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Íàïîìèíàíèå

• Ïóñòü øàøêà ñòîèò íà áåñêîíå÷íîé êëåò÷àòîé äîñêå â
êëåòêå (0, 0) è õî÷åò äîáðàòüñÿ äî (x, t).
• Ðàññìîòðèì âñå ïóòè, ñîñòîÿùèå èç õîäîâ âïðàâî-ââåðõ è
âëåâî-ââåðõ, ñ ïåðâûì õîäîì âïðàâî-ââåðõ.
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Íàïîìèíàíèå

• Êàæäîìó ïóòè ñîïîñòàâèì ñòðåëêó (âåêòîð äëèíû 1),
âû÷èñëåííóþ òàê: ñíà÷àëà îíà ñìîòðèò ââåðõ, à ïðè êàæäîì
ïîâîðîòå îíà ïîâîðà÷èâàåòñÿ íà 90◦.
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Íàïîìèíàíèå

• a(x, t) - ýòî ñóììà ñòðåëîê ïî âñåì ïóòÿì ñ êîýôôèöèåíòîì
2(1−t)/2.
• |a(x, t)|2 - ýòî âåðîÿòíîñòü îáíàðóæèòü ýëåêòðîí,
èñïóùåííûé èç (0, 0), â òî÷êå (x, t).
• Ïðèìåð a(1, 3) = (12 ,

1
2)
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Íàïîìèíàíèå

• Ïóòü øàøêè � ýòî êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü òàêèõ
öåëûõ òî÷åê ïëîñêîñòè, ÷òî âåêòîð èç êàæäîé òî÷êè (êðîìå
ïîñëåäíåé) ê ñëåäóþùåé ðàâåí ëèáî (1, 1), ëèáî (−1, 1).
• Ïîâîðîò � ýòî òàêàÿ òî÷êà ïóòè (íå ïåðâàÿ è íå
ïîñëåäíÿÿ), ÷òî âåêòîð, ñîåäèíÿþùèé ýòó òî÷êó ñ
ïðåäûäóùåé, îðòîãîíàëåí âåêòîðó, ñîåäèíÿþùåìó å¼ ñî
ñëåäóþùåé. turns(s) � îáùåå ÷èñëî ïîâîðîòîâ â s.
• Ñòðåëêà � ýòî êîìïëåêñíîå ÷èñëî

a(x, t) := 2(1−t)/2 i
∑
s

(−i)turns(s),

ãäå ñóììà áåð¼òñÿ ïî âñåì ïóòÿì s øàøêè èç êëåòêè (0, 0) â
êëåòêó (x, t), íà÷èíàþùèìñÿ ñ õîäà âïðàâî-ââåðõ.

P (x, t) := |a(x, t)|2.
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Íàïîìèíàíèå

Äîïîëíèì îáîçíà÷åíèÿ:

a1(x, t) = Re(a(x, t))

a2(x, t) = Im(a(x, t))
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Ìîäåëü ñ ïîãëîùåíèåì

• Áóäåì ðàññìàòðèâàòü âñå ïóòè, ñîñòîÿùèå èç õîäîâ
âïðàâî-ââåðõ è âëåâî-ââåðõ, ñ ïåðâûì õîäîì âïðàâî-ââåðõ è
íå ïðîõîäÿùèå ÷åðåç êëåòêè âåðòèêàëè x = x0, êðîìå
âîçìîæíî ïåðâîãî è ïîñëåäíåãî õîäà.
• Àíàëîãè÷íî îïðåäåëèì a1,2(x, tbypassx0) è P (x, tbypassx0)
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Ìîäåëü ñ ïîãëîùåíèåì

Âåðíåìñÿ ê ïðèìåðó
• a1(x, tbypass 0) = 1

2
• a2(x, tbypass 0) = 0
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Ïåðâûå çíà÷åíèÿ ôóíêöèè a(x, t bypass 0)
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Ñâÿçü ñ îáû÷íîé ìîäåëüþ

Òåîðåìà

Äëÿ ëþáûõ x, t ∈ Z òàêèõ, ÷òî x > 0, à t > 0 è (x+ t) ÷åòíî
âåðíî, ÷òî

a1(x+1, t+1 bypass 0) = a2(−x−1, t+1)−a2(−x+1, t+1) (1)

a2(x+ 1, t+ 1 bypass 0) = a2(x+ 1, t+ 1)−a2(−x+ 1, t+ 1) (2)
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Íåñêîëüêî ñëåäñòâèé

Òåîðåìà (Àìáàèíèñ è äð. 2001)

Äëÿ ëþáîãî öåëîãî t > 0 âûïîëíåíî

a(0, tbypass 0) =


1√
2
, t = 2;

(−1)k(2kk )

(k+1)22k+3/2 , t = 4k + 4, ãäå k ∈ Z;

0, èíà÷å.

