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Modern trends in machine learning

® Exponential growth in model sizes and data volumes.
o

Training dataset size (datapoints)

Training compute (FLOPs)

Publication date

Figure: Trends in machine learning tasks
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Varieties of distributed learning

® Cluster learning (big players): training within one large and powerful
computing cluster

e Collaborative learning (all players): pooling computing resources over
the Internet
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Varieties of distributed learning

® Cluster learning (big players): training within one large and powerful
computing cluster

e Collaborative learning (all players): pooling computing resources over
the Internet

® Federated learning (another paradigm): learning from users’ local data
using their computing powers

Figure: Federated Learning
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The most common distributed setting

® Horizontal, offline distributed learning:

1

M n
min, [f(x) = Mmz—:l fm(X) = Vi 2 P 2. I(g(x, ai"), b; )] ;
where x — model weights, g — model, / — loss function.

® The data is shared among M computational devices, each device m
has its own local subsample {a, b}, of size np,.

® The focus of this presentation.
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Communicate centralized via server

Let us look at an example of how classical GD becomes distributed.

Algorithm Centralized Distributed GD

Input: Stepsize vy > 0, starting point xp € RY, number of iterations K
1: for k=0,1,....,K—1 do

2: Send x, to all workers > server
3: for i=1,...,nin parallel do

4: Receive x, from server > workers
5: Compute gradient Vf,(xx) at point xx > workers
6: Send Vin(xk) to server > workers
7: end for

8: Receive Vn(xk) from all workers > server
9: Compute Vf(x) = Zf\nﬂzl V fm(xk) > server
10: Xpr1 = xk — YV F(xk) > server
11: end for
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What are we fighting for?

® Question: distributivity is necessary for parallelization, but why can't
we achieve full parallelization?
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What are we fighting for?

Question: distributivity is necessary for parallelization, but why can't
we achieve full parallelization?

o Communication costs are a waste of time.

The problem of communication bottleneck is actual for all distributed
learning productions.

There are many ways to fight for effective communication.
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The idea — more local computation

® |n the basic approach, communications occur every iteration.

e |f computing (stochastic) gradients is much cheaper, why not count
multiple times between communications.
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Parallel SGD/FedAvg/Local SGD

The idea:

® Make local steps (local training):
X 1 = X = YV o (x75).

e Every Tth iteration, forward the current xX to the server. The server

k

averages x< = ﬁ xX . and forwards x to the workers. The

1

workers update: xX = xk,

® (Centralized distributed SGD is a Local SGD with T = 1.
Mangasarian O. Parallel Gradient Distribution in Uncon-

strained Optimization
McMahan B. et al. Communication-Efficient Learning of Deep

Networks from Decentralized Data

Mz

PDF
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How it works

® Problems: 1) LSTM on 10 million public posts, 2) CNN on CIFAR-10.

Next Word Prediction LSTM, Non-IID Data 10 CIFAR-10
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Figure: Comparison of Local SGD (FedAvg) and Centralized Distributed SGD
(FedSGD).

McMahan B. et al. Communication-Efficient Learning of Deep
Networks from Decentralized Data
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How it convergences

® Problem: logistic regression on aba LibSVM dataset.

— 1local step
2 local steps
~— 4 local steps
—— 8local steps
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Figure: Dependence of convergence of Local SGD on number of local
steps

e Typical convergence of this type of methods: faster in terms of
communications, worse quality of ultimate accuracy.

Khaled A. et al. Tighter Theory for Local SGD on Identical
and Heterogeneous Data

POF
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How it convergences

e Question: what causes this effect?
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How it convergences

® Question: what causes this effect? It occurs due to the heterogeneity
of local data on different devices.

® |n the theoretical estimates of the convergence of the method, this

also shows up:
o (1K =x1? , 195
vK M )’

where v < O (ﬁ) — stepsize, K — number of local iterations on each

device. The estimation is given for the case of convex and L-smooth
fn.

Khaled A. et al. Tighter Theory for Local SGD on Identical
and Heterogeneous Data

PDF
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How it convergences

® Question: what causes this effect? It occurs due to the heterogeneity
of local data on different devices.

® |n the theoretical estimates of the convergence of the method, this

also shows up:
o (1K =x1? , 195
vK M )’

where v < O (ﬁ) — stepsize, K — number of local iterations on each
device. The estimation is given for the case of convex and L-smooth
fn.

Khaled A. et al. Tighter Theory for Local SGD on Identical
and Heterogeneous Data

PDF

® Moreover, the 03, factor is not eliminated at all.
) Glasgow M.R. et al. Sharp bounds for federated averaging
(local sgd) and continuous perspective
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Solving the problem

® Question: the problem of the local method is convergence to a
neighbourhood. How can it be interpreted and then solved?
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Solving the problem

® Question: the problem of the local method is convergence to a
neighbourhood. How can it be interpreted and then solved?

