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Curves through given points

u : Z→ R, u ∈ `∞
D : u 7→ fu ∈ C (R), D : `∞ → C (R):
D is linear, continuous, shift-invariant.

The method of spline interpolation is well known. There is an
alternative approach working better in many practical cases.

Desirable properties of the method:

I locality
I linearity
I shift-invariance
I simplicity



Subdivision schemes
How to �nd f ?
f0(k) = u(k), f0 : Z→ R
↓
f1(k) = S(f0)(2k), f1 : 1

2
Z→ R

↓
f2(k) = S(f1)(2k), f2 : 1

4
Z→ R

. . .

Subdivision operator S : `∞ → `∞ is linear, continuous,
shift-invariant.
It is de�ned using mask c0, c1, . . . , cN .

[Su](k) =
∑
j∈Z

ck−2j · u(j).

For example, [Su](0) = c0u(0) + c2u(−1) + c4u(−2) + . . .



Subdivision schemes

Scheme by De Rham (1950), A.Chaikin (1972), N.Dyn,
A.Levin (1986), S.Dubuc (1986)
a0, a1, . . . , am, b0, . . . , bm are �xed numbers. By de�nition, set

fj+1(q) =
∑
k

ak · fj(q − k2−j),

fj+1(q + 1
2
) =

∑
k

bk · fj(q − k2−j)

Subdivision scheme is called convergent if ∀f0 : Z→ R
∃gf0 ∈ C (R) such that ‖fj − gf0‖L∞(2−jZ) → 0



Necessary convergence condition

If fj → g , j →∞, then fj(q − k2−j) ≈ g(q). Then∑
ak = 1∑
bk = 1

Let c2k = ak , c2k+1 = bk .
fj(2−jk) = [S j f0](k)
‖S j f0(k)− g(2−jk)‖∞ → 0 (j →∞)∑

c2k =
∑

c2k+1 = 1



Origins

De Rham cutting corners method
x1(k) =
αx0(k)+(1−α)x0(k−1)

x1(k + 1
2
) =

(1−α)x0(k)+αx0(k−1)

(a0, a1) = (α, 1− α)

(b0, b1) = (1− α, α)

Oscar-winning Geri's Game(1998) used subdivision method.
This makes realistic simulation of human skins and clothing
possible.



Relation to re�nement equations

I limit function only for one case (due to linearity and
shift-invariance)

I let δ(k) = δk
I let the limit function of δ be gδ.

I then ∀f ∈ `∞ gf (t) =
∑
k

gδ(t − k) · f (k)

Theorem 1: gδ satis�es re�nement equation:

ϕ(x) =
∑
k

ckϕ(2x − k)



Convergence rate

Let T be the transition operator:

Tf =
∑
k

ck f (2t − k)

The re�nement equation is Tϕ = ϕ.
∀g T jg(t) =

∑
k

ukg(2jt − k).

If j = 1, uk = ck ⇒ uk = S jδ.
If the subdivision scheme converges,
‖T jg − ϕ(t)‖ → 0, j → 0.

The convergence rate: ‖T jg − ϕ(t)‖L2 ≈ C · (ρ2)j

ρ2(T0,T1) = lim
m→∞

(2−m ·
∑
σ

‖Tσ(1) . . .Tσ(m)‖2)
1

2m ,

σ : {1, 2, . . . ,m} → {0, 1}



Multidimensional case

The integer lattice Z can be replaced by Zd or by an arbitrary
mesh on Rd .



Multidimensional case

Binary numeral system, m = 2
d0 = 0, d1 = 1

[0, 1] =

{
∞∑
k=1

2−k · dnk , nk ∈ {0, 1}
}

0 0.5 1

1) G = 1
2
G ∪ 1

2
(G + 1)

2)
⋃
k∈Z

(G + k) = R

Let M be a dilation matrix,
Ω be a set of "digits"in Zd

G =

{
∞∑
k=1

M−kdnk , dnk ∈ Ω

}



Multidimensional case

ϕ(x) =
∑
k∈Ω

ckϕ(Mx − k)

Let M be a dilation matrix, Ω be a set of "digits"in Zd , ck = 1
∀k ∈ Ω
ϕ = λ · χG , G is called a tile.

