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OUTLINE
• Motivation from Data Mining perspective 

•  Closure systems and concept lattices 
• T1 closure systems 

• The lattice of all atomic lattices  

• Davis’ subset lattices 

• Enumeration 
• Two cases – two algorithms  

• New numbers and sequences for OEIS 

• Extra results 
• Kleitman’s maximal union-free families for n=6 

• Standard context representation of  

• Extremal lattices and the breadth of atomic lattices 

• Upper bounds for 

𝐿𝑛

𝐿𝑛

|𝐿𝑛 |
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MOTIVATION FROM DATA MINING

The FIMI’03 best implementation award was granted to Gosta Grahne and Jianfei 
Zhu (on the left). The award consisted of the most frequent itemset: {diapers, beer}. 
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MOTIVATION FROM DATA MINING

• Frequent itemset mining (Zaki & Meira, 2022)
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MOTIVATION FROM DATA MINING 
(ZAKI & MEIRA, 2022) 
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MOTIVATION FROM DATA MINING 
(ZAKI & MEIRA, 2022) 
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MOTIVATION FROM DATA MINING 
(ZAKI & MEIRA, 2022) 
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CLOSURE SYSTEMS AND LATTICES 
(COLOMB, IRLANDE, AND RAYNAUD, 2010) 
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CLOSURE SYSTEMS AND LATTICES 
(COLOMB, IRLANDE, AND RAYNAUD, 2010) 
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THE LATTICE OF ALL MOORE FAMILIES  
FOR n=3 
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OEIS SEQUENCE A102896
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OEIS OEIS SEQUENCE A102896
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WHAT DOES DON KNUTH SAY?

In actual fact, I was tearing my hair out for awhile, because 
I couldn't believe that this would be so complicated. Maybe 
some day I'll learn the right way to tackle this problem.

https://www-cs-faculty.stanford.edu/~knuth/programs/horn-count.w
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WHAT DOES DON KNUTH WRITE?
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KNOWN ASYMPTOTIC AND BOUNDS 
(V.B. ALEKSEEV, 1989)
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T1 CLOSURE SYSTEMS
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THE LATTICE OF ATOMIC LATTICES 
S. MAPES 2009, 2010
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THE LATTICE OF ATOMIC LATTICES 
S. MAPES 2009, 2010
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THE LATTICE OF ATOMIC LATTICES 
FOR n=4
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INEQUIVALENT CASE
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INEQUIVALENT CASE 
(M. DAVIS, 2014)
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INEQUIVALENT CASE 
(M. DAVIS, 2014)
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CLOSURE SYSTEMS AND OPERATORS 
(GANTER & WILLE, 1999; IGNATOV 2022)
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ESTABLISHING CRYPTOMORPHISMS 
(IGNATOV 2022)
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ESTABLISHING CRYPTOMORPHISMS 
(IGNATOV 2022)
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ADJUNCTIONS AND GALOIS CONNECTIONS: ORIGINS, 
HISTORY AND DEVELOPMENT  
(M. ERNE, 2004) 
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ADJUNCTIONS AND GALOIS CONNECTIONS: ORIGINS, 
HISTORY AND DEVELOPMENT  
(M. ERNE, 2004) 

(Ganter & Wille, 2024)
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ESTABLISHING CRYPTOMORPHISMS 
(IGNATOV, 2022)
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ESTABLISHING CRYPTOMORPHISMS 
(IGNATOV, 2022)
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EXAMPLES 
(IGNATOV, 2022)
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EXAMPLES 
(IGNATOV, 2022)
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ALGORITHM 
(IGNATOV, 2022)
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ALGORITHM FOR LABELED CASE 
(IGNATOV, 2022)
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NON-ISOMORPHIC CASE 
(IGNATOV, 2022)
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https://github.com/dimachine/ClosureSeparation


NEW NUMBERS FOR OEIS
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NEW NUMBERS FOR OEIS
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EXTRA RESULTS: 
KLEITMAN’S INTERSECTION FREE FAMILIES 
(IN SHORT) 
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EXTRA RESULTS: 
KLEITMAN’S INTERSECTION FREE FAMILIES 
(IN FULL)
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EXTRA RESULTS: 
KLEITMAN’S INTERSECTION FREE FAMILIES 
(FROM THE FCA BOOK)



EXTRA RESULTS:  
REPRESENTATION OF  𝐿𝑛
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EXTRA RESULTS:  
REPRESENTATION OF  
(PHAN, 2006; MAPES 2009; IGNATOV 2022) 

𝐿𝑛
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EXTRA RESULTS:  
LINE DIAGRAM OF  
(IGNATOV 2022) 

𝐿4
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EXTRA RESULTS:  
STANDARD CONTEXT OF  
(IGNATOV 2022) 

𝐿𝑛
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EXTRA RESULTS:  
COUNTING FORMAL CONCEPTS 
(IGNATOV 2022) 
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EXTRA RESULTS:  
AN UPPER BOUND FOR  
(IGNATOV 2022) 

|𝐿𝑛 |
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EXTREMAL LATTICES:  
BREADTH OF  
(IGNATOV 2022) 

𝐿𝑛
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EXTREMAL LATTICES : BREADTH OF  
(IGNATOV 2022) 

𝐿𝑛
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EXTREMAL LATTICES : BREADTH OF  
(IGNATOV 2022) 

𝐿𝑛
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EXTREMAL LATTICES : BREADTH OF  
(IGNATOV 2022) 

𝐿𝑛
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ADVERTISEMENT: 9TH DEDEKIND 
NUMBER
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"The eight graphics cards ran for 28 days until Jäkel saw the result in front of him on 3 April 2023. 


The ninth Dedekind number had 42 digits: 


286386577668298411128469151667598498812366. 


At that time, however, Christian Jäkel had no idea that this number had already been determined by 
another team.» TU-Dresden

https://arxiv.org/pdf/2304.00895.pdf 
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ADVERTISEMENT: MAXIMAL 
ANTICHAINS UP TO N=7
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https://link.springer.com/article/10.1134/S1995080223010158

https://oeis.org/wiki/User:Dmitry_I._Ignatov



Thank you! 

Questions?
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