòî öèêë ñ òî÷íîñòüþ äî ïåðåñòàíîâêè

íà÷àëüíîé âåðøèíû öèêëà.
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Àíòè÷àñòèöû

• Êîíôèãóðàöèÿ ïåòåëü λ � ýòî îáúåäèíåíèå

íåïåðåñåêàþùèõñÿ çàìêíóòûõ ïóòåé íà ðåøåòêå.

• Êîíôèãóðàöèÿ ïåòåëü λ ñ áåñïîðÿäêàìè â P è Q � ýòî

îáúåäèíåíèå íåïåðåñåêàþùèõñÿ çàìêíóòûõ ïóòåé íà ðåøåòêå

è ðîâíî îäíîãî (íåçàìêíóòîãî) ïóòè èç âåðøèíû P â

âåðøèíó Q.
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Àíòè÷àñòèöû

Äëÿ ëþáîé êîíôèãóðàöèè λ ìû îïðåäåëÿåì å¼ âåñ ïî

ñëåäóþùåé ôîðìóëå:

weight(λ) =
(−1)#paths(λ)

(1 +m2ε2)#horizontal(λ)/2(iδ)#vertices(λ)
,

ãäå #paths(λ) � êîëè÷åñòâî ïóòåé â êîíôèãóðàöèè,

#horizontal(λ)� êîëè÷åñòâî èõ ãîðèçîíòàëüíûõ ðåáåð, à

#vertices(λ) � êîëè÷åñòâî èõ âåðøèí.
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Àíòè÷àñòèöû

x′ := x mod εT ;

t′ := t mod εT.

• Ïðîïàãàòîð íà êîíå÷íîé ðåøåòêå � ýòî ôóíêöèÿ

A(x, t,m, ε, T, δ) =

∑
ïî êîíôèãóðàöèÿì λ

ñ áåñïîðÿäêàìè
â òî÷êàõ (0,0) è (x′,t′)

weight(λ)

∑
ïî êîíôèãóðàöèÿì λ

áåç áåñïîðÿäêîâ

weight(λ)
. (4)

• Ïðîïàãàòîð íà áåñêîíå÷íîé ðåøåòêå � ýòî ôóíêöèÿ

Aloop(x, t,m, ε) = lim
δ↘0

lim
T↗∞

A(x, t,m, ε, T, δ). (5)
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Àíòè÷àñòèöû

Òåîðåìà

Ôóíêöèè A(x, t,m, ε) è Aloop(x, t,m, ε) îïðåäåëåíû êîððåêòíî

è áîëåå òîãî, ñîâïàäàþò äëÿ âñåõ x, t,m, ε:

Aloop(x, t,m, ε) = A(x, t,m, ε). (6)
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Äîêàçàòåëüñòâî òåîðåìû

Ïðåäëîæåíèå

Ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ A(x, t),
óäîâëåòâîðÿþùàÿ àêñèîìàì 1-2:

A(x, t) =
ε2

4π2

∫ π/ε

−π/ε

∫ π/ε

−π/ε

eipx−iωtdωdp

2 cos(ωε)− 2 cos(pε)/
√

1 +m2ε2 − iδ
.
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Äîêàçàòåëüñòâî òåîðåìû

Äîêàæåì ïðåäëîæåíèå:

• Ðàññìîòðèì ðÿä

A(p, ω) :
L2

=
∑

(x,t)∈εZ2

A(x, t)e−ipx+iωt.

• Âûâåäåì óðàâíåíèå íà A(p, ω)(
−iδ + eiωε + e−iωε − e−ipε√

1 +m2ε2
− eipε√

1 +m2ε2

)
A(p, ω) = 1.

• ßâíîå ðåøåíèå

A(p, ω) =
1

2 cos(ωε)− 2 cos(pε)/
√

1 +m2ε2 − iδ
.
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Äîêàçàòåëüñòâî òåîðåìû

Ïðåäëîæåíèå

Çíàìåíàòåëü â âûðàæåíèè (4) íå îáíóëÿåòñÿ. Áîëåå òîãî,

âåðíî, ÷òî äëÿ ëþáûõ (x, t) èç ðåøåòêè ðàçìåðà T

A(x, t,m, ε, T, δ) =
1

T 2

∑
p,ω∈(2π/Tε)Z�(2π/ε)Z

eipx−iωt

2 cos(ωε)− 2 cos(pε)/
√

1 +m2ε2 − iδ
.

(7)

Åãî äîêàçàòåëüñòâî ñëåäóåò èç äâóõ ñëåäóþùèõ ëåìì.
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Äîêàçàòåëüñòâî òåîðåìû

Ëåììà
Ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ A(x, t) íà ðåøåòêå
ðàçìåðà T , óäîâëåòâîðÿþùàÿ àêñèîìå 1 èç îïðåäåëåíèÿ ??

