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Problem statement

@ Convex optimization problem

f — mi
0) = iy

@ Q C R" —simple closed convex set
e f(x) — convex function with Lipschitz-continuous
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Bregman distance

d(x) — prox-function, if d(x) — is a continuousky differentiable
strongly convex function with convexity parameter equal to one || - ||

1
d(y) = d(x) +(Vd(x),y = x) + Sllx = y|*, ¥xy€Q

and d(x) >0, d(x) =0, d(x) > %[|x — x0[%, x € Q.

V(x,y) — Bregman distance for d(x), if

V(x,y) = d(y) — d(x) = (Vd(x),y — x).

and V(x,x) =0, V(x,y) > 3llx = y|?, xy€Q
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Gradient descent

) L
s = argmin { Sl P + (VFx).x = ) |
xEQ

Dual averaging method
k
X1 = argmin {Ld(x) + 3 ai{VF(xi), x - x,->}

YEQ
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Fast Gradient Method

1: xp = argmin, g d(x)
2: for k:=0,... do
3:  Compute

. L
Vi i= argmin {2||y — x|+ (VF(xk), y — Xk)}
yeQ
4:  Compute
k
Z 1= argmin {Ld(x) + Za,-(Vf(x,-),x - Xi>}

yeQ i=0

5. Compute
Xk+1 = Tkzk + (1 — 7k)y«
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Inexact oracle

Definition 3.

Let function f be convex on convex set Q. We say that it is
equipped with a first-order (0, L)-oracle if for any y € Q we can

compute a pair (f5.(y), &5 .(y)) such that

L
0 < f(x)—f(y) = (Vf(y),x—y) < EIIX—yHg +4, Vx,yeQ

Constant ¢ is called the accuracy of the oracle.
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Exact oracle

&
f(V+VEY(y—x)+—[x-yI?

f(N+VEy)(y—x)
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Inexact oracle

i
Js1(N+&s 1 (N(Y—X)+—[x—yP+6
2

Jsr(V)+&s(V)(y-X)

(v.[5L(Y)+0)
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Intermediate Gradient Method (Devolder, Glineur, Nesterov)

1: Compute xo = argmin, . d(x),

¥o = afgfgin {Ld(x0) + (g5,.(x),x — x0) }
xe
2: for k:=0,... do

3:  Compute
k
Zj 1= argmin, o {Ld(x) + > ailgs (i), x — x,->}
i=0

Compute xx41 1= TeZk + (1 - Tk)yk

Obtain (fs 1 (xk+1), 85,0 (Xk+1))

Compute

Kkp1 = argrgi“ {LV(x, zk) + ak+1(8sL(Xk+1)s X — 2k) }
NS
Compute wii1 = TXkr1 + (1 — k) vk
Compute
Akt1 — By Bi+1

Yk+1 = Yk + Wit1
* Akt1 A1
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Intermediate Gradient Method

Let {a;}i>0 and {B;}i>o be two sequences of coefficients satisfying

1
for all i >0, oz,? <Bi <> aj, 0<a; < Bj. We define also
Jj=0

Qi1
A; —E:oaj and 7; = B
Statement 1.

. p—1
For p€[1,2], aj = (’%’) , B = a2

IGM converge with rate:

- <0(4) +o(wt)

FYN)—f<e, N= o((LRQ) ) 5<0(Np 1)

€
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Composite problem

Convex composite optimization problem

F(x) = f(x) + h(x) — min

x€Q
@ @ —is a simple closed convex set
@ h(x) —is a simple convex function
e f(x) —is a convex function with Lipschitz-continuous constant

L with norm || - ||
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Hélder continuous gradient

Defenition 4.
Holder continuous gradient constant L, for function f(x) defined
as:
f(x) — VF(y)l«
= ap IV
xtye@ X =Vl

Statement 2.
If L, < oo, then

IVF(y) = VE(x)|l« < Ly —x|I”, Vx,y € Q

And

L, 5
f(y) < f(x) + (VF(x),y — x) + 1erllx—yllpr , Yx,y€eQ
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FGM with Hélder continuous gradient

Let |[Vf(y) — VF(x)|l« < Ly — x|, Vx,y € Q for v € [0, 1].
Then

L,1—v W
201 +v

()£~ (VF )y —x) < Gly-xP+.L = L, |

Statement 4.

If f(x) has Hélder continuous gradient with constant L,, then
Composite FGM converges with optimal rate:

Fly™) — Flx) <, N_O<<LVR1+V>H23U),5§O(;I>

€
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Universal IGM

1: Choose Lo > 0,00 =Ap =By = 1/L0
2: xp = argmin d(x)
Q

XE

3. yp = argrgin {d(x) + ao(gs..(x),x — x0) + agh(x)}
xXE

4: for k:=0,...do

5: Find the smallest i, > 0, such that coefficient

B .
. . 2 _ Pk+Liy
Qh41,i, > 0, computed from equation Qpt1i, = 2L,

ensures the following relation:

f(Wir1,i) < F(Xkr1ic) + (85,0 (Xk41,0 ) W10 — X1, )
2ik Ly
2

ME_F(;
)

2
Wit 1, — Xk4-1,i 11" +
H +1,0k + ’kH Bk+1,ik2
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Universal IGM

Where (f; 5y, (Xk+1): 8501, (Xk+1)) is obtained
ak-i—l,ik
A1y = Ak + Qg1 Thyiy = 5>
Biy1,i,
Xk+1i = Th,igZk + (1 — Tr.i )Yk

k

Zj4 iy = argergin {Acsrich(x) +d(x) + > ailgs, (i), x — xi)
x i=0

+ er1(85 20 1, (Xkt1,ik ), X — Xk+1,ik>} ;
Wit1,i, = Th,ixZk+1,i, + (1 — Th,i, )Yk

Zk4+1 = Zk41,iy Wk4+1 = Wk41i s Xk+1 = Xk4-1,i> Tk = Tk, ii»
k41 = Qpylips Aktl = Akt Brs1 = Biga,i

Ak+1 — Brya Bi+1
K+ W41
- Ak Acpr F
8: Lyy1 = 2«11, end for; return y,
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UIGM Convergence Rate

Theorem 1

Let f satisfies condition (Holder) with certain M, < +oo with
(6, M)-oracle. Then all iterations of UIGM are well defined.
Moreover, for all k > 0 we have

AkF(yk) — Ex < Wi
k
where E;, = <Z B;> 5+Ak%
i=0
Wi = min {We(x) = d(x)+
x€Q

2
+ Zai [fo,0,(xi) + (gs,L;(xi), x — xi) + h(x)] }
i—0
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UIGM Convergence Rate

Theorem 2

Assume that the UIGM is applied to a function F with a

(0, M)—oracle with the sequences {c;};~, and {B;};~. Then for all
k > 0, we have - -
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UIGM Convergence Rate

Statement 6.

Adaptive composite UIGM with Hélder continuous gradient and
inexact oracle converges with rates:

2
14+v 1+2pr—v
FOMY—F<en=o0( inf (B2
vefo,1] I

120 (3e)
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Strong convex optimization problem

Restart policy

We restart when —%-w, < 1
KA

Ak and w, is easy computed. p is known.

Statement 7.

Strong convexity version of UIGM with restarts converges with
rates:
F(yN) - F* S &,

1+v
1+2pr—v

2

1+v 2

N=o0| inf [T, -[n1<“R’>1
ve [071] NE 1+v €

5§O(ﬁ%ﬂ
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