® | ocal task regularization as a defence against local overfitting
(FedProx):

A
) = i) + S x — vI,

where v — certain reference point.

e Run local iterations not for f,, but for .
Li T. et al. Federated Optimization in Heterogeneous Net-

works
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More modifications and generalizations

e Using so-called shifts to control bias due to heterogeneity.

Karimireddy S. P. et al. SCAFFOLD: Stochastic Controlled
Averaging for Federated Learning
Mishchenko K. et al. ProxSkip: Yes! Local Gradient Steps

Provably Lead to Communication Acceleration! Finally!
e Using of consensus gossip procedures when centralized

communications are unavailable
Beznosikov A. et al. Decentralized Local Stochastic Extra-
Z Gradient for Variational Inequalities

PDF

PDF
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How it works
® Problem: logistic regression on EMNIST (letters).

Epochs 0% similarity (sorted) 10% similarity 100% similarity (i.i.d.)
Num. of rounds  Speedup ~ Num. of rounds Speedup ~ Num. of rounds Speedup
SGD 1 317 (1x) 365 m— (1) 416 m— (1)
SCAFFOLD1 77 - 1 (4.1x) 62 = I (5.9%) 60 = I (6.9x)
5 152 m— | (2.1x) 20 = 1 8 10+ | (41.6x)
10 280 m— (1.1x) 16+ 1 T 1 (59.4x)
20 266 m— . 11+ 1 4. I (104x)
FEDAVG 1 258 m— T4 - | 83 == I (5%)
5 428 m— M= I (107x) 10+ I (41.6x)
10 T1] e—— 25 = I (14.6x) 6 1 (69.3x)
20 Tk m— 18« I (20.3x) 4. 1 (104x)

979 mmmie (0.4 ) 45— (.0 )
794 m— ((.5%) 35 e— (1.2x)
894 i ((.4%) 308 we— | (1.4%)
916 m— ((.4%) 35| e—

FEDPROX 1 1k m—r—
5 1k+ e— (<
10 1k+ w—
20 1k —

Figure: Comparison of Local SGD (FedAvg), FedProx and SCAFFOLD and
Centralized Distributed SGD.

Karimireddy S. P. et al. SCAFFOLD: Stochastic Controlled
Averaging for Federated Learning
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What do we want to achieve, anyway?

® | ower bounds:
K:Q( L).
€

L — smoothness constant of f.

® \What method will give such estimates?
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What do we want to achieve, anyway?

® | ower bounds:

K=q(y/-

L — smoothness constant of f.

® \What method will give such estimates? Distributed version of
Nesterov's accelerated method with 1 local step between
communications.

e Note that local methods were invented for stochastic setups. But even

here there is no improvement in the general case:

Woodworth B. The Min-Max Complexity of Distributed
Stochastic Convex Optimization with Intermittent Communi-
cation

® But there are settings where localised methods shoot out.

POF
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Data similarity

® Distributed learning problem:

1 Y 1 ¥
f(X):Mme(X):MZ

m=1 m=1

where z™ — data sample (a7, b™), £ — loss of model with weights x
on sample z™.
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Data similarity

® Distributed learning problem:

1 Y 1 ¥
f(X):Mme(X):MZ

m=1 m=1

where z™ — data sample (a7, b™), £ — loss of model with weights x
on sample z™.

e Suppose we can partition the training data uniformly across devices.
E.g., if cluster or collaborative computing on open data is used. In
fact, we will further understand that it's enough to put a large uniform
sample on just one device.

® This gives the similarity of the local loss functions.
® |t is asserted that for any x:

V2 Fn(x) — V2 (x)|| < 6.
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Matrix Hoeffding

Theorem (Matrix Hoeffding)

Consider a finite sequence of random square matrices {X;}"_;. Let the
matrices in this sequence be independent, Hermitian and of dimension d.
Suppose also that E[X;] = 0, and X,-2 < A2? is almost surely, where A is a
non-random Hermitian matrix. Then with probability 1 — p it is satisfied
that

< \/8N[142] - In (d/p).

Tropp J. An introduction to matrix concentration inequalities

Tropp J. User-friendly tail bounds for sums of random matrices

PDF
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Similarity parameter

® |ocal loss function:

N

® ( — L-smooth (L-Lipschitz gradient), convex, twice differentiable
function (e.g., quadratic or logreg). Then we have V2/(x, z;) < LI for
any x and z; (here I is a unit matrix).
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Similarity parameter

® |ocal loss function:

N

® ( — L-smooth (L-Lipschitz gradient), convex, twice differentiable
function (e.g., quadratic or logreg). Then we have V2/(x, z;) < LI for
any x and z; (here I is a unit matrix).

® | et us divide all data uniformly over all workers.

