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Íåôîðìàëüíîå îïðåäåëåíèå

• Ïóñòü øàøêà ñòîèò íà áåñêîíå÷íîé êëåò÷àòîé äîñêå â

êëåòêå (0, 0) è õî÷åò äîáðàòüñÿ äî (x, t).
• Ðàññìîòðèì âñå ïóòè, ñîñòîÿùèå èç õîäîâ âïðàâî-ââåðõ è

âëåâî-ââåðõ, ñ ïåðâûì õîäîì âïðàâî-ââåðõ.
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Íåôîðìàëüíîå îïðåäåëåíèå

• Êàæäîìó ïóòè ñîïîñòàâèì ñòðåëêó (âåêòîð äëèíû 1),
âû÷èñëåííóþ òàê: ñíà÷àëà îíà ñìîòðèò ââåðõ, à ïðè êàæäîì

ïîâîðîòå îíà ïîâîðà÷èâàåòñÿ íà 90◦.
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Íåôîðìàëüíîå îïðåäåëåíèå

• a(x, t) - ýòî ñóììà ñòðåëîê ïî âñåì ïóòÿì ñ êîýôôèöèåíòîì

2(1−t)/2.

• |a(x, t)|2 - ýòî âåðîÿòíîñòü îáíàðóæèòü ýëåêòðîí,
èñïóùåííûé èç (0, 0), â òî÷êå (x, t).
• Ïðèìåð a(1, 3) = (12 ,

−1
2 )
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Îïðåäåëåíèå

• Ïóòü øàøêè � ýòî êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü òàêèõ

öåëûõ òî÷åê ïëîñêîñòè, ÷òî âåêòîð èç êàæäîé òî÷êè (êðîìå

ïîñëåäíåé) ê ñëåäóþùåé ðàâåí ëèáî (1, 1), ëèáî (−1, 1).
• Ïîâîðîò � ýòî òàêàÿ òî÷êà ïóòè (íå ïåðâàÿ è íå

ïîñëåäíÿÿ), ÷òî âåêòîð, ñîåäèíÿþùèé ýòó òî÷êó ñ

ïðåäûäóùåé, îðòîãîíàëåí âåêòîðó, ñîåäèíÿþùåìó å¼ ñî

ñëåäóþùåé. turns(s) � îáùåå ÷èñëî ïîâîðîòîâ â s.
• Ñòðåëêà � ýòî êîìïëåêñíîå ÷èñëî

a(x, t) := 2(1−t)/2 i
∑
s

(−i)turns(s),

ãäå ñóììà áåð¼òñÿ ïî âñåì ïóòÿì s øàøêè èç êëåòêè (0, 0) â
êëåòêó (x, t), íà÷èíàþùèìñÿ ñ õîäà âïðàâî-ââåðõ.
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Îïðåäåëåíèå

P (x, t) := |a(x, t)|2.

a1(x, t) = Re(a(x, t))

a2(x, t) = Im(a(x, t))
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Ìîäåëü ñ ïîãëîùåíèåì

• Áóäåì ðàññìàòðèâàòü âñå ïóòè, ñîñòîÿùèå èç õîäîâ

âïðàâî-ââåðõ è âëåâî-ââåðõ, ñ ïåðâûì õîäîì âïðàâî-ââåðõ è

íå ïðîõîäÿùèå ÷åðåç êëåòêè âåðòèêàëè x = x0, êðîìå
âîçìîæíî ïåðâîãî è ïîñëåäíåãî õîäà.

• Àíàëîãè÷íî îïðåäåëèì a1,2(x, tbypassx0) è P (x, tbypassx0)
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Ìîäåëü ñ ïîãëîùåíèåì

• Ñòðåëêà (ñ ïîãëîùåíèåì â òî÷êå x0) � ýòî êîìïëåêñíîå

÷èñëî

a(x, tbypassx0) := 2(1−t)/2 i
∑
s

(−i)turns(s),

ãäå ñóììà áåðåòñÿ ïî âñåì ïóòÿì s èç òî÷êè (0, 0) â òî÷êó
(x, t) íà÷èíàþùèìñÿ ñ õîäà âïðàâî-ââåðõ è íå ïðîõîäÿùèì

ïî òî÷êàì ïðÿìîé x = x0, êðîìå áûòü ìîæåò íà÷àëüíîé è

êîíå÷íîé òî÷êè. turns(s) êîëè÷åñòâî ïîâîðîòîâ â ïóòè s.
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Ìîäåëü ñ ïîãëîùåíèåì

Âåðíåìñÿ ê ïðèìåðó

• a1(x, tbypass 0) =
1
2

• a2(x, tbypass 0) = 0
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Ïåðâûå çíà÷åíèÿ ôóíêöèè a(x, t bypass 0)
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Âàæíûå ðåçóëüòàòû î ìîäåëè ñ ïîãëîùåíèåì

• 2001 � Àìáàèíèñ è ñîàâòîðû: Âåðîÿòíîñòü ïîãëîùåíèÿ â 0
ðàâíà 2

π , à àìïëèòóäû ïðîïîðöèîíàëüíû ÷èñëàì Êàòàëàíà.