(ãäå àðãóìåíòû áåðóòñÿ ïî ìîäóëþ εT ). Îíà çàäàåòñÿ
âûðàæåíèåì (7).
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Äîêàçàòåëüñòâî òåîðåìû

Ëåììà
Ïðîíóìåðóåì âåðøèíû ðåøåòêè ïðîèçâîëüíûì îáðàçîì.

Ðàññìîòðèì ìàòðèöû A è U ðàçìåðà T 2 × T 2 ñ èíäåêñàìè,

ïðîáåãàþùèìè íîìåðà âåðøèí ðåøåòêè, çàäàííûå

ñëåäóþùèì îáðàçîì:

APQ = A(x, t,m, ε, T, δ), ãäå (x, t) = PQ;

UPQ =


1, åñëè PQ � âåðòèêàëüíîå ðåáðî;

1√
1+m2ε2

, åñëè PQ � ãîðèçîíòàëüíîå ðåáðî;

−iδ, åñëè P = Q;

0, èíà÷å.

Îáîçíà÷èì çà Z çíàìåíàòåëü âûðàæåíèÿ (4). Òîãäà

Z = (−iδ)−T 2
detU è åñëè Z 6= 0, òî A = U−1.
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Äîêàçàòåëüñòâî òåîðåìû

Èäåÿ äîêàçàòåëüñòâà ëåììû

• Ðàññìîòðèì óðàâíåíèÿ Êëåéíà-Ãîðäîíà.

• Ìàòðèöà U äàåò íàì çàïèñü óðàâíåíèÿ â âèäå ñèñòåìû.

• Íóæíî ïðîâåðèòü âûêëàäêó:

detU =
∑
σ

sgn(σ)
∏
P

Uσ(P )P = (−iδ)T 2
∑
λ

weight(λ) = (−iδ)T 2
Z.

Çäåñü ïðîèçâåäåíèå áåð¼òñÿ ïî âñåì âåðøèíàì P , ïåðâàÿ
ñóììà � ïî âñåì ïåðåñòàíîâêàì âåðøèí σ, à ïîñëåäíÿÿ
ñóììà � ïî âñåì êîíôèãóðàöèÿì ïåòåëü λ.
• Îñòàåòñÿ äîêàçàòü A = U−1.

• Çàôèêñèðóåì âåðøèíû P è Q. Çàìåíèì UPQ íà 1, à
îñòàëüíûå ýëåìåíòû â ñòðîêå P íà 0.
• Àíàëîãè÷íî ïðåäûäóùåìó ðàññóæäåíèþ, îïðåäåëèòåëü
ïîëó÷åííîé ìàòðèöû ðàâåí ÷èñëèòåëþ âûðàæåíèÿ (4).

• Ïî ïðàâèëó Êðàìåðà ïîëó÷àåì A = U−1.
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Äîêàçàòåëüñòâî òåîðåìû

Íàêîíåö äîêàæåì òåîðåìó:

Aloop(x, t,m, ε) = lim
δ↘0

lim
T↗∞

A(x, t,m, ε, T, δ) =

= lim
δ↘0

lim
T↗∞

1

T 2

∑
p,ω∈(2π/Tε)Z�(2π/ε)Z

eipx−iωt

2 cos(ωε)− 2 cos(pε)/
√

1 +m2ε2 − iδ
=

= lim
δ↘0

ε2

4π2

∫ π/ε

−π/ε

∫ π/ε

−π/ε

eipx−iωtdωdp

2 cos(ωε)− 2 cos(pε)/
√

1 +m2ε2 − iδ
= A(x, t,m, ε),
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Íåìíîãî ïðî àñèìïòîòèêè

Òåîðåìà

Äëÿ ëþáûõ m, ε > 0 è (x, t) ∈ εZ2, òàêèõ ÷òî mε 6 1 è

|x| 6= |t|, âåðíî

A(x, t,m, ε) =


J0(ms)/2 +O (ε∆) , åñëè |x|< |t| è (x+t)/ε íå÷åòíî;

−iY0(ms)/2 +O (ε∆) , åñëè |x|< |t| è (x+t)/ε ÷åòíî;

0, åñëè |x|> |t| è (x+t)/ε íå÷åòíî;

iK0(ms)/π +O (ε∆) , åñëè |x|> |t| è (x+t)/ε ÷åòíî;

ãäå s :=
√
|t2 − x2|, a ∆ := 1

| |x|−|t| | +m2(|x|+ |t|).
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