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Conditional distribution of rk(X +Y)

Let [F, be a finite field, M, (IF,) and GL,, be the set of all n x n matrices and all invertible
n x n matrices over ', respectively. By 7, we denote the subset of 1, (IF,) of all matrices of
rank 7. It is known that

((qn —1)(@"—q)- - (¢" — q7w71))2.

171 = (¢ =D —q)-(¢"—q")

Consider a discrete uniform distribution on A/, (F,;). Let X and Y be two independently chosen
random matrices.

How to calculate Prtk(X +Y) =k | X,Y € GL,]?
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Numbers dj(n)

Definition

Let rk(A) = k, define the following numbers:

di(n) = |{B € GL, | A+ B € GL,}| = |GL, N (A+ GL,)|.

These numbers depend on k but not on specific A € .
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Numbers dj(n)

Then the considered probability is equal to

X,)Y)eGLE [tk(X+Y) =k}

Prik(X +Y)=k|X,Y € GL,| = i {(X,Y) | X,Y € GL,}|

_ o T HY €GLy | (A=Y) € GLy Y| |Ti| - di(n)
=Xy =4= |GL,|2 T |GL,[?

So now we reduced the question above to the calculation of the numbers dj(n).
But there are other applications of dy(n)!
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Number of solutionsto 7 = X +Y

For a fixed Z € M,,(F,), consider a matrix equation Z = X + Y, where XY € GL,.

What is the number of the solutions to the equation Z = X + Y for such X,Y and Z7

If rk(Z) = k, then the number of solutions is equal to

{(X,Y) | X+Y =Zand X,Y € GL,}| = |{Y € GL,, | Z —-Y € GL,}| = dy(n).
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Number of solutionsto 7 = X +Y

For a fixed Z € M,,(F,), consider a matrix equation Z = X + Y, where XY € GL,.

What is the number of the solutions to the equation Z = X + Y for such X,Y and Z7

If rk(Z) = k, then the number of solutions is equal to

{(X,Y)| X+Y =Zand XY € GL,}| = {Y € GL, | Z — Y € GL,}| = di(n).

The number of solutions to the equation Z = X +Y, where X, Y € GL,, and Z € J,, is not
fixed equals di(n) - | Tl
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Matrices of rank k£ with the fixed eigenvalue

Let € IF, \ {0} be fixed and &, (n, pn) = {X € T | (X — pud) is singular}

How to calculate |Ex(n, 11)]?
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Matrices of rank k£ with the fixed eigenvalue

Let € IF, \ {0} be fixed and &, (n, pn) = {X € T | (X — pud) is singular}

How to calculate |Ex(n, 11)]?

Ti\ Exn, ) = {X € i | tk(X = pI) = n} = T (1 (ul + GLy).

1Ek(n, )| = | Tl —

| Tk i (4 dk(n)
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Exact formula for d;(n)

@ So the numbers di(n) seems to be useful.
@ Let us figure them out!

@ The exact formula for d;(n) can be found by hand.

dy(n) = |GLy| — ¢2"2 - |GLn_1].

@ The calculation of the rest numbers is much more sophisticated.
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Exact values of d;(n)

k=2

q* —2¢% — ¢® + 3¢

g
q® —2¢% — 4"+
3(16 — q3

a? —2¢° —q"+
2¢% 4 2¢° + ¢* — 44®

q16 —2g15 _ g4y
3¢18 — g10

a0 —q" +4°

q16' _ 9 15§ — gty
2q15+2q11+q117
4¢"0 + ¢8

27 anpens, 2024

2¢13 4 q12 43411
3¢10 — 2¢° — 28—




Exact values of d;(n)

dy, (n) k=0 k=1 k=2 k=3 k=4
n=2 ¢t —a®—d®>+4q q* —2¢% +¢ q* —2¢% — ¢® + 3¢
n=3 q‘g; q847 q73+ q97%q8 +3qﬁ+ q9*2648 *3q7+ 6q9725q8 74q7+ 5
q° +4q" —q q" —q 3q° — q 2¢° +2¢° 4+ ¢* — 4q
16 15 14
16 15 13 16 15 14 q > =2 —q
16 _ 15 14 q > —2q° + + 16 _ 9,15 _ 14 ¢° —2¢° —q "+ 2q13 12 11
n =4 s 7 +G et — ' +¢°— 915 to 7 Jr6 2¢'3 +2¢'% + 4" - q10+q 9+3q8
29" —q¢° —q' +4q 3¢°° —q " —q' +4q 3q7" —2¢7 —2¢°—
a® —q" + 4 4q10 4+ ¢

q7 +54°
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Exact values of d;(n)

dy, (n) k=0 k=1 k=2 k=3 k=4
n=2 ¢t —a®—d®>+4q q* —2¢% +¢ q* —2¢% — ¢® + 3¢
n=3 q‘g; q847 q73+ q97%q8 +3qﬁ+ q° 726618 73q7+ Gq9*25q8 *4q7+ 5

¢° +q° —q q" —q 3¢° —q 2¢° +2¢° +q" — 4q

16 _ 9415 _ 414
2¢13 4 q12 43411
3¢10 — 2¢° — 28—

q7 +54°

q'® —2¢'5 — g4
2¢13 4 2¢12 4 g1 =
4¢"0 + ¢8

.
q16 —2g15 _ g4y

a1 1
6 3¢"% — ™0 — ¢7 4+ ¢°

¢®—2¢° —q" +3¢° —¢* — (¢° —2¢® — ¢" +2¢° + 2¢° + ¢* — 4¢%)
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Exact values of d;(n)

di(n) k=0 k=1 k=2 k=3 k=4
n =2 A —®—q®+gq at —2¢% + ¢ at — 243 — ¢ + 34
n=3 q‘g; q847 q73+ q97%q8 +3qﬁ+ q‘(’726q8 73q7+ 6q9725q8 74q7+ R