• 2013 � Ëèó è Ïåòóëàíòå: Íàéäåíû ñëàáûå ïðåäåëû

âåðîÿòíîñòè.
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Ñâÿçü ñ îáû÷íîé ìîäåëüþ

Òåîðåìà (Äìèòðèåâ Ì.Ä.)

Äëÿ ëþáûõ x, t ∈ Z òàêèõ, ÷òî x, t > 0 è x+ t ÷åòíî
âûïîëíåíî

a1(x, tbypass 0) = a2(−x, t)− a2(−x+ 2, t) + δx1δt1, (1)

a2(x, tbypass 0) = a2(x, t)− a2(−x+ 2, t) + δx1δt1. (2)
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Íåñêîëüêî ñëåäñòâèé

Ñëåäñòâèå (Àìáàèíèñ è äð. 2001)

Äëÿ ëþáîãî öåëîãî t > 0 âûïîëíåíî

a(0, tbypass 0) =


1√
2
, t = 2;

(−1)k(2kk )

(k+1)22k+3/2 , t = 4k + 4, ãäå k ∈ Z;
0, èíà÷å.
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Ñëåäñòâèÿ

Ñëåäñòâèå

Äëÿ ëþáûõ x, t ∈ Z òàêèõ, ÷òî x, t > 0 è x+ t ̸= 2 ÷åòíî

âûïîëíåíî

a1(x, tbypass 0) =
2x

t+ x
a1(x, t)−

2

t+ x
a2(2− x, t), (3)

a2(x, tbypass 0) =
2x− 2

t+ x− 2
a2(x, t). (4)
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Äîêàçàòåëüñòâî.

Âòîðîå âûðàæåíèå ñëåäóåò èç

(t− x)a2(x, t) = (t+ x− 2)a2(2− x, t)

Äîêàæåì ïåðâîå

a2(x+ 1, t+ 1bypass 0) =
2x

t+ x
a2(x+ 1, t+ 1),

a2(x, tbypass 0)− a1(x, tbypass 0) =
2x

t+ x
(a2(x, t)− a1(x, t)).

(t+x)a1(x, tbypass 0)−2xa1(x, t) = (t+x)a2(x, tbypass 0)−2xa2(x, t) =

= (t− x)a2(x, t)− (t+ x)a2(2− x, t) = −2a2(2− x, t).
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Íåñêîëüêî ñëåäñòâèé

• Àñèìïòîòèêà ñòðåëêè (âîëíîâîé ôóíêöèè) â òåðìèíàõ

ôóíêöèè Ýéðè

Ai(λ) :=
1

π

∫ ∞

0
cos

(
x3

3
+ λx

)
dx.
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Ñëåäñòâèå

Äëÿ ëþáûõ x, t ∈ Z òàêèõ, ÷òî t/
√
2 > x > 0 è x+ t

íå÷åòíî (÷åòíî äëÿ a2(x+1, t+1bypass 0)) âûïîëíåíî

a1(x, t+1bypass 0) =

= (−1)(x−t+1)/2 2x

t+x+1

(
4θ(x/t)

1−2(x/t)2

)1/4(1

t

)1/3

Ai
(
−θ(x/t)t2/3

)
+O

(
1

t

)
,

a2(x+1, t+1bypass 0) =

= (−1)(x−t)/2 2x√
t2−x2

(
4θ(x/t)

1−2(x/t)2

)1/4(1

t

)1/3

Ai
(
−θ(x/t)t2/3

)
+O

(
1

t

)
,

ãäå

θ(v) :=

(
3

2

(
−|v| arccos

(
|v|√
1− v2

)
+ arccos

(
1√

2− 2v2

)))2/3

.
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Íåñêîëüêî ñëåäñòâèé
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Íåìíîãî î äîêàçàòåëüñòâàõ

Òåîðåìà

Äëÿ ëþáûõ x, t ∈ Z òàêèõ, ÷òî x, t > 0 è x+ t ÷åòíî
âûïîëíåíî

a1(x, tbypass 0) = a2(−x, t)− a2(−x+ 2, t) + δx1δt1,

a2(x, tbypass 0) = a2(x, t)− a2(−x+ 2, t) + δx1δt1.
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Óðàâíåíèå Äèðàêà â ìîäåëè ñ ïîãëîùåíèåì

Ïðåäëîæåíèå (Óðàâíåíèå Äèðàêà)