Xi = % [V2U(x,zj) — V?f(x)]. It is easy to check that all conditions
412
/

of Hoeffdlng inequality are satisfied for it, in particular, A®> = =l
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Similarity parameter: summary

m = TV

® Conclusion: the larger the local sample size, the smaller the similarity
parameter (hessians are similar to each other).
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Method in general terms (not only for similarity)

e Consider Mirror Descent:
X1 = arg fg]iR[‘d (H(VF(xk), x) + V(x,x4)),

where V(x,y) is the Bregman divergence generated by the strictly
convex function ¢(x):

V(x,y) = w(x) —o(y) = (Ve(y)ix — y).
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Method in general terms (not only for similarity)

e Consider Mirror Descent:
X1 = arg fg]iR[‘d (H(VF(xk), x) + V(x,x4)),

where V(x,y) is the Bregman divergence generated by the strictly
convex function ¢(x):

V(x,y) = w(x) —o(y) = (Ve(y)ix — y).

* Question: Which method do we have if (x) = 3||x||??
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Method in general terms (not only for similarity)

e Consider Mirror Descent:
X1 = arg fg]iR[‘d (H(VF(xk), x) + V(x,x4)),

where V(x,y) is the Bregman divergence generated by the strictly
convex function ¢(x):

V(x,y) = w(x) —o(y) = (Ve(y)ix — y).

® Question: Which method do we have if ¢(x) = 3|/ x||*? Gradient
descent.
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Convergence in general terms

Definition (Relative smoothness and strong convexity)

Let ¢ : RY — R is convex and twice differentiable. Let us say that the
function f is L,-smooth and ji,-strongly convex with respect to ¢ if for
any x € RY the following holds

M@V2cp(x) =< V2f(x) =< L¢V2g0(x),

or equivalently for any x, y € R¢

peV(x,y) < f(x) = f(y) = (VF(y)ix —y) < L, V(x,y).

T Lu H. et al. Relatively-Smooth Convex Optimization by First-
Order Methods, and Applications
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Convergence in general terms: proof

® The optimality condition for the Mirror Descent step:

YVE(xx) + Vo(xkt1) — Vo(xk) = 0.
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Convergence in general terms: proof

® The optimality condition for the Mirror Descent step:
YV (xk) + Vo(xir1) — V(x) = 0.
® From it (here x* — optimal point):
(YVF(xi) + Veolxia) = Veolxi), X1 = x7) = 0.
(YVF (i), X = x*) = (Vp(xk) = Ve xkrn ), X = x*)
= V(x*, xk) — V(x*, xk11) — V(Xks1, Xk)-

(the last statement is called the Pythagoras' theorem for the Bregman
divergence and is verified by the definition)
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Convergence in general terms: proof

® The optimality condition for the Mirror Descent step:
YV (xk) + Vo(xir1) — V(x) = 0.
® From it (here x* — optimal point):
(YVF(xi) + Veolxia) = Veolxi), X1 = x7) = 0.
(YVF (i), X = x*) = (Vp(xk) = Ve xkrn ), X = x*)
= V(x*, xk) — V(x*, xk11) — V(Xks1, Xk)-

(the last statement is called the Pythagoras' theorem for the Bregman
divergence and is verified by the definition)

® Small permutations give:

(YVF(xi)s X1 — xk) + V (Xq10 Xk)
= V(x*, xk) — V(x*, xk+1) — (YVF(xk), xk — x*).
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Convergence in general terms: proof

® Substitute v = i:

(VF(xi), x5 = xRy 4 L,V (xar1, %)
=L,V (x*, xk) — Lo V(X" Xk41)
—(VF(xk), xx — x*).
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Convergence in general terms: proof

® Substitute v = i:

(VF(xi), x5 = xRy 4 L,V (xar1, %)
=L,V (x*, xk) — Lo V(X" Xk41)
—(VF(xk), xx — x*).

® |et us use the definition of smoothness with respect to ¢ ¢ x = xx41,

Y = X!

f(Xk+1) — f(Xk) S <Vf(Xk);Xk+1 — Xk> + Lgo V(Xk+1,Xk).
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Convergence in general terms: proof

® Substitute v = i:

(VF(xi), x5 = xRy 4 L,V (xar1, %)
=L,V (x*, xk) — Lo V(X" Xk41)
—(VF(xk), xx — x*).

® |et us use the definition of smoothness with respect to ¢ ¢ x = xx41,

Y = X!

f(Xk+1) — f(Xk) S <Vf(Xk);Xk+1 — Xk> + Lgo V(Xk+1,Xk).

® Combine the previous two:
f(xks1) — Fxe) < LoV(X*, xk) — Lo V(X™, xkt1) — (VF(xk), xk — x™).
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Convergence in general terms: proof

® From the previous slide:

f(xky1) — Fxe) < LoV(X*, xk) — Lo V(X™, xkt1) — (VF(xk), xk — x™).
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Convergence in general terms: proof

® From the previous slide:

f(xky1) — Fxe) < LoV(X*, xk) — Lo V(X™, xkt1) — (VF(xk), xk — x™).

® Relative strong convexity:

po V(X" xi) < F(x*) = fFxk) — (VF(xi); x* — x)
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Convergence in general terms: proof

® From the previous slide:

f(xky1) — Fxe) < LoV(X*, xk) — Lo V(X™, xkt1) — (VF(xk), xk — x™).