7’ +aqd" —q " —q 3¢° —q 2¢° +2¢° +¢" — 4q

16 _ 9415 _ 414
2¢13 4 q12 43411
3¢10 — 2¢° — 28—

q7 +54°

q'® —2¢'5 — g4
2¢13 4 2¢12 4 g1 =
4¢"0 + ¢8

.
q16 —2g15 _ g4y

a1 1
6 3¢"% — ™0 — ¢7 4+ ¢°

=26 —q" +3¢° —¢* — (¢° —2¢° — ¢" +2¢° + 2¢° + ¢* — 4¢*) = *(¢* — 2¢* — ¢* + 3¢)
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Exact values of dj(

dj, (n) k=0 k=1 k=2 k=3 k=4
n=2 ¢t —a®—d®>+4q q* —2¢% +¢ q* —2¢% — ¢® + 3¢
[¢ 5 g
s q4J57 qs47 q73+ 70 7%]8 th+ &0 726qS 73q7+ qu 725(]8 74q7+ ,
q° +4q" —q q" —q 3q° —q 2¢° +2¢° 4+ ¢* — 4q
16 15 14
16 15 13 16 15 14 —2¢° —¢q
16 15 14 q > —2¢° +q°+ 16 _ 9,15 _ 14 ¢° —2¢° —q "+ 2q13 12 11
n =4 u_ % ? +G "' —q'0 + 47— 9ig o 7 Jr6 2¢'% 4+ 2¢"% + g1t - q10+q 9+3q8
29" —q¢° —q' +4q 8 7 6 3¢°° —q " —q' +4q 10 6 3q¢7" —2¢7 —2¢° —
¢ —q +gq 497" +4q 47 + 55

Theorem (A.M., N. Medved, V.P., 2023)

The following recurrence relation holds
dp(n) — dpy1(n) = dp(n — 1) - g?= 27k,
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Exact values of di(n)

Theorem (A.M., N. Medved, V.P., 2023)

The following recurrence relation holds
di(n) —dgy1(n) =dg(n—1) - q2n—2—k.

di(n) > da(n) > --- > dp(n)

dy(n) are polynomials of degree n? in q with integer coefficients.
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Mobius function

Let (P, <) be a finite poset. Mdbius function pi: P x P — C is defined as follows:
o u(x,y) =0 whenever x L y

° u(z,x)=1
° M(QT,Z/) = 7Zx<z<y M($,Z>
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Mobius function

Let (P, <) be a finite poset. Mdbius function pi: P x P — C is defined as follows:
o u(x,y) =0 whenever x L y
° u(z,x)=1
o pu(z,y) == ey (@, 2)
Examples
Q@ ({1,2,...,n},C) = u(A,B) = (—1)/BI=14] whenever A C B.
1, if a =b;
Q@ (N,|) = ula,b) =< (=1)F, if 2 is a product of k pairwise distinct primes;

0, otherwise.

© (F",2) — p(U, W) = (—1)¥¢(>) whenever U > W and dim U — dim W = k.
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Mobius inversion formula

Let (P, <) be a finite poset. Mdbius function pi: P x P — C is defined as follows:
@ u(z,y) =0 whenever z £ y
° u(z,x)=1
o p(z,y) == cocy (T, 2)

Theorem (Mobius Inversion)

Let (P, <) be a poset with Mébius function i and let f,g: P — C be given by
Fl@)=> uy,)g(y)

y<w
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Calculating d;(n)

di(n) = {X € GL, | X + A€ GLy}| for a fixed A € J;. Consider a poset (I}, D).

Let f(U) = |{X € GL,, | ker(X + A) = U}|, then d;(n) = f({0}).
Let g(U) = {X € GL,, | ker(X + A) D U}|.

Proposition
g(U) = ngU fw)

Then by Mabius inversion formula

ditn) = f({0}) = 3 w(U.{0Dg(U) = 3 (~1)m UM ()

U<{0} UCF?
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Calculating d;(n)

Notation: (k) =¢* —1, (k)!= (k) - (k—1)-...-(1), (0)l =1
B{j = ﬁ — number of k-dimensional subspaces of Iy .

Remind that g(U/) = |{X € GL, | ker(X + A) D U}|.

¢ =G n — k), ifUNker A ={0};

0, otherwise.

IfU C ¥y is a k-dimensional subspace, then g(U) = {

Indeed, X |y = —A|y, and we need to extend X to a non-singular linear operator on FZ. It can
be done in (n — k)! possible ways if U Nker A = {0} and cannot be done otherwise.
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Calculating d;(n)

It remains to calculate the number of k-dimensional U C Fy such that U Nker A = {0}.

Let W C Fy be fixed, dim W = t. Then the number of k-dimensional U C Fy such that

UNW = {0} equals [n ]; t] g,
q

Combining all the above, totally we have the following result.

Theorem (A.M., N. Medved, V.P., 2023)

A. Makcaes Hayunas wkona TW 27 anpens, 2024 13/13



	Introduction
	Conditional distribution and definition of dk(n)
	Application of dk(n)
	Hua’s fundamental theorem of geometry of matrices