Äëÿ ëþáûõ x, t, x0 ∈ Z òàêèõ, ÷òî t > 0,
(1− x0)(x− x0) > 0, è x+ t ÷åòíî âûïîëíåíî

√
2a1(x−1, t+1bypassx0) = a2(x, tbypassx0)+a1(x, tbypassx0),

√
2a2(x+1, t+1bypassx0) = a2(x, tbypassx0)−a1(x, tbypassx0).
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Ñèììåòðèÿ ïîãëîùåíèÿ

Ïðåäëîæåíèå (Symmetry of absorption)

Äëÿ ëþáûõ t, x0 ∈ Z òàêèõ, ÷òî t > 0, à x0 + t ÷åòíî âåðíî,
÷òî

1. åñëè x0 < 0, òî
a1(x0, tbypassx0) = a1(−x0, tbypass 0),

2. åñëè x0 > 0, òî
a2(x0, tbypassx0) = a2(x0, tbypass 0) =

2x0−2
t+x0−2a2(x0, t).
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Ñëåäñòâèå

∞∑
t=1

P (−2, tbypass − 2) =
10

π
− 3

∞∑
t=1

P (−1, tbypass−1) =
4

π
− 1

∞∑
t=1

P (0, tbypass 0) =
2

π

∞∑
t=1

P (2, tbypass 2) =
2

π

∞∑
t=1

P (3, tbypass 3) =
8

π
− 2
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Äîêàçàòåëüñòâî.

2a1(0, t+ 2bypass 0) =
√
2a1(1, t+ 1bypass 0) =

= a1(2, tbypass 0) + a2(2, tbypass 0) =

= a1(2, tbypass 0)−
1√
2
a1(1, t− 1 bypass 0) =

= a1(2, tbypass 0)− a1(0, tbypass 0)

P (−2, tbypass − 2) = a1(−2, tbypass − 2)2 = a1(2, tbypass 0)
2 =

= (2a1(0, t+ 2bypass 0)− a1(0, tbypass 0))
2 =

= 4a1(0, t+ 2bypass 0)2 + a1(0, tbypass 0)
2 =

∞∑
t=1

P (−2, tbypass − 2)=5

∞∑
t=1

P (0, tbypass 0)−

−4P (0, 4 bypass 0)− 5P (0, 4 bypass 0)
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Ñèììåòðèÿ ïîãëîùåíèÿ

Ïðåäëîæåíèå (Symmetry of absorption)

Äëÿ ëþáûõ t, x0 ∈ Z òàêèõ, ÷òî t > 0, à x0 + t ÷åòíî âåðíî,
÷òî

1. åñëè x0 < 0, òî
a1(x0, tbypassx0) = a1(−x0, tbypass 0),

2. åñëè x0 > 0, òî
a2(x0, tbypassx0) = a2(x0, tbypass 0) =

2x0−2
t+x0−2a2(x0, t).
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Ëåììà
Äëÿ ëþáûõ t, x, x0 ∈ Z òàêèõ, ÷òî t > 0, à x+ t ÷åòíî
âåðíî, ÷òî

a1(x, tbypassx0) = a1(−x, tbypassx0 − x).

Ëåììà
Äëÿ ëþáûõ t, x, x0 ∈ Z òàêèõ, ÷òî t > 0, à x+ t ÷åòíî
âåðíî, ÷òî

a2(x, tbypassx0) = a2(x, tbypassx− x0).
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Äîêàçàòåëüñòâî

a1(x, tbypassx0) = a1(−x, tbypassx0 − x).

• Îòðàçèì òðàåêòîðèþ îòíîñèòåëüíî x = 0, ðàçâåðíåì
ñòðåëêè è ñäâèíåì, òàê ÷òîáû íà÷àëî áûëî â òî÷êå (0, 0) (ò.å
íà âåêòîð (−x, t)
• Äëèíà òðàåêòîðèè è êîëè÷åñòâî ïîâîðîòîâ íå ïîìåíÿëîñü

• Êîíå÷íàÿ òî÷êà (0, 0) 7→ (0, 0) 7→ (−x, t)
• Ãðàíèöà ïîãëîùåíèÿ x0 7→ x0 7→ x0 − x
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Äîêàçàòåëüñòâî
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Äîêàçàòåëüñòâî

a2(x, tbypassx0) = a2(x, tbypassx− x0).

• Ðàçâåðíåì òðàåêòîðèþ íà π, ðàçâåðíåì ñòðåëêè è ñäâèíåì

íà (x, t) .
• Äëèíà òðàåêòîðèè è êîëè÷åñòâî ïîâîðîòîâ íå ïîìåíÿëîñü

• Êîíå÷íàÿ òî÷êà (0, 0) 7→ (0, 0) 7→ (x, t)
• Ãðàíèöà ïîãëîùåíèÿ: x0 7→ x− x0:
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Äîêàçàòåëüñòâî
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