G =

{
∞∑
k=1

M−kdnk

}

G is a compact set, it satis�es:

I ∃ system of 'digits' � integer vectors d0, d1, ...dm−1, where

m = | detM |, such that G =
m−1⋃
i=1

M−1(G + di)

I
⋃

k∈Zd

(G + k) = Rd (it's multi-layer covering, term "tile"is

used if there is one layer)



Example

If M =

(
1 1
−2 1

)
and d0 = (0, 0), d1 = (1, 0), d2 = (1,−1):



Examples



Two-digit tiles and smoothness

Problems

I Classify two-digit tiles up to a�ne similarity in R2

I Find smoothness:

Holder: αϕ = sup {α > 0 | ‖ϕ(·)− ϕ(·+ h)‖2 6 c · hα}

Sobolev:
sϕ = sup

{
s > 0 |

∫
|ϕ̂|2(|ξ|2 + 1)sdξ <∞)

}
We use the results from this article:
M. Charina and V. Yu. Protasov, Smoothness of anisotropic
wavelets, frames and subdivision schemes, arXiv:1702.00269,
2016 year



Main result

Theorem 2:
For m = 2, d = 2, there exist three types of tiles up to a�ne
similarity.

I Rectangle
case tr = 0 and det = ±2
smoothness: 0.5
coe�. of conv. rate: ≈ 0.707

I Dragon
case tr = ±2 and det = 2
smoothness: ≈ 0.23819

coe�. of conv. rate: ≈ 0.848
I Third
case tr = ±1 and det = 2
smoothness: ≈ 0.39462

coe�. of conv. rate: ≈ 0.761



Rectangle

M =

(
0 −2
1 0

)
digits (0, 0), (1, 0)

smoothness: 0.5



Dragon

M =

(
1 1
−1 1

)
digits (0, 0), (1, 0)

smoothness:
0.23819



Third

M =

(
1 −2
1 0

)
digits (0, 0), (1, 0)

smoothness:
0.39462



More about smoothness

I general equation: ϕ(t) =
∑
k∈Zd

ckϕ(Mx − k) → G � tile

I S =
{
k ∈ Zd | ck 6= 0

}
I GS =

{
∞∑
i=1

M−i · si | si ∈ S

}
I Ω =

{
j ∈ Zd | (G + j) ∩ G 6= ∅

}
I Td , d ∈ D (Td)ij = cMi−j+d , i , j ∈ Ω (in our case T0,T1)

I v(x) = ϕ(x + k)k∈Ω ∈ Rn

I re�nement equation ↔ v(x) = Tdv(Mx − d),
∀x ∈ M−1(G + d), d ∈ D



Example



Example

Matrices T(00),T(10) in
{
u ∈ RN :

∑
ui = 1

}
A(00) :

0 0 0 0 −1 1 0 0
1 0 0 0 −1 1 0 0
1 −1 1 0 −1 1 0 −1
1 −1 0 1 −1 1 0 −1
1 −1 0 1 −1 1 0 −1
1 −1 0 1 −1 0 1 −1
0 0 0 1 −1 0 0 0
0 0 0 1 −1 0 0 0



A(10) :

0 0 0 0 0 0 0 0
0 −1 1 0 0 0 0 0
0 −1 1 0 −1 1 0 0
1 −1 1 0 −1 0 1 0
0 0 1 0 −1 0 1 0
0 0 1 0 −1 0 1 −1
0 0 0 1 −1 0 1 −1
0 0 0 0 0 0 1 −1


A X = 1

2
(AT

0 XA0 + AT
1 XA1)

ρ2 = λmax(A ) and ρ2 = λmax( 1
2
(A0 ⊗ A0 + A1 ⊗ A1))



Three-digit tiles

Theorem 3: For m = 3, d = 2 there are 10 types of tiles
up to a�ne similarity.

In this case we can also calculate smoothness.







Thank you for attention!