Áîëåå òîãî, ∑
t∈N

P (0, tbypass 0) =
2

π
.
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Íåñêîëüêî ñëåäñòâèé

• Âîñïîëüçóåìñÿ ôîðìóëîé äëÿ x = 1, t = 4n+ 4

a2(2, 4n+ 4 bypass 0) = a2(2, 4n+ 4)− a2(0, 4n+ 4)

a2(0, 4n+ 4) = (−1)n+1(2)−4n−3/2(2n+1
n )

a2(2, 4n+ 4) = (2−4n−3/2)
∑

(−1)r(2n+2
r )(2nr−1)∑

r=1

(−1)r(2n+2
r )(2nr−1) =

2n+ 2

2n+ 1

∑
r=1

(−1)r(2n+1
r )(2n+1

2n+2−r) =

= (−1)n+1 2n+ 2

2n+ 1
(2n+1
n )

(24n+3/2)a2(2, 4n+ 4) = (−1)n+1(
2n+ 2

2n+ 1
(2n+1
n )− (2n+1

n ))

= (−1)n+1 1

2n+ 1
(2n+1
n ) = (−1)n+1Cn = −(24n+3/2)a1(0, 4n+ 4)

• Äëÿ t = 4n+ 2 àíàëîãè÷íî.
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Íåñêîëüêî ñëåäñòâèé

Ãèïîòåçà
Äëÿ ëþáûõ x, t ∈ Z òàêèõ, ÷òî x > 0, à t > 0 è (x+ t) ÷åòíî
âåðíî, ÷òî

a2(x+ 1, t+ 1 bypass 0) =

(t−|x|)/2∑
r=0

(−1)r2r
( 1

t− x
− 1

t+ x

)((t− x)/2

r

)(
(t+ x)/2

r

)
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Óðàâíåíèå Äèðàêà â ìîäåëè ñ ïîãëîùåíèåì

Ïðåäëîæåíèå

Äëÿ ëþáûõ öåëûõ x > x0 + 1 è t > 0 âåðíî, ÷òî:

√
2a1(x, tbypassx0) = a2(x+1, tbypassx0)+a1(x+1, tbypassx0)

√
2a2(x, tbypassx0) = a2(x−1, tbypassx0)−a1(x−1, tbypassx0)

Çàìå÷àíèå: Íà ñàìîì äåëå óðàâíåíèå Äèðàêà âåðíî äëÿ a1
è ïðè x = x0 èëè x0 + 1.
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Äðóãîå îïðåäåëåíèå ìîäåëè

Íà÷àëüíîå óñëîâèå:

â1(x, 1 bypass 0) = 0

â2(x, 1 bypass 0) = δx1

Ãðàíè÷íîå óñëîâèå:

â2(1, tbypass 0) = 0

Óðàâíåíèå Äèðàêà:

√
2â1(x, tbypassx0) = â2(x+1, tbypassx0)+â1(x+1, tbypassx0)

√
2â2(x, tbypassx0) = â2(x−1, tbypassx0)−â1(x−1, tbypassx0)
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Äðóãîå îïðåäåëåíèå ìîäåëè

Ïðåäëîæåíèå

Äëÿ ëþáûõ öåëûõ x, t > 0 è i = 1, 2 âåðíî, ÷òî:

âi(x, tbypass 0) = ai(x, tbypass 0)

Äîêàçàòåëüñòâî:

• Äîêàæåì ïî èíäóêöèè ïî t.
• Áàçà èíäóêöèè t = 1 ⇐ íà÷àëüíîãî óñëîâèÿ.
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Äðóãîå îïðåäåëåíèå ìîäåëè

• Ïåðåõîä. Ïóñòü

âi(x, k bypass 0) = ai(x, k bypass 0)