® Relative strong convexity:

po V(X" xi) < F(x*) = fFxk) — (VF(xi); x* — x)

® Sum the previous two together and shuffle them a bit:

Fxis1) — F(x%) < (Ly — pp) VX, 350 = Lo V(X" x01).
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Convergence in general terms: proof

® From the previous slide:

f(xky1) — Fxe) < LoV(X*, xk) — Lo V(X™, xkt1) — (VF(xk), xk — x™).

® Relative strong convexity:

po V(X" xi) < F(x*) = fFxk) — (VF(xi); x* — x)

® Sum the previous two together and shuffle them a bit:

Floars) — F(x") < (Ly — ) VX", 35 = Lo V(X" i),
® By virtue of the fact that x* — optimum:

V(x*, xk1) < <1 - lf) V(x*, xk)-
2
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Convergence in general terms

Theorem (Convergence of Mirror Descent)

Let ¢ and f satisfy the definition above, then Mirror Descent with step
v = i converges and is satisfied:
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Method for the data similarity problem

® Mirror Descent:

Xk+1 = arg ninR?d (v(VF(xk), x) + V(x, %)),

where the Bregman divergence of V/(x, y) generated by the function
©(x) (here we need to require that f; is convex):

o) = fi(x) + 2lIx|P

The function f is stored on the server.
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Method for the data similarity problem

® Mirror Descent:

Xk+1 = arg ninR?d (v(VF(xk), x) + V(x, %)),

where the Bregman divergence of V/(x, y) generated by the function
©(x) (here we need to require that f; is convex):

o) = fi(x) + 2lIx|P

The function f is stored on the server.

® Question: What is the number of communications that occur in K
iterations of Mirror Descent?
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Method for the data similarity problem

® Mirror Descent:

Xk+1 = arg ninR?d (v(VF(xk), x) + V(x, %)),

where the Bregman divergence of V/(x, y) generated by the function
©(x) (here we need to require that f; is convex):

o) = fi(x) + 2lIx|P

The function f is stored on the server.

® Question: What is the number of communications that occur in K
iterations of Mirror Descent? K of communications (number of Vf
gradient counts), computing arg min requires only computations on
the server.
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Method for the data similarity problem

Algorithm Mirror Descent for the data similarity problem

Input: Stepsize v > 0, starting point x° € R, number iterations K
1: for k=0,1,....,K—1 do

2: Send x, to all workers > server
3: for m=1,..., M in parallel do

4: Receive x, from server > workers
5: Compute gradient Vi,(xx) at xk > workers
6: Send Vin(xk) to server > workers
7: end for

8: Receive Vn(xk) from all workers > server
9: Compute Vf(x) = o Zgﬂ V fm(xk) > server
10: Xp41 = arg minyere (Y(VF(xk), x) + V(x, xx)) > server
11: end for
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rgence for the data similarity problem: proof

® Recall that convergence is defined in terms of constants from the
relation:
1o V20(x) = V2£(x) = L,V?p(x),
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Convergence for the data similarity problem: proof

® Recall that convergence is defined in terms of constants from the
relation:
1o V20(x) = V2£(x) = L,V?p(x),

® |n our case:

pe (81 + V2A(x)) = V2f(x) < L, (01 + V2A(x))
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Convergence for the data similarity problem: proof

® Recall that convergence is defined in terms of constants from the
relation:
1o V20(x) = V2£(x) = L,V?p(x),

® |n our case:

pe (81 + V2A(x)) = V2f(x) < L, (01 + V2A(x))

® Letus find L,:
V2f(x) = V()| < 6 = V2F(x) — V2fi(x) < 6/
= V2f(x) = 8 + Vfi(x) =
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Convergence for the data similarity problem: proof

® Let us find p,. From the strong convexity of f:

pl < V3f(x) = 61 < §V2f(x) — 1.
n
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Convergence for the data similarity problem: proof

® Let us find p,. From the strong convexity of f:

pl < V3f(x) = 61 < §V2f(x) — 1.
n
® From ||V2f1(x) — V2f(x)|| < & we have:

V2 (x) — V3f(x) < 6l.
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Convergence for the data similarity problem: proof

® Let us find p,. From the strong convexity of f:
pl < V3f(x) = 61 < 25V2f(x) — 1.
e From ||[V2f(x) — V2f(x)|| < & we have:
V2 (x) — V3f(x) < 6l.

® Combining the previous two points:

20

V2f(x) — V3f(x) =< ;sz(x) —4l.
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Convergence for the data similarity problem: proof

® Let us find p,. From the strong convexity of f:
pl < V3f(x) = 61 < 25V2f(x) — 1.
e From ||[V2f(x) — V2f(x)|| < & we have:
V2 (x) — V3f(x) < 6l.

