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Curves through given points
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D:uw—f, € C(R), D: {,, — C(R):
D is linear, continuous, shift-invariant.

The method of spline interpolation is well known. There is an
alternative approach working better in many practical cases.

Desirable properties of the method:

locality
linearity
shift-invariance
simplicity
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Subdivision schemes

How to find 7

fo(k) = u(k),fo: Z — R

1

A(K) = S(R)(2K), hi: 17— R

!
f(k) = S(R)(2k), h: 1Z - R

Subdivision operator S: /., — {, is linear, continuous,
shift-invariant.
It is defined using mask ¢y, c1, ..., Cn.

[Sul(k) = 2 cizy - ulj).

For example, [Su](0) = cu(0) + cuu(—1) + cau(—2) + ...




Subdivision schemes

Scheme by De Rham (1950), A.Chaikin (1972), N.Dyn,
A.Levin (1986), S.Dubuc (1986)
a0, ai, ..., am, bo, ..., by, are fixed numbers. By definition, set

firi(q) = ;ak - fi(g — k2_j)7
fir(g+3) = ; by - f;(q — k27)

Subdivision scheme is called convergent if Vfy: Z — R
Sg € C(R) such that |1 — gg|...21z) = 0



Necessary convergence condition

If ; — g,j — oo, then fi(q — k277) ~ g(q). Then

Let cox = ax, Conr1 = bi

(27 k) = [S'f] (k)

157 fo(k) — g(277k)|loc = 0 (j — 00)
Yok=> k=1




Origins

De Rham cutting corners method
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1= ) (k) +axO(k

,/ﬂ\;)n (a0, a1) = (o, 1 — )

(bo, bl) = (1 — 04,05)

Oscar-winning Geri's Game(1998) used subdivision method.
This makes realistic simulation of human skins and clothing
possible.




Relation to refinement equations

v

limit function only for one case (due to linearity and
shift-invariance)

let 6(k) = ok

let the limit function of § be gs.

then Vf € (o gr(t) = > gs(t — k) - f(k)
K
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Theorem 1: g5 satisfies refinement equation:

p(x) = cup(2x — k)




Convergence rate

Let T be the transition operator:
TF =) af(2t—k)
k

The refinement equation is Ty = .
Vg Tig(t) = > urg(2t — k).
K

Iszl,uk:ck:>uk:5f5.
If the subdivision scheme converges,
IT7g = ¢(t)[ = 0,/ = 0.

The convergence rate: ||| T/g — ¢(t)||, = C - (p2)
1
p2(To, To) = |im (277 321 Toq) - - To(m[1?)27,

= |im
m—00

o:{1,2,...,m} — {0,1}
O




Multidimensional case

The integer lattice Z can be replaced by Z9 or by an arbitrary
mesh on R¢.

from Nira Dyn’s slideshow




Multidimensional case

Let M be a dilation matrix,

Binary numeral system, m = 2 Q be a set of "digits"in ¢

d=0,d =1 .

[0,1]:{22"‘~d,,k,nk€{0,1}} G = {ZM‘kdnk,dnkGQ}
k=1 k=1

0 0.5 1 o & MG +dy)

1) 6 =1GUL(G+1) %

2) U(G+k) =R

kEZ, (14




Multidimensional case

p(x) = cup(Mx — k)

keQ

Let M be a dilation matrix, Q be a set of "digits"in Z9, ¢, =1
Vk € Q
¢ =MX-xq, Gis called a tile.

G= {f: Mkdnk}
k=1

G is a compact set, it satisfies:
» J system of 'digits’ — integer vectors dy, di, ...dn_1, where

m—1
m = | det M|, such that G = |J M~Y(G + d})
i=1
» U (G + k) =R (it's multi-layer covering, term "tile"is
kezd
used if there is one layer)



Example

If M = <_2 D and dp = (0,0), di = (1,0), d» = (1, -1):




Examples

i

dl=(10)
d2=(01)

5 1 d2=(2 2)
1 1




Two-digit tiles and smoothness

Problems

» Classify two-digit tiles up to affine similarity in R?
» Find smoothness:

Holder: a, = sup{a > 0| ||¢(:) — (- + h)||2 < c- h*}

Sobolev:
s, = sup {s > 0| [ [BP(EP + 1)°de < o)}
We use the results from this article:

M. Charina and V. Yu. Protasov, Smoothness of anisotropic

wavelets, frames and subdivision schemes, arXiv:1702.00269,
2016 year



Main result

Theorem 2:
For m = 2,d = 2, there exist three types of tiles up to affine
similarity.

» Rectangle
case tr = 0 and det = 42
smoothness: 0.5
coeff. of conv. rate: ~ 0.707
» Dragon
case tr = 2 and det =2
smoothness: ~ 0.23819
coeff. of conv. rate: ~ 0.848
» Third
case tr = +1 and det =2
smoothness: ~ 0.39462
coeff. of conv. rate: ~ 0.761



Rectangle

M=(10)




Dragon

E
digits (0,0), (1,0)

smoothness:
0.23819




digits (0,0), (1,0)

smoothness:
0.39462




More about smoothness

» general equation: ¢(t) = > cp(Mx — k) — G —tile
kezd

S={kez!|c #0}
Gsz{il\/’_i's,'|5,'€5}
i=1

Q={jeZ|(G+j)NG # 2}
Td, deD (Td)u = CMi—j+d> I,_] e (|n our case To, Tl)
v(x) = o(x + k)kea € R"

refinement equation < v(x) = Tyv(Mx — d),
Vx e MY (G+d),deD
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Example

digits (00) (21)

digits (00) (10)




Example

A(IO) .

Matrices T(OO)) T(lO) in {U S RN . Z up = 1}
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Three-digit tiles

Theorem 3: For m = 3,d = 2 there are 10 types of tiles

up to affine similarity.

In

N
)S]

(1,0)
(0,1)

this case we can also calculate smoothness.
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Thank you for attention!