.
• Äëÿ x > 1 ïåðåõîä ⇔ óðàâíåíèå Äèðàêà äëÿ
ai(x, k + 1 bypass 0).
• Äëÿ x = 1 èìååì
a2(1, k + 1 bypass 0) = â2(1, k + 1 bypass 0) = 0 èç ãðàíè÷íîãî
óñëîâèÿ.
• Ðàâåíñòâî â1(1, k + 1 bypass 0) = a1(x, tbypass 0) ïðîâåðÿåì
îòäåëüíî àíàëîãè÷íî óðàâíåíèþ Äèðàêà.
Çàìå÷àíèå: Ïðè x 6 0 ìîäåëü ñ â1,2(x, tbypass 0) äàåò
ñîâåðøåííî äðóãèå ÷èñëà íå ðàâíûå a1,2(x, tbypass 0).
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Ñâÿçü ñ îáû÷íîé ìîäåëüþ

Òåïåðü ìû ãîòîâû äîêàçàòü íàøó îñíîâíóþ òåîðåìó

Òåîðåìà

Äëÿ ëþáûõ x, t ∈ Z òàêèõ, ÷òî x, t > 0 è (x+ t) ÷åòíî
âåðíî, ÷òî

a1(x+1, t+1 bypass 0) = a2(−x−1, t+1)−a2(−x+1, t+1) (3)

a2(x+ 1, t+ 1 bypass 0) = a2(x+ 1, t+ 1)−a2(−x+ 1, t+ 1) (4)
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Ñâÿçü ñ îáû÷íîé ìîäåëüþ

Äîêàçàòåëüñòâî

• Äîêàçûâàåì ïî èíäóêöèè.
• Áàçà t = 1 ÿâíî âû÷èñëÿåòñÿ.
• Ïðîâåðèì ãðàíè÷íîå óñëîâèå
a2(1, t+ 1 bypass 0) = a2(1, t+ 1)− a2(1, t+ 1) = 0.
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Ñâÿçü ñ îáû÷íîé ìîäåëüþ

• Ïåðåõîä:

a1(x+1, t+1 bypass 0) =
a1(x+2, tbypass 0) + a2(x+2, tbypass 0)√

2
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Ñâÿçü ñ îáû÷íîé ìîäåëüþ

• Ïåðåõîä:

a1(x+1, t+1 bypass 0) =
a1(x+2, tbypass 0) + a2(x+2, tbypass 0)√

2
=

=
a2(−x−2, t)+a2(x+2, t)−2a2(−x, t)−a1(x+2, t)+a1(−x−2, t)√

2
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Ñâÿçü ñ îáû÷íîé ìîäåëüþ

• Ïåðåõîä:

a1(x+1, t+1 bypass 0) =
a1(x+2, tbypass 0) + a2(x+2, tbypass 0)√

2
=

=
a2(−x−2, t)+a2(x+2, t)−2a2(−x, t)−a1(x+2, t)+a1(−x−2, t)√

2
=

= −2a2(−x, t)√
2

+ a1(x+ 1, t+ 1) + a2(−x− 1, t+ 1)
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Ñâÿçü ñ îáû÷íîé ìîäåëüþ

• Ïåðåõîä:

a1(x+1, t+1 bypass 0) =
a1(x+2, tbypass 0) + a2(x+2, tbypass 0)√

2
=

=
a2(−x−2, t)+a2(x+2, t)−2a2(−x, t)−a1(x+2, t)+a1(−x−2, t)√

2
=

= −2a2(−x, t)√
2

+ a1(x+ 1, t+ 1) + a2(−x− 1, t+ 1) =

=
a1(−x, t)− a2(−x, t)√

2
+ a2(−x, t+ 1) =

= a2(−x− 1, t+ 1)− a2(−x+ 1, t+ 1)
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Èíòåãðàëüíûå ôîðìóëû

Ïðåäëîæåíèå

Äëÿ ëþáûõ x, t ∈ Z òàêèõ, ÷òî x, t > 0 è (x+ t) ÷åòíî
âåðíî, ÷òî

a1(x, tbypass 0) =
−i
π

∫ π

−π

( sin(p)2√
1 + sin(p)2

− sin(p)
)
eipx−iωp(t−1)dp

+δx1δt1

a2(x, tbypass 0) =
1

π

∫ π

−π

sin(p)√
1 + sin(p)2

eip(x−1)−iωp(t−1)dp+ δx1δt1
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Èíòåãðàëüíûå ôîðìóëû

Çàìå÷àíèå
Èíòåãðàë äëÿ a2 ëåãêî ïåðåïèñàòü ñëåäóþùèì îáðàçîì.