® Combining the previous two points:

V2h(x) — V2F(x) < 22V2F(x) — o1,
W
® And we get
20 +p I
2 < 2 _ .
Vof(x) + 91 = . Vaf(x) = | 1y %1
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Convergence for the data similarity problem: theorem

Theorem (Convergence for the data similarity problem)

Let f be strongly convex, f; be convex, and ¢ be smooth, and

¢(x) = fi(x) + 3||x||% then Mirror Descent with step v = 1 converges and
is satisfied:
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Convergence for the data similarity problem: theorem

Theorem (Convergence for the data similarity problem)

Let f be strongly convex, f; be convex, and ¢ be smooth, and

¢(x) = fi(x) + 3||x||% then Mirror Descent with step v = 1 converges and
is satisfied:

V(x*,xK)§<1— “ >KV(X*,XO).

® This means that if we want to achieve an accuracy € (V(x*,xk) ~ ¢€),
then we need to

0 V(x*
K=0 ([1 + ﬂ] log (XE’XO)> communications.

Hendrikx H. et al. Statistically Preconditioned Accelerated
Gradient Method for Distributed Optimization

PDF
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How it works

® Problem: ResNet-18 on CIFAR-10.

92
175
—— SGD %0
1.50 AdamW |
125 ProxyProx, 20 steps 88 ey
» —*— ProxyProx, 40 steps © W
3
S 1.00 886 /
£ ®
075 k7] i
£ Bos — SGD
0.50 H Adam
02 /\/\/\ 82 J ProxyProx, 20 steps
5 A I —#— ProxyProx, 40 steps
0.00 80
0 5 10 15 20 25 0 5 10 15 20 25
Epoch Epoch

Figure: Comparison of Mirror Descent (ProxyProx) with SOTA optimizers on
non-distributed problems.

Woodworth B. et al. Two Losses Are Better Than One: Faster
Optimization Using a Cheaper Proxy
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Research questions: acceleration

e Estimate on the number of communications under data similarity:

(s f]mt)

® Estimate on the number of communications for Centralized
Distributed Gradient Descent:

K:O<Llog1>.
W€
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Research questions: acceleration

e Estimate on the number of communications under data similarity:

(s f]mt)

® Estimate on the number of communications for Centralized
Distributed Gradient Descent:

K:O<Llog1>.
W€

® Given that § can be small, we see the improvement.
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Research questions: acceleration

e Estimate on the number of communications under data similarity:

(s f]mt)

® Estimate on the number of communications for Centralized
Distributed Gradient Descent:

K:O<Llog1>.
W€

® Given that § can be small, we see the improvement.
® But there's also the distrbuted version of Accelerated Gradient
Method that gives estimate:

K:o(ﬁlog;).

® |t is not clear which is better. Is it possible to accelerate the method
for the problem with data similarity?
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Research questions: extension

® \We look at the story with similarity only for minimization problems,
but there are other classes of problems.
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Research questions: extension

® \We look at the story with similarity only for minimization problems,
but there are other classes of problems.

® The hessian similarity can be rewritten as d-smoothness of f — f;:

IVF(x) = Vi(x) = VF(y) + Vi)l < dlx —y]| ¥x,y € RY.
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Research questions: extension

® \We look at the story with similarity only for minimization problems,
but there are other classes of problems.

® The hessian similarity can be rewritten as d-smoothness of f — f;:

IVF(x) = Vfi(x) = VF(y) + V() < dllx —yl| Vx,y € RY.
® |et us consider the variational inequality problem:
Find z* € Z such that (F(z*),z—2z") >0, Vz € Z,

where F : RY — RY is some operator.

® Minimization is also a VI with F(z) := Vf(x). Also saddle point
problem (min, max, g(x, y)) is a VI with
F(z) == (Vxg(x,y), =Vy&(x,y))-
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Research questions: extension

We look at the story with similarity only for minimization problems,
but there are other classes of problems.

The hessian similarity can be rewritten as §-smoothness of f — f;:
IVF(x) = Vfi(x) = VF(y) + V() < dllx —yl| Vx,y € RY.
Let us consider the variational inequality problem:
Find z* € Z such that (F(z*),z—2z") >0, Vz € Z,

where F : RY — RY is some operator.

Minimization is also a VI with F(z) := Vf(x). Also saddle point
problem (min, max, g(x, y)) is a VI with

F(z) == (Vxg(x,y), —Vyg(x. y))-
Make sense to consider distributed Vs under the following assumption:

IF(x) = Fi(x) = F(y) + Rl < 8lx =yl Vx,y € RY.
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Research questions: break lower bounds

® The lower bounds say we achieve optimality and there's nothing more
to do here.
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Research questions: break lower bounds

® The lower bounds say we achieve optimality and there's nothing more
to do here.

® Question: Is the Nesterov's method always optimal?
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Research questions: break lower bounds

® The lower bounds say we achieve optimality and there's nothing more
to do here.

® Question: Is the Nesterov's method always optimal? No! E.g., if we
consider the specificity that the target function can be of the sum
n

species f(x) = 1 3" fi(x).
i=1

e Katyusha has the following upper estimate of convergence (oracle
complexity on the call f;): O ([n + 4 /nﬁ log %) :
Allen-Zhu Z. Katyusha: the first direct acceleration of stochas-
tic gradient methods
e Upper bound on oracle complexity for the Nesterov's method is
L 1
O (n\/; log g).
® | et us add specificity in communications, break out the lower bounds
and get an even faster method.
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Another look at Mirror Descent

xk+1 = arg min ((VF(xk), x) + V(x,xk)) ,
x€R
with the Bregman divergence V/(x,y), generated by the function ¢(x):

o) = () + 3 I
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Another look at Mirror Descent

xk+1 = arg min ((VF(xk), x) + V(x,xk)) ,
x€R
with the Bregman divergence V/(x,y), generated by the function ¢(x):
1)
+ 2P

e Substitute o(x): p(x) = fi(x)

X1 = arg m|n <f1(x) + (VFf(xk) — VA(xk), x) + ng — xk||2) :
)
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Another look at Mirror Descent

xk+1 = arg min ((VF(xk), x) + V(x,xk)) ,
x€R
with the Bregman divergence V/(x,y), generated by the function ¢(x):
1)
+ 2P

e Substitute o(x): p(x) = fi(x)

X1 = arg m|n <f1(x) + (VFf(xk) — VA(xk), x) + ng — xk||2) :
)
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e Or a little differently:

Xk4+1 = arg m]'R[L (fl(x) +5

= (e 39700 - V00

® Question: What method does it look like?



Another look at Mirror Descent

® Proximal Gradient Method for the composite problem gi(x) + g2(x):

sees = ang i, (120 + 3 = O = (s
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Another look at Mirror Descent

® Proximal Gradient Method for the composite problem gi(x) + g2(x):

sees = ang i, (120 + 3 = O = (s

® The argmin problem at each iteration can be solved inexactly somehow
by a numerical method (e.g., by Gradient Descent or Nesterov's
method). The peculiarity of such a method is that Vg is called much
less frequently than Vg». This kind of algorithms for composite
problems that devide oracle complexities are sometimes called slidings.
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Another look at Mirror Descent

® Proximal Gradient Method for the composite problem gi(x) + g2(x):

sees = ang i, (120 + 3 = O = (s

® The argmin problem at each iteration can be solved inexactly somehow
by a numerical method (e.g., by Gradient Descent or Nesterov's
method). The peculiarity of such a method is that Vg is called much
less frequently than Vg». This kind of algorithms for composite
problems that devide oracle complexities are sometimes called slidings.

e Usually, this kind of algorithms are proposed for composite problems
of the form: convex + convex.

® |nourcase, g1 =f — f1, & = fi. And this is the problem of the form:
non-convex + Convex = CONvex.
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Extension to Vls

® \We consider the following problem:
Find z* € Z such that (F(z*),z—2z") >0, Vz € Z,

where F : RY — R? is some operator.

® As before, the problem is shared among M computing nodes, each
device m has access only to its own operator F,:

1 M
F2) =1 > Fm(2).

® \We assume that F is u-strongly monotone, F; is monotone and
F — Fy is 6-Lipschitz.
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Extension to Vls: idea

® QOptimal methods for Vls with Lipschitz operator are different from
those for smooth minimization problems.

® \We need to base on specific methods, e.g., ExtraGradient, Tseng's etc.

® And also use idea of sliding. Again: we need sliding for
non-monotone+monotone=monotone.
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1: for k=0,1,...,K—1do

2: for m=1,..., M in parallel do

3: Compute F(z*) and sends it to server > workers
4: end for

5: Compute vk = zK — v (F(2¥) — Fy(2¥)) > server
6: Find uk, s.t. ||uk — 0¥||? < e, where { is solution of > server

(VR () + ok — vk ok —z) <0, VzeZ

7: Update zk*1 = proj - [uk + - (F(2F) — Fi(2F) — F(uk) + Fl(uk))]
and send zK*1 to workers > server
8: end for

Beznosikov A. et al. Distributed Saddle-Point Problems Under
> Similarity
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Convergence

® If we want to achieve an accuracy ¢ (||zx — z*||? ~ €), then we need to

5 %12
K=0 <[1 + ] log HZOZ’) communications.
1 €
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Convergence

® If we want to achieve an accuracy ¢ (||zx — z*||? ~ €), then we need to

5 %12
K=0 <[1 + ] log HZOZ’) communications.
1 €

® |s optimal?

Aleksandr Beznosikov Local Methods 17 April 2024 40 /52



Convergence

® If we want to achieve an accuracy ¢ (||zx — z*||? ~ €), then we need to

5 %12
K=0 <[1 + ] log HZOZ’) communications.
1 €

® |s optimal? For minimization no.
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Convergence

® If we want to achieve an accuracy ¢ (||zx — z*||? ~ €), then we need to

5 %12
K=0 <[1 + ] log HZOZ’) communications.
1 €

® |s optimal? For minimization no.