a2(x, tbypass 0) =
2i

π

∫ π

0

sin(p)√
1 + sin(p)2

sin(p(x− 1))e−iωp(t−1)dp+ δx1δt1
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Èíòåãðàëüíûå ôîðìóëû

• Äîêàçûâàåì ïî èíäóêöèè.
• Áàçà t = 1 ëåãêî ïðîâåðèòü ÿâíûì èíòåãðèðîâàíèåì.
• Ïðîâåðÿåì ãðàíè÷íîå óñëîâèå

1

π

∫ π

−π

sin(p)√
1 + sin(p)2

e−iωp(t−1)dp = 0,

• Ïåðåõîä àíàëîãè÷íî òåîðåìå
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Àíòè÷àñòèöû

• Ïóñòü øàøêà ñòîèò íà áåñêîíå÷íîé êëåò÷àòîé äîñêå â
êëåòêå (0, 0) è õî÷åò äîáðàòüñÿ äî (x, t).
• Îíà ìîæåò õîäèòü âðïðàâî-ââåðõ, âëåâî-ââåðõ èëè ââåðõ íà
äâå êëåòêè.
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Àíòè÷àñòèöû

• Ïóòè øàøêè ìû áóäåì ñîïîñòîâëÿòü ÷èñëî
• Èçíà÷àëüíî îíî ðàâíî 1, ïðè õîäå ââåðõ äîìíîæàåòñÿ íà
−1, à ïðè õîäàõ âðïðàâî-ââåðõ èëè âëåâî-ââåðõ 1

1+m2ε2
.

• ϕ(x, t) � ýòî ñóììà òàêèõ ÷èñåë ïî âñåì ïóòÿì èç êëåòêè
(0, 0) â (x, t).
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Àíòè÷àñòèöû

• A(x, t) = A(x, t,m, ε, δ) � ýòî ôóíêöèÿ, îïðåäåëåííàÿ íà
ìíîæåñòâå εZ2 := {(x, t) ∈ R2 : x/ε, t/ε ∈ Z} è
óäîâëåòâîðÿþùàÿ ñëåäóþùèì äâóì àêñèîìàì:

Àêñèîìà
Äëÿ ëþáûõ (x, t) ∈ εZ2 âûïîëíåíî ðàâåíñòâî

−iδA(x, t)+A(x, t+ε)+A(x, t−ε)−A(x+ ε, t)√
1 +m2ε2

−A(x− ε, t)√
1 +m2ε2

= δx0δt0.

(5)

Àêñèîìà ∑
x,t∈εZ

|A(x, t)|2 <∞. (6)
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Àíòè÷àñòèöû

• Ðåøåòêà (ðàçìåðà T ) � ýòî ôàêòîðìíîæåñòâî

{(x, t)|x/ε, t/ε ∈ Z, 0 6 x, t 6 εT}�∀x, t : (x, 0) ∼ (x, εT )&(0, t) ∼ (εT, t).

• Âåðøèíû ðåøåòêè íàçûâàþòñÿ ñîñåäíèìè, åñëè ó íèõ
ñîâïàäàåò îäíà êîîðäèíàòà, à äðóãàÿ îòëè÷àåòñÿ ëèáî íà ε,
ëèáî íà ε(T − 1).
• Ðåáðî � ýòî îòðåçîê, ñîåäèíÿþùèé ñîñåäíèå âåðøèíû.
Ðåáðî íàçûâàåòñÿ âåðòèêàëüíûì, åñëè îíî ïàðàëëåëüíî Oy,
è ãîðèçîíòàëüíûì, åñëè ïàðàëëåëüíî Ox.
• Îðèåíòèðîâàííûé ïóòü íà ðåøåòêå � ýòî
ïîñëåäîâàòåëüíîñòü a1, a2, ..., an ðàçëè÷íûõ âåðøèí ðåøåòêè
òàêàÿ, ÷òî äëÿ ëþáîãî i = 1, ..., n− 1 âåðøèíû ai è ai+1

ñîñåäíèå.
Àíàëîãè÷íî îïðåäåëÿåòñÿ öèêë, ñ äîïîëíåíèåì, ÷òî a1 = an
è n > 2 (à îñòàëüíûå âåðøèíû ðàçëè÷íû).
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Àíòè÷àñòèöû