® But for Vls the lower bounds on communications are

%2
K:quﬁ]logllzozll),
W 5
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Convergence

® If we want to achieve an accuracy ¢ (||zx — z*||? ~ €), then we need to

5 %12
K=0 <[1 + ] log HZOZ’) communications.
1 €

® |s optimal? For minimization no.
e But for Vls the lower bounds on communications are
5 %2
K=Q ([1+] Iog”zoz||> .
1 €
® |t gives optimality of the proposed method.
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How it works

® Problem: robust regression problem (regression with adversarial noise)
on synthetic data.

noise = 0.001

noise = 0.1 noise = 10.0
t —— Alg.1 t —— Ag.1 1 —— Alg.1
102} | EGD ‘ EGD EGD
| 10
| | 07|
= 10- | S | = \
* ( x 0 * \‘\‘
N N N -
\ 10® ‘\ N | K ™.
& \ % el Ny, .
| .
1071 w08 | AN
f ! ~N
0 500 1000 0

200 400 600 800 1000

communications communications

0 200 400 600 800 1000

communications

Figure: Comparison of Star Min-Max Data Similarity Algorithm (Alg. 1) with
Centralized Distributed ExtraGradient (EGD).
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Break lower bounds

® \We discuss: more details about problem can give acceleration and
break lower bounds.

® \We consider the setting, where we can compress transmitted
information.

Definition (Compression)

A stochastic operator Q : RY — R is called compression if there exists a
constant g > 1 such that

Q2) =z, E|Q@)| < qlzll?, vzeR?
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Break iower bo

L M
Xkl = Xk =V > Q(Vin(x)).
1

m=

Question: why?
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Break iower bo

LM
Xkl = Xk =V > Q(Vim(xx))-

m=1

Question: why? Variance of stochastic gradient does not tend to 0.
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Break iower bo

L M
Xkl = Xk =V > Q(Vim(xx))-

m=1
Question: why? Variance of stochastic gradient does not tend to 0.
® The same problem as in classical SGD:

Xk+1 = Xk — YV i (xk),

where i is generated randomly. Question: how to solve?
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Break iower tounds: how to use compression

L M
Xkl = Xk =V > Q(Vim(xx))-

m=1
Question: why? Variance of stochastic gradient does not tend to 0.
® The same problem as in classical SGD:

Xk+1 = Xk — YV i (xk),

where i is generated randomly. Question: how to solve? Variance
reduction:

Xk+1 = Xk — 78k With gk = V£ (xx) — Vi (wi) + VF(wy),

where wy is a reference point (coin flip update with small probability).
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L M
Xkl = Xk =V > Q(Vim(xx))-

m=1

Question: why? Variance of stochastic gradient does not tend to 0.
® The same problem as in classical SGD:

Xk+1 = Xk — YV i (xk),

where i is generated randomly. Question: how to solve? Variance
reduction:

Xk+1 = Xk — 78k With gk = V£ (xx) — Vi (wi) + VF(wy),

where wy is a reference point (coin flip update with small probability).
® The same idea can be used for the stochasticity from compression:

1 M
& =1 D [Fm() = Fon(wi)] + F (i)
m=1

Aleksandr Beznosikov Local Methods 17 April 2024 43 /52



Break lower bounds: what compression

® \We need to take into account similarity.

Definition (Compression)

Assume that d > M and d = gM, where g > 1 is an integer. Let

7w = (m1,...,7q) be a random permutation of {1,...,d}. Then for all
u € R and each i € {1,2,..., M} we define

Qm(u) =M - 7gq(m—1)+1“7fje7fj'
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Break lower bounds: idea

Sliding
Specific methods for Vls

Variance reduction to deal with compression

Permutation compression
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Break lower bounds: method

Algorithm 1 Three Pillars Algorithm

F : izes  and 7, 7, probability p € (0; 1], number of local steps H;
Initialization: Choose 2° = m° = (2°,3°) € Z;

1: fork=0,1,...,K — 1do
2 Server takes uf = z*;
3: fort=0,1,...,H — 1do
4: Server computes uf,, /, = proj;[uf — n(Fi(uf) — Fi(m*) + F(m*) + L(uf — 2% — 7(m* — 2%)))];
s: Server updates uf;, = projz[uf — n(Fi(uf;12) — Fi(m*) + F(m*) + 1 (uf, )2 — 25 — 7(m* = 2%))];
6: end for
7: Server broadcasts uf; and Fy (uf;) to devices;
8: Devices in parallel compute Q;(F;(m¥) — Fi(m*) — Fi(uf;) + Fy(uf;)) and send to server;
9:  Serverupdates 251 = proj; [uf; +7- L3 Qi (Fi(m*) — Fy(mF) — Fi(ufy) + Fy (ufy))];
" rve v« pk+1 _ [ 2, with probability p,
10:  Server updates m { 8
11 if mF = 2% then
12: Server broadcasts m**! to devices;
13: Devices in parallel compute F;(m*) and send to server;
14: Server computes F/(m*+1) = 157" F;(m*+1);
15: end if
16: end for

Beznosikov A. et al. Similarity, Compression and Local Steps:
Three Pillars of Efficient Communications for Distributed Vari-
ational Inequalities
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Convergence

® Method without compression needs
5 _ox]|2
K=0 <[1 + ] log HZOZ’) communications.
1 €

® New method without compression needs
5 /M k(12
K=0 ( M + ] log Iz = 27| ) communications.
I €

Question: which better?
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Convergence

® Method without compression needs

5 _ox]|2
K=0 <[1 + ] log HZOZ’) communications.
1 €

® New method without compression needs
5 /M k(12
K=0 ( M + ] log Iz = 27| ) communications.
I €

Question: which better? In terms of communications, the basic is
better, but by new method we transmitted M times less. And for new
method complexity in terms of transmitted information is

) ||zo—z*H2> —
K=0O|( |1+ ] lo communications.
([ wv M ® €

v/'M times better than for the basic method!
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Convergence

Method without compression needs

5 _ox]|2
K=0 <[1 + ] log HZOZ’) communications.
1 €

New method without compression needs
5 /M k(12
K=0 ( M + ] log Iz = 27| ) communications.
I €

Question: which better? In terms of communications, the basic is
better, but by new method we transmitted M times less. And for new
method complexity in terms of transmitted information is

) ||zo—z*H2> —
K=0O|( |1+ ] lo communications.
([ wv M ® €

V' M times better than for the basic method!
Lower bound gives optimality of the proposed method.

Aleksandr Beznosikov Local Methods 17 April 2024 47 /52




How it works

® Problem: robust regression on different data.

eal, 200

(a) synthetlc small 6 (b) synthetlc medmm 5 (c) synthetlc Dlarge 6 (d) synthetic, § ~ L

(e) rea.l a9a (f) real, w7a (g) real, w8a

Figure: Comparison of Three Pillars Algorithm with SOTA optimizers for
distributed saddle point problems.
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Acceleration and optimal algorithm

® Long history:

Local Methods

17 Apri

Reference Communication complexity Local gradient complexity Order Limitations
DANE [42] o (‘"‘Z log 1) —® Ist quadratic
fzlost
DiSCO [51] o (1 /2 (0g L+ C2AF)lo o ( 2(log L + C2AFy)log Z[) 2nd C - self-concordant @
ATDE [40] o ( /% tog Llog & ) o ( 2/ log Log %) @ Ist quadratic
DANE-LS [50] O(Slogl 0 (L2 10g1)® Ist/2nd uadratic ©
(501 (21082) Vi S et a
DANE-HB [50] o ( Tlog g) o ( [E 5 10g g) © Lsy2nd quadratic ©
SONATA [45] o (% log g) ] Ist decentralized
SPAG [21] o (« [Elog g) ® ] Ist M - Lipshitz hessian
DiRegINA [12] o (ﬁ log 1+ %) —® 2nd M -Lipshitz hessian
AcN (1] o (ﬁlugg + g/ ) 2nd M Lipshitz hessian
Acc SONATA [46] o ( \/E log Liog ;,) @ Ist decentralized
This paper o ( S log g) o ( /Elog g) Ist
Beznosikov

2024

49 /52



Optimal algorithm

f(x) = g1(x) + g2(x),
where g1 =f —fLng =f.

Algorithm Accelerated Extragradient

Input: Stepsizes v and 6, momentums «, 7, starting point xp = xg € RY,
number of iterations K
1: for k=0,1,2,...,K—1do

2: Xf:TXk—i-(].—T)X[

3 x[, ~arg min, [(Ver(x€), x = xE) + 55llx = X117 + g2(x))]
X

4: X1 = Xk + nol(xf g — xi) =V g(xfiq)

5: end for

' Kovalev D. et al. Optimal Gradient Sliding and its Application
to Distributed Optimization Under Similarity
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1 idea — Nesterov acceleration.
2 idea — Sliding.
3 idea — Extragradient/Tseng's method = method for VIs.

first two ideas are clear, but the third idea is the key.
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How it works

® Problem: logistic regression on different data.

Synthetic Synthetic Real: 208 Real: 292
o 10 o AccD o accD 10 o AccD
T DANE DANE o DANE
T —+ DANEHB —+— DANEHB ¥ 0 —+— DANEHB
| & SPAG —a— SPAG * & SPAG
=107 —— Alg 1 —— Alg 1 <107 —#— Alg 1
Lo S0
11073 1107
00 e

1075150 280 300 460 500 660 700 800 w07y 1000 2000 3000 4000 R T 1250 1500 1077

Communications, N Local cais, N

0 750 1000
Communications, N

G 2000 4000 6000 6000 1000010001400
N

Figure: Comparison of Accelerated ExtraGradient (Alg. 1) with SOTA
optimizers for distributed minimization problems under data similarity.
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