• Ïåðåñòàíîâêà íà÷àëüíîé âåðøèíû öèêëà � ýòî óäàëåíèå
ïåðâîé âåðøèíû èç ïîñëåäîâàòåëüíîñòè, çàòåì öèêëè÷åñêàÿ
ïåðåñòàíîâêà âåðøèí è äîáàâëåíèå ïîñëåäíåé âåðøèíû
ïîëó÷èâøåéñÿ ïîñëåäîâàòåëüíîñòè â íà÷àëî.
• Çàìêíóòûé ïóòü � ýòî öèêë ñ òî÷íîñòüþ äî ïåðåñòàíîâêè
íà÷àëüíîé âåðøèíû öèêëà.
• Êîíôèãóðàöèÿ ïåòåëü λ � ýòî îáúåäèíåíèå
íåïåðåñåêàþùèõñÿ çàìêíóòûõ ïóòåé íà ðåøåòêå.
• Êîíôèãóðàöèÿ ïåòåëü λ ñ áåñïîðÿäêàìè â P è Q � ýòî
îáúåäèíåíèå íåïåðåñåêàþùèõñÿ çàìêíóòûõ ïóòåé íà ðåøåòêå
è ðîâíî îäíîãî (íåçàìêíóòîãî) ïóòè èç âåðøèíû P â
âåðøèíó Q.
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Àíòè÷àñòèöû

Äëÿ ëþáîé êîíôèãóðàöèè λ ìû îïðåäåëÿåì å¼ âåñ ïî
ñëåäóþùåé ôîðìóëå:

weight(λ) =
(−1)#paths(λ)

(1 +m2ε2)#horizontal(λ)/2(iδ)#vertices(λ)
,

ãäå #paths(λ) � êîëè÷åñòâî ïóòåé â êîíôèãóðàöèè,
#horizontal(λ)� êîëè÷åñòâî èõ ãîðèçîíòàëüíûõ ðåáåð, à
#vertices(λ) � êîëè÷åñòâî èõ âåðøèí.
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Àíòè÷àñòèöû

x′ := x mod εT ;

t′ := t mod εT.

• Ïðîïàãàòîð íà êîíå÷íîé ðåøåòêå � ýòî ôóíêöèÿ

A(x, t,m, ε, T, δ) =

∑
ïî êîíôèãóðàöèÿì λ

ñ áåñïîðÿäêàìè
â òî÷êàõ (0,0) è (x′,t′)

weight(λ)

∑
ïî êîíôèãóðàöèÿì λ

áåç áåñïîðÿäêîâ

weight(λ)
. (7)

• Ïðîïàãàòîð íà áåñêîíå÷íîé ðåøåòêå � ýòî ôóíêöèÿ

Aloop(x, t,m, ε) = lim
δ↘0

lim
T↗∞

A(x, t,m, ε, T, δ). (8)
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Àíòè÷àñòèöû

Òåîðåìà

Ôóíêöèè A(x, t,m, ε) è Aloop(x, t,m, ε) îïðåäåëåíû êîððåêòíî

è áîëåå òîãî, ñîâïàäàþò äëÿ âñåõ x, t,m, ε:

Aloop(x, t,m, ε) = A(x, t,m, ε). (9)
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Àíòè÷àñòèöû

Ëåììà
Äëÿ ëþáûõ m, ε > 0 è (x, t) ∈ εZ òàêèõ, ÷òî (x+ t)/ε ÷åòíî:

A(x, t,m, ε) =

√
1 +m2ε2

2mε
a1(x, |t|+ ε,m, ε).
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Àíòè÷àñòèöû

Òåîðåìà

Äëÿ ëþáûõ m, ε > 0 è (x, t) ∈ εZ2, òàêèõ ÷òî mε 6 1 è

|x| 6= |t|, âåðíî

A(x, t,m, ε) =


J0(ms)/2 +O (ε∆) , åñëè |x|< |t| è (x+t)/ε íå÷åòíî;

−iY0(ms)/2 +O (ε∆) , åñëè |x|< |t| è (x+t)/ε ÷åòíî;

0, åñëè |x|> |t| è (x+t)/ε íå÷åòíî;

iK0(ms)/π +O (ε∆) , åñëè |x|> |t| è (x+t)/ε ÷åòíî;

ãäå s :=
√
|t2 − x2|, a ∆ := 1

| |x|−|t| | +m2(|x|+ |t|